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This  timely  and  comprehensive  volume  was  prepared  under  the  joint  spon¬ 
sorship  of  the  Structural  Mechanics  Program  of  the  Office  of  Naval  Research 
and  the  Polymer  Science  Branch  of  the  Naval  Weapons  Center,  China  Lake, 
through  ONR  Contract  M00014-67-A-G325-0001  with  the  University  of  Utah,  for 
the  below  .indicated  reasons. 

In  the  structural  integrity  analysis  of  solid  rocket  propellant  motors, 
intrinsic  material  and  geometric  complexities,  such  as  interrelated  time, 
temperature  and  shape  dependent  grain  response,  have  dictated  many  simplify¬ 
ing  assumptions  which  are  becoming  increasingly  incompatible  with  rising 
performance  requirements.  While  over  the  years  propellant  mechanics  research 
has  resolved  many  of  these  obstacles,  the  current  trend  toward  higher  solid 
filler  content  is  greatly  aggravating  the  seriousness  of  those  remaining. 
Accordingly,  there  is  now  a  rapidly  growing  need  for  a  sound  and  comprehen¬ 
sive  survey  and  collation  of  inadequately  exploited  research  gains,  and  for 
their  proper  integration  into  grain  design  technology.  The  purpose  of  this 
present  bold  but  sound  effort  to  achieve  these  formidable  goals  is  twofold. 

The  first  is  to  provide  in  fact  just  such  a  needed  guide  for  immediate  design 
utilization.  The  second  is  to  proylde  an  authoritative  advance  document  to 
serye  as  the  oasis  for  a  scheduled  joint  Air  Force-Navy  sponsored  engineering 
review  and,  where  appropriate,  a  supplemental  expansion  of  its  contents,  by 
the  various  specialists  in  the  Government-Industry  solid  propellant  community 
who  serve  on  the  Joint  Aroy-flavy-NASA-Ai r  Force  .Structural  Integrity  Committee 
for  solid  rocket  motors. 

The  willingness  of  the  authors.  Professors  J.  Edmund  Fitzgerald  and 
W.  L.  Hqfferd,  to  undertake  such  a  dual  purpose  mission  is  commendable.  The 
fact  that  the  effort  had  the  concurrence  of  all  the  prospective  reviewers  on 
this  very  effective  Committee  is  indicative  of  the  professional  respect  and 
acknowledged  leadership  they  enjoy  among  their  colleagues  in  this  technically 
aggressive  and  highly  competitive  carsminity.  An  initial  review  x>f  the  draft 
of  this  "basic"  document  by  the  undersigned  reveals  that  both  objectives  of 
the  undertaking  are  admirably  met  and  that  the  confidence  placed  in  these 
,  authors  is  indeed  well  founded. 

Assuredly,  this  integration  of  present  knowledge  with  Us  planned 
supplementation  will  greatly  assist  our  solid  rocket  engineers  to  provide 
the  requisite  .structural  integri  ty  in  critical  propellant  grains  of  our  solid 
rocket  motors.  In  view  of  the  viable,  dynamic  nature  of  defense  technology, 
however,  our  continuing  adequacy  In  this  vital  area  of  solid  rocketry  can 
be  insured  on  eyen  a  minimum  basis  only  by  the  effective  implementation  of 
the  further  research  and  development  requirements  identified  in  this  and 
future  amendments  to  this  timely  and  authoritative  handbook. 


March,  1971  John  M.  Crowley 

Structural  Mechanics  Program 
Office  of  Naval  Research 
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PREFACE 


This  Handbook  represents  an  attempt  to  present  an  accurate  report  and 
evaluation  of  the  current  state-of-the-art  of  solid  propellant  grain  struc¬ 
tural  integrity  .  Major  emphasis  is  given  to  the  requirements  for  meaningful 
Material  characi^trxz&ti oh ,  structural  analysis  and'failure  analysis  of  solid 
pi  Opel  1 antS . 
analyst. 


The  Handbook  has  been  written  primarily  for  the  designer/ 


In  preparing  this  "Handbook,  we  have  relied  heavily  on  the  published 
and  unpublished  works  of  many  of  our  colleagues  from  the  solid  rocket 
community,  in  addition,  conversations  with  technical  personnel  of  various 
solid  rocket  motor  companies  were  carried  out  for  the  purpose  of  obtaining 
accurate  information  on  current  structural  integrity  practices.  For  their 
generous  cooperation,  we  are  particularly  grateful  to: 

Aerojet  Solid  Propulsion  Company 
Atlantic  Research  Corporation 
Hercules  Incorporated 
Lockheed  Propulsion  Company 
Mathematical  Science  Corporation 
Rocketdyne  ^ 

Thiokol  Chemical  Corporation 
United  Technology  Center 


We  wish  to  acknowledge  tne  Structural  Mechanics  Program  of  the  Office 
uf  Naval  Research  which  jointly  sponsored  this  effort  under  Contract  NQQ014-67-' 
A-C3?5-0QGi  with  the  Naval  Weapons  Center.  Special  thanks  are  due  to  Mr.  John 
Crowley  for  h’s  inception^ of  the  handbook  concept  as  well  as  his  constant 
efforts  toward  bringing  this'Handbcok  to  fruition.  Jn  this  regard,  the  effective 
assistance  and  support  of  Dr.  Arnold  Adiccff  of  the  Nava]  Weapons  Center  and  Mr. 
Irving  Silver  cf  the ‘Naval  Air  Systems  Cownand  is  also  appreciated.  ’ 


We  are  also  indebted  to  Mrs.  Merle  Bryner,  Mrs.  Marilyn  Harris,  Mrs. 
Kaye  Bowen  and  Mrs.  Johanna  Eroadbent  for  their  devotion  and  skill  in  the 
task  of  typing  this  manuscript. 


February,  1971 


J.  Edmund  Fitzgerald 
William  L.  Hufferd 
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1.1  General  ’  •  \ 

*  *  *  '  v  \ 

y  This  Handbook  presents  a  review  and  discussion  of  some  of.  the  refine^ 

o 

menlts  and  improvements  that  have  been  Incorporated  into  the  methods  of  de¬ 
termining  the  grain. structure!  integrity  of  solid,  propellant  rocket  motors 

*\  . 

during  the  past  ftrt^n  years.  Major  emphasis  Is  given  Jo  discussions  of 
the  Current  state-of-the-art  practices  along  with  a  .critical  appraisal  of 
the  accuracy  and  range  of  applicability  pf  structural  ana‘ly<f1s  methods. 

'  t 

The  necessity  and  Importance -of  experimental  verification  of  grain  struc- 
tural  integrity  is  similarly  stressed. 

$ 

A  grain  structural  Integrity  analysis  is  an  evaluation  of  the  ability 
of  a  solid  propellant  rogket  motof  to  perform  satisfactorily  throughout  a 
, specified  environment;  and  is  comprised  of  two  parts:  a  grairt  struttural 

analysis  and  a.  failure,  analysis.’  A  grain  structural  analysis  is  the  de~ 

V.  .  '  -f  - 

termination  of  the  Stresses,  strains,  deflections. and  deformations,  a  solid  _ 

.  *  „  *!  .  '  *  ""  ' 

propellant  grain  may.  be -subjected  to  during  Its  lifetime.  A  strScfe^l 
.analysis,  -when  coupled  with  .appropriate  failure  datp  of  the Icomponent  ma- 

t  '  » •  .  ;  ■  ‘  ^ 

terials  through  a  failure  analysis,  defines  the  limiting  environment  in 
,  •  ~  *  '  .■  v. 

which  a  solid  rocket  motor  may  be  expected  ,to  perform  satisfactorily. 

t  '  c. 

Most  often,  however,  the  environment  of  a  rocket  motor,  is  specified  by 
the  prim*  contractor  or  the  sponsoring  government  agency  to  the  propul¬ 
sion  system  subcontractor,  thus,  a  coupled  structural  and  failure  analysis, 
or. equivalently  a  grain  structur-J  integrity  analysis,  instead  of  defining 


C 


t 


/ 

an  operational  environment,  serves  to  dete*4lne  a  minimum  margin  of  safety 
for  satisfactory  motor  operation  throughout  the  specified  service  life  of 

.  »»  i 

the  motor. 

In  determining  a  minimum  margin  of  safety,  consideration  must  be 
given  not  only  to.  the  statistical  variations  Inherent  in  the  experimental  . 

X*  ‘  < 

determination  of  material  property  data,  but  also  to  the  loads  encounter-; 
ed  by  the  motor  (e.'g.,  vibration,  acceleration,  pressurtzatlorj,  etc.), 

A 

the  physical  environment  of  the  motor  (e.g.,  aging  conditions,  humidity, 
temperature,  etc.),  and  the  inaccuracies  inherent  in  the  analysis^ methods 
or  artificially  introduced  through  simplifying  assumptions.  The  margin  . 
of  safety  determined  through  proper  consideration  of  these  factors  1?.an 
indication  of  the  overall  system  reliability.  If  these  factors  were  pre¬ 
cisely  known,  there  would  only  be  required  a  margin  of  safety  greater  than 

zero.  Inasmuch  as  this  is  not  the  case,  and  quite  often  assumptions  of 

< 

approximations  must  be  giade  regarding  specific  information  which  is  un-  y 
available,  arbitrary  restrictions  are  placed  on  an  acceptable  minimum 
margin  of  safety.  These  restrictions  reflect  an  ignorance  factcn.^soclated 
with'  the  structural  analysis,  the  loading  conditions,  propellant  behavior 

‘  .  ,  t\ 

*  •  V  0  t 

and  failure  analysis  as  well  as  the  physical  environment  and  mlsslpn.re^ 
qutrements.  The  degree  of  arbitrariness. of  these  restrictions  has  been 
somewhat  lessened  by  the  motor  experience  gained  throughout  the  industry 
during  the'past  decade.  This  experience  has  been  gained  in  all  aspects 
of  grain  structural  integrity  and  has  resulted  in  generally  acceptable 
'4figiiw»erin^-approxjmat1ons  and  assumptions  regarding  failure  data,  aging 
behavior,  structural  analysis-and  minimum  margin  of -safety  which  are  valid 
for’the  most  part  for  engineering  analysis  purposes.  Within  this  context, 

i 

\  1.2 


t 
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approximations  and  simplifying  assumptions  are  normally  introduced  for, 
say,  material  property  data  for  which  data  is  available  for  a  similar  ma¬ 
terial,  or  for  a  motor  design  for  which  experience  exists  with  a. similar 
configuration.  The  validity  and  usefulness  of  these  assumptions  and  ap¬ 
proximations  are  discussed  herein,  cautioning  that  In  reality  there  is 

no  satisfactory  substitute  for  the  actual  information  required.  In  the  case 

<• 

of  vastly  different  materials  or  design  configurations',  the  required  infor¬ 
mation  must,  of  necessity,  be  obtained  through  more  sophisticated  analyses, 
more  extensive  laboratory  testing;- and  if  necessary,,  determination  of  grain 
structural  Integrity  may  ultimately  require 'verification  through  full-scale 
motor  tests.  In  any  case,  simplifying  assumptions  and  Approximations  re¬ 
quire  substantiation  through  pa£t  experience  or  appropriate  analyses  and 
experimentation. 

1.2  Loading  Environment  ^  '' 

This  chapter  serves  as  an  introduction  to  the  subject  by  considering 
the  loading  conditions  to  which  a  solid  rocket  motor  is  11-kely  to  be  sub¬ 
jected.  Temperature,  dynamic,  acceleration,  pressurization  and  combined 
loadings  are  discussed  In  terms  of  their  origin  and  relative  severity  in 
conventional  motor  designs.  These  loadings  are  discussed  in  some  detail 
in  this  chapter  so  that  future  chapters  on  analysis  methods  will  not  be 
unduly  repetitive  in  describing  the  loading  environments. 

V  " 

This  chapter  also  considers  the  influence  of  the  physical  environment  which 
a  solid  propellant  rocket  motor  experiences  during  its  lifetime.  This  is 
a  most  difficult  and  significant  problem  facing  thd  structural  Integrity 
engineer .  Of  the  factors  producing  adverse  effects  which  serve  to  reduce 


the  operational  service  life  of  a  solid  rocket  motor,  the  normal  aging 
of  propellants  and  liners,  and  relative  humidity  level  during  storage  are 
generally  accepted  as  being  the  most  critical.  Proper  evaluation  of  the  ef¬ 
fect  of  these  storage  conditions  on  the  structural  Integrity  of  a  solid 
rocket  motor  requires  consideration  of  the  physical,  chemical  and  physio- 

chemical  changes  of  all  age-sensitive  system  and  sub-system  components. 

1  •? 

1.3  Preliminary  Design  Analysis  Methods 

This  chapter  is  the  first  of  two  chapters  dealing  specifically  with 
the  methods  of  performing  a  grain  structural  analysis.  Preliminary  design 
configuration  analysis  methods  are  discussed  here  and  final  design  analysis 
methods  are  dealt  with  in  the  following  chapter. 

A  preliminary  design  analysis  of  a  prospective  candidate  motor  con¬ 
figuration  determines  if  a  given  grain  design  has  merit  and  possibly  gives 
qualitative  or  semi-quantitative  Indications  of  how  the  design  may  be 
structurally  improved.  At  this  state  In  the  analysis  of  a  solid  propel¬ 
lant  grain  approximations  and  simplifying  assumptions  in  the  analysis 
methods  are  warranted.  Design  data  sheets  and  approximate  engineering 
formulas  are  recommended  for  the  analysis  of  conventional  motor  designs. 
Extensive  numerical  analyses  at  this  level  are  unwarranted.  The  ‘addition¬ 
al  accuracy  gained  from  using  a  computer  analysts  is  often  unjustified 
in  view  of  possible  approximations  made  regarding,  say,  material  proper¬ 
ties  or  failure  data,  and  also,  the  uncertainty  of  the  final  design  con¬ 
figuration  does  not  justify  the  expense  of  computer  .analyses.  An  exception' 
may  exist^in  the  case  of  new  or  novel  grain  designs,  in  which  case  computer 
analyses  may  be  required.  In  these  cases,  and  particularly  In  the  case  of 
radically  new  grain  designs,  development  of  new  analyses  coupled  with 
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experimental  subscale  motor  tests  is  recommended  in  place  of  relying  on 
computer  analyses  of  questionable  applicability. 

In  this  chapter,  approximate  engineering  analysis  methods  are  given 
for  the  loading  conditions^discussed  in  Chapter  2.  The  approximate  methods 
consist  of  formulas  for  calculating  stresses,  strains  and  deflections 
for  thick-walled  hollow  cylinders.  Empirically  derived  relationships  for 
determining  Stress  concentration  factors  for  slotted  and  star  configura¬ 
tions,  an&  curves  of  finite  length  end  correction  factors  are  included; 

The  presentation  of.  this  material  has  been  parameteri zed  in  terms  of  web 
fractions  and  length  to  diameter  ratios.  Because  of  the  approximate  and 
preliminary  nature  of  the  analysis  methods  discussed  in  this  chapter,  only 
the  expressions  used  for  determining  maximum  values  of  stress f  strain  and 
deflection  are  given.  These  values  are  sufficient  for  a  preliminary  de¬ 
sign-analysis.  Profiles  of  stress,  strain  and  deformation  as  a  function 
of  length  for  finite  length  hollow  cylinder^  have  been  obtained  by  means 

“*x 

of  ''numerical  solutions  to  the  equations  of  elasticity. 

Yht  -analysis  methods  presented  are  based  on  infinitesimal  linear 
elasticity  theory.  Indications  of  how  time  and  temperature  Effects  may 
be  incorporated  are  also  discussed.  For  the  most  part,  because  of  the 
preliminary  natdre  of  a  preliminary  design  analysis,  these  modifications 
are  not  called  for  at  the  preliminary  design  stage.  .  — / 

1 «4  Final  Design  Analysis  Methods 

This  chapter  considers  the  methods  of  conducting  final  design  analy¬ 
ses.  Preliminary  design  analysis  methods  were  discussed  In  the  preceding 
chapter. 

The  Tlnal  stage  of  a  grain  structural  analysis  is  performed  after  a 
preliminary  design  analysis  has  Indicated  the  potential  adequacy  of  a  given 


* 


grain  configuration*  Whereas  a  preliminary  design  analysis  normally  in¬ 
vestigates  loads  and  regions  of  a  propellant  grain  generally  thought  to 
represent  critical  structural  integrity  parameters,  under  simplifying 

assumptions  and  approximations,  a  final  design  analysis  usually  encompas- 

*.  *■  < 

ses  the  total  loading  environment  and  the  entire  propellant  grain,  normally 
under  less  restrictive  assumptions  and  approximations. 

The  level  of  sophistication  required  in  the  final  analysis  and  design 

•  a  . 

stage  is  determined  by  the  complexity  of  the  grain  configuration  and  the 
severity  of  the  loading  environment.  Presently,  the  final  stage  of  a  grain 
structural  analysis  Involves  extensive  use  of  approximate  numerical  techni¬ 
ques.  Few  closed-form  analytical  solutions  are  obtained  during  the  final 

'  '  \ 

analysis  stage  because  of  the  comp! ext ties  of  the  problems  involved  and 
the  relative  ease  of  developing  numerical  analysis  methods  for  obtaining  • 


approximate  solutions.  A  brief  description  of  the  numerical  techniques 

i  ’  < 

commonly. u^ed- throughout  the  solid  propellant  Industry  Is  presented  here 


along  with 


a  discussion  of  current  Industry  practices. 


1.5  Special  Design  Considerations 

Several  areas  of  grain  structural  Integrity  analyses  require  special 
consideration.  Particular  theoretical  and  experimental  Investigations 
have  been  carried  out  for 

*  TRANSITION  REGIONS  ~ 

•  GRAIN  TERMINATIONS 

The  results  of  some  of  these  studies  are  summarized  in  this  chapter.  In 
some  cases  the  results  are  quite  qualitative  and,  at  best,  are  only  suited 
for  preliminary  design  analysis  efforts  when  coupled  with  competent. 
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engineering  judgment.  Considerable  detail  is  presented  to  illustrate 
design  and  analysis  procedures. 


il 


I 


1.6  Experimental  Stress  Analysis  Methods 

.  Experimental  stress  analyses  may  serve  as  the  primary  analysis  tool 
or  confirmatory  experimentation  of  other  analysis  techniques.  Experimental 
methods  are  frequently  used  as  the  main  analysis  tool  for  complex  grain 
configurations  when  the  validity  of  the  results  of  analytical  and  numeri¬ 
cal  analyses  is  seriously  questioned.  Experimental  methods  are  also  em¬ 
ployed  for  confirmation  of  analysis  and  failure  predictions  with  subscale 
and  prototype  motor  tests  used  as  ultimate  verification  of  grain  structur-  * 
al  integrity.  Properly  used,  experimental  stress  analyses  represent  power¬ 
ful  tools  for  the  designer/analyst,  complementing  analytical  aid  approximate 
numerical  analysis  techniques. 

Presently,  experimental  methods  make  considerable  use  of  photoelasti-  • 

city,  displacement  measuring  devices  and  Structural  Test  Vehicles  (STVs), 

which  model  the  essential  features  of  production  delivery  motors.  These 

> 

topics  are  discussed  ih  this  chapter. 


1.7  Failure  Analysis  Methods 

A  failure  or  strength  ana-lysis  comprises,  the  final  stage  of  a  grain 
jjtrtrctural  Integrity  analysis.  The  results  of  a  strength  analysis  are  ex¬ 
pressed  as  a  factor  of  safety  or  margin  of  safety.  Determining  a  minimum 
safety  factor  requires  consideration  of  the  statistical  variations  inherent 
in  the  experimental  determination  of  material  property  data,  the  loads 
encountered  by  the  motor  (e.g.,  vibration,  acceleration,  pressurization, 
etc.),  the  physical  environment  of  the  motor  (e.g,,  aging  conditions. 
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humidity,  temperature,  etc.),  and  the  inaccuracies  inherent  in  the  analysis 
methods  or  artificially  introduced  through  simplifying  assumptions.  The 
margin  of  safeti\ determined  through  proper  consideration  of  these  factors 
is  an  indication  .of  the  overall  system  reliability.  If  these  factors  were 
precisely  known,  there  would  be  no  real  requirement  for  a  margin  of  safety 
greater  than  zero.  Inasmuch  as  this  is  not  the  case,  and  quite  often 
assumptions  or  approximations  must  be  made  regarding  specific  informatibn 
which  is  unavailable, arbitrary  restrictions  are  placed  on  an  acceptable 
minimum  margin  of  safety.  These  restrictions  reflecj  an  ignorance  factor 
associated  with  the  structural  analysis,' the  loading  environment,  propel- 
lant  behavior  and  failure  criteria  as  well  as  the  physical  environment 
and  mission  requirements. 

1.8  Material  Characterization  Methods 

The  material  characterization  of  highly  filled  solid  propellants 
constitutes  one  of  the  major  problems  to  be  resolved  before  proper 
structural  integrity  analyses  ca^  be  made. 

There  exist  at  present  several,  essentially  standard,  test  specimen 
geometries  for  the  above  purpose.  These  are  genericall^  . 

.  Uniaxial  specimens  of  several  varieties 
.  Biaxial. strip  specimens 
.  Torsion,  single  and  double-lap  shear 
.  Triaxial  (poker-chip)  specimen's 
.  Diametral  specimens. 

_ The  specifics  of -sample  prcporatioft  are  well  covered  in  the  ICRPG 

Solid  Propellant  Mechanical  Behavior  Manual,  CPIA  Publication  No.  21, 
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September  1963,  including  its  various  additions  and  revisions.*  This  sample 


U  . 


O 


preparation  aspect  is,  therefore,  not  discussed  herein. 

in  addition  to  methods  and  specifications  for  sample  preparation, 
the  CPIA  Manual  presents  specific  test  procedures  to  be  followed  when 
using  the  above  specimens.  This  area  occupies  the  discussions  of  this 
chapter.  The  published  procedures  are  based  upon  the  <use  of  a  linear  visco 
elastic  constitutive  equation  and  the  MoKeland-l.ee  reduced  time  integral, 
using  ah  experimentally  determined  time- temperature  shift  factor.'  The 
deficiencies  of  the  test  procedures  center  primarily  upon  /the  validity 
of  the  above  assumptions. 

,  •  '  -j 

1.9  Linear  Viscoelasticity  '  •  }  '■ 

This  chapter  sumuarizes  the  equations  of  -"linear  viscoelasticity 

and  also  contains  a/discussion  on  the  eigenvalue  interpretation  of  linear 
viscoelasticity,' which  provides  a  rapid  moans  of  conducting  "pseudo" 
nonlinear  analyses.  ^ 

1.10  Thermoviscoelastictty  /.  . 

The  analysis  associated  with  problems  in  thermoviscoelasticity  ranges  . 
from  the  simplicity  of  linear  viscoelastic-analysis  to  the  complexity  of 
nonlinear  viscoelasticity.  / 

The  reason  for  this  wide  range  of  complexity  lies  in  the  physical 
assumptions  relative  to  the  effect  of  temperature  upon  the  material  be-  ‘  ' 
havior.  .  A  discussion  of  these  assumptions  and  present  methods  of  thermo- 

A  t 

'  yiscoslastic  analysis  are  presented  in  this  chapter.  ' 

1.11  Nonlinear  Viscoelasticity  ;  '  ' 

The  ability  to  predict  analytically  the  mechanical  response  of  a 

structure  requires  as  a  prerequisite  the  characterization  or  mathemati- 
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cal  descriptio^jff  the  mechanical'  Response  of -each  of  the  materials'in 
the  structure. '  .These  mathematical  descriptors  of  the' constituent  ma¬ 


terial  .  est-ortse,- or  constitutive  equations  as.-they  are«called,  together 

-  /  -  ■  .  -  j  * 

with  a  knowledge'  of  the  applied  surface  toads  and  displacements  and  the 

field  equations  of  engineering  mechanics,  comprise  a  system  of  equations 
‘  #  0  / 

whose  Solution  yields  the*&t;ate  of  stress  ^nd  strain  for  e^ery  point  within-^- 

,  '  *  V  /  .  ’ 

the  body.  To  Predict- the  success  or  failure  of  a  grain  design,  requires  • 
comparing  ^.he.  calculated -stress  or  strain  states  within  the  body  to  s’ome  . 


;ituti  ve 


failure  »  terion.  One  therefore  finds  that  an  a 


r^lysi 


s  of  a  structure  is 


only  as  gdod  as  the  constitutive  equations  defining  material  response 

and  also  that  a" failure  analysis  is*  of  little  consequence  if-^.e  predict- 

. ;  '  >.  • 

ed  state  of-stress  is-  largely  in  error.-  Also,  the  determination  of  general 
failure  cri terton^f or  threfe-dimehsiohal  states  of  stress 'generally  requires 
the  calculation  olMhe^tress  state  in  laboratory  samples  subjected  to 
multiaxial  loading  condition?.  Thus,' the  determination  of  appropriate  fail¬ 
ure  criteria  is.  also  dependent  on  the  constitutive  equations  defining  fit 

#.  ^  •  ■  '  "  r  * 

material  response.  ...  **  ' 

While  the  sequence  constitutive  equation,  loads  definition^  structural  .• 

t  _  * 

analysis  and  failure  .definition  are  pbviourTy  totally  interrelated,  and 

y- 

the  final  usable. -Sftswer  ttf  a  performance  prediction  is  equally  dependent 

(  ,;V  ;  ' 

upon  the  accuracy  of  each  of  the  aboye  elements  in  a  design,  the  discus-  • 

sion  of^this  chapter  is  concerned  mainly  with  the  development  of  acceptable 

•  '  •  , 

constitutive  equations,.  -  . 

-  '  -  *. '  •  ■  ^  ' 

1.12  Appendices  **,  rf 

A  number  0^  appendices  ,are  included  to  supplement  the  text  material. 

Appendix  A  summarises  the  equations  of  linear  elasticity. 


\  \ 
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Appendix  B  presents  a  further  discussion  of  finite  element  computer 
programs  from  the  user's  point  of  view.  *A  typical  computer  program  is 
■listed  along  with  descriptions  of  repaired  input  and  output  data  Three 

4  &  ‘ 

sample  problem^  aresolved  to  illustrate  the  use  of  finite  element  computer 

programs.  '  . 

.  Appendix  C  contains  parametric  design  curves  for  preliminary  design 

analysis  of  cylindrical  grains  with  various  end  conditions  and  .subjected 

*  ‘  / 
to  thermal,  pressure'and  acceleration  loads,  * 

■Appertdix  0  presents  ptiotoelastic  test,  dpta  tor  evaluating  star  valley 

'  . '  *•>  •  -  1-  (  ' j 

•  stress/strain  concentration  factors.  .  *  % — 

‘  .  ..  v  .  .  * 

\  Appendix  E  presents  a  sample  motor  structural* integrity  analysis  . 
to  illustrate  the  design  and  analysis  procedure  for  the  novice  ‘designer/  * 
analyst.  .  -  /  ’  ,  •  '  _  < 

^  '  r, 

Appendix -F  presents  a  compendium  of  motor  experience  gained  through¬ 
out  thp  solid.propellant  industry  during  the  past  decade.  Motpr  failures 

'  ,  0  k  *  i 

•and  subsequent  corrective  action  takpn  are, discussed  in  the  hope  that  -  . 

such  information  mi gnt  .benefit  the -entire  industry  in  preventing  similar 
‘  ,  *  '  /  v 
type, failures  in  the  futurj*.  Inasmuch  as  the  greatest  effort  has  been 

-  '  '  'i 

made  to  avoid  compromising  vte -proprietorship  of  the -various  companies 

'  or, causing "any  embarrassment  to’ any  company  or  presenting 'material  of  a  . 

classified  nature*  these  discussions' take  on  a  rather  general  formdn 

*  which  the  specific  details  relating  to  motor  programs,  mission  Objectives 

% 

'and  propellant  type  are  for  the  most  part  ojnitted.'  It  is  still  felt,  how¬ 
ever^  that  this  material  wi]l  benefit  th?  new  engineer  entering  the  solid 
■  propellant  industry.  •  .  • 
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II.  LOADING  AND  ENVIRONMENTAL  CONDITIONS 


2.1  INTRODUCTION  ’  '  '  -  | 

The' loads  encountered  by  a  solid  rocket  motor  are  normally  classified 

,  #  ,  *  . 

as  two  types:  specified  loads  and  induced  or  derived  loads.  Specified 
loads  are  fixed  by  mission  requirements  demanded  by  the  prime  contractor 

or  sponsoring  government  agericy  in  RFP  or  motor  specification  documents. 

•  «•* 

These  lobds  are  typically  the  operational  temperature  environment, 
acceleration,  vibration,  shock,  transportation  and  handling  loads,  and 
the  physical  environment  (e.g;,  aging  conditions,  humidity,  etc.).  Induced 
loads  arise  from  a  particular  selection  of  the  propellant,  processing  . 

o  . 

techniques  and  grain  configuration  satisfying  the  mission  objectives  of  ^ 

the  motor.  Induced  loads  are  typically  cure  shrinkage^ pressure,  flight 

•  •  ♦ 

anrf  certain  -combined  loads.  . 

The  origin  and  severity  of  the^e  loads  and  environments  are  discussed 

'  t  e 

In  this  chapter.  Suggestions  for  minimizing  adverse  effects  of  these  loads 
through  variations  -in  material  properties  or  design  configurations 'are 

i 

given.  A  section  dealing  with  manufacturing  and  processing  considerations 

\  -  .  '  ■  .  '  4  .  6  '  .. 

is  also  Included. 


2.2  SPECIFIED  LOADS  .  . 

X  .  “ 

2.2.1  TBS«AL  L6ADS.  % 

t  . 

The  most  seygre  temperature  loading  is. most  often  low_t£fl$»erature 

cycling.  The  critical  areas  of  analysis  are  typically  the  inner  bore 

•  4  *  ^  '  '  •  ' 

in  internally  perforated  grains  and  the  case-grain  termination  points 

v.-.'l 

(1 .e. ,  grain  ends).  . 

Thermal  stresses  and  strains  arise  because  of  the  difference  between 

i 

the  coefficient  of  thermal  expansion  of  the  propellant  and  the  motor  case. 
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The  coefficient  of  thermal  expansion  of  propellants,  liners,  and  insu¬ 
lation  materials  is  typically  an  order  of  magnitude  larger  than  that  of 
motor  case  materials.  Thus,  upon  cooling  to  temperatures  lower  than  the 
motor  cure  temperature,  thermal  stresses  and  strains  are  induced  in  a 

propellant  grain  due  to  the  restrained  shrinkage  of  the  propellant,  liner 

»  * 

and  Insulation  buffer  materials.  The  difference  in  linear  coefficients 
of  expansion  for  composite  propellants  with  a  steel  or  fiberglas  case  is 

'  »  *1 

typically  5  X  10‘°  (°F)~  ;  with  an  aluminum  case  this  difference  is  about 
4  X  IQ"5  (®F)~^.  This  difference  typically  ranges  between  8  X  10'^  and 
10'*  (°F)~  for  double-base  propellants  and  a  steel  or  fiberglas  case, 
the  magnitude  of  thermally  induced  loads  depends  upon  the  propellant  and 
grain  design  selected  to  satisfy  the  motor  requirements,  inasmuch  as  this 
-sehrption  determines  the  propellant  cure  shrinkage  which  is  equivalent  to 
a  presBrtbed  temperature  loading.  '  Cure  shrinkage  stresses  and  strains 
are  discussed  further  In  §2.3.1.  The  operational  temperature  range  is 

»  '  A 

normally  specified  th  an  RFP  or  motor  specification  document..  6 

^  In  performing  thermal  stress  an8  strain  analyses,  the  calculations 

ma^-be  referred  to  the  propellant,  cure  temperature  and  cure  shrinkage 

►  *v 

stresses  and  strains  superposed,  or  the  calculations  may  be  referred  to 
the  zero  stress/strain  temperature  of  the  propellant,  Ti.  .This  tempera- 

'  tore  is  defined  to  be  the  temperature' at  which  thermally  Induced  stresses 

/  ’ 

and  strains  vanish.  As  noted  in  §2.3.1,  because  of  propellant  shrinkage 
during  cure,  the ‘stress  free  temperature  will  usually  be  higher  than  the 
'  cure  temperature.  The  cure'  process  for  conventionaT>bast  double-base 
prqpeilants,  described  in  §2.3.1,  usually  results  in  a  stress  free  state 
at  ambient  temperatures ,  however.  ■ 
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The  temperature  Ti  may  be  conveniently  determined  by  several 
techniques.  Ore  method  is  to  subtract  the  equTvjn^ntTtemperature 
decrease  associated  with  the  cure- shrinkage  from  the  propellant  cure 

N 

temperature, 


Ti  *  T 


V-  A y. 

c-'  K  t 

-  p  o 


=  T  + 


a 

3a 


(2.1) 
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where  T  is  the  propellant  cure  temperature,  a  is  the  propellant  linear 
c  .  p  * 

coefficient,  of  thermal  expansion  and  a  is  the  net  volumetric  cure  shrinkage. 

t 

The  net  volumetric  shrinkage  of  polybutadiene  propellants  is  typically 
.0.2%  and  that  of  blurry  cast  double-base  propellants  0.5%.  The  shrinkage 
of  conventional  cast  double-Jiase  propellants  is  substantially  lower. 
Alternately,  the  zero  stress/strain  temperature  may  be  determined 

from  analog  or  subscale  motor  tests.  In  these  tests  the  temperature  of  the 

-  \ 

cured  motor -Is  slowly  raised  above  its  cure  temperature. and  measurements 
of  the  Internal  configurations  versus  temperature  are' recorded.  The 

t  * 

temperature  at  which  the  internal  geometry  of  the  motor  coincides  with 
the  original.- m&ndrel  configuration  is  then  defined  to  be  the  stress 'free 
temperature.  Measurements  made  in  this  manner  indicate  that  Ti  is  typically 
15°Fhigher  than  the  propellant  cure  temperature  for  polybutadiene  prqpel- 
lants  and  22°F  hiyher  for  slurry  cast  double-base  propellants  [1]. 

Thermally  induced  stresses  and  strains  may  be  minimized  by  reduction 
of 'the  zero  stress-strain  temperature  or  through  design  optimization. 
Minimization  of  the  zero  stress-strain  temperature  is  accomplished  by 
reducing  the  propellant  cure  temperature  or  introducing  a  complicated 
cure  eycte  as  discussed  in  §2.3.1.  .Design  optimization  procedures  are 
(^currently  based  on  engineering  intuition  of  the  analyst  gained  through  past* 
motoi  experience  and  on  parameterized  computer  analyses. 
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At  grain  termination  points,  bond  stresses  are  reduced  by  introducing 
intentionally  released  areas  called  flap a  or  boots,  orJby  the  use  of 
stress-rplief  grooves,  fillets,  wedges,  etc.  Stress  relief  flaps  are 
composed  of  materials  which  have  strength  and  elongation  characteristics 
greater  than  the  propellant  throughout  the  anticipated  temperature  range 
of  the  motor.  They  are  also  selected  to  have  insulative  capabilities 
cons i stent  with  the^motor—baT-Tfstl c  requirements-; — Silica  or  stlica- 


asbestos  filled  buna-n  rubbers  typically  fulfill  these  requirements. 

Inner  bore  hoop  stresses  and  strains  are  minimized  through  design 
considerations  which  will  become  evident  In 'subsequent  discussions  of 
grain  analys/s  methods  in  Chapters  3  and  .. 

Aerodynamic  heating  effects  have  become  important  in  recent  years 
.with  the  development  of  supersonic  aircraft  and  sophisticated  air-launched 
attack  missiles.  The  structural  problem  which  results  from  aerodynamic 
heating, arises  when  a  solid  rocket  motor,  which  has  been  in  storage  at  a 
low  temperature,  or  externally  attached  to  a  high-flying  aircraft,  for  a 
length  of  time  sufficient  to  allow  the  major  portion  of  the  prope.lant 
grain  to  reach  equilibrium,  is  then  subjected  to  the  thermal  barrier  which 

results  from  a  supersonic  dash  of  the  aircraft.  The  temperature  of  the 

>  •» 

boundary  layer  and  that  of  the  missile  skin  Is  raised  appreciably  because 
of  the  dissipation  of  energy  generated  in  the  boundary  layer  at  high  speeds 
and  the  shearing  work  done  on  the  fluid  by  the  viscous  stresses  within 
the  boundary  layer  at  high  velocities.  The  result  ,  is  that  temperature 
gradients  will  exist  within  the  ipotor  case  and  the  propellant. 

Since  the  major  portion  of  the  propellant  grain  doesn't  have  time 
to  react  to  the  temperature  gradient  caused  by  aeVodynamic  heating,  bond 


o 
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stresses  in  addition  to  those  already  present  due  to  thermal  cooling  are 

induced.  As  a  general  rule,  the  magnitude  of  this  additional  stress  is/ 

small,  on  the  order  of  a  few  pSl.  This  component  of  thermally  induced 

stress  normally  acts  for  only  a  short  period  of  tine  before  expansion  of 

the  insulation  or  liner  buffer  materials  (wh/ch  expand  an  order  of  magni- 

-t»de-i!K)re~ttf^^  induces  a  compressive  stress  component  which 

results  In  an  overall  net  reduction  of  bond  stresses.  One  sees,  then, 

'  *  v 

that  the  structural  problem  associated  with  aerodynamic  heating  is  a 
decline  in  the  strength  properties  of  the  propellant-llner-insulation- 

case  bond  system  due  to  the  rapidly  rising  temperature  field.  This 

-v  J  ■ 

problem  reaches  catastrophic  proportions  when  the  temperature  rise  at 

N, 

the  propellant-case  interface  is  such  that  the  bond  stress  capabilities 
at  this  Interface  decrease  taohe  rapidly  than  the  bond  stresses  decrease. 


This  behavior  is  described  schematically  in  Detail  1  below. 


Propel lant/1 iner/case 
bond  stress  capabilities 


Aero-heating  bond  stress 


.Thermal  cooling 
’bond  stress 


Kt — Start  of  aero-heating  J 


Failure 


Detail  1.  SCHEMATIC  REPRESENTATION  OF  AERODYNAMIC  HEATING  EFFECTS 
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'  Upon  aerodynamic  heating,  the  net  bond  stresses  Initially  increase 

in  magnitude  slightly,  and  then  decrease^wtth  time. — The  propellant-  -  - 

rcase  interfacial  bond  stress  capabilities  decrease  nonotonically  with 
time  during  aero-heating.  If  at  some  time  during  this  process,  the 
Interfacial  bond  stress  capabilities  decay  to  the  point  where' they  are 
less  than  the  induced  bond  stresses,  then  failure  will  ensue. 

A  normal  procedure  for  minimizing  adverse  effects  of  aero-heating  is 
to  insula&e  the  external  surface  of  the  motor  case  with  cork  or  some  - 
other  good  light-weight  insulation  material  which  has  a  heat  transfer 

I  9 

coefficient  comparable  to  that,  of  the  propellant.  -This  insulation  inhibits 
the  magnitude  of  the  temperature  differential  between  the  case  and  the 
propellant,  and  decreases  the  temperature  flux.  Another  method  for  de¬ 
creasing  adverse  effects,  which  is  currently  being  researched  by  a  number 

of  companies  throughout  the  country,  involves  the  use  of  high  temperature 

% 

curing  adhesives,  elastomers  and  propellants.  The  use  of  these  materials 
miry/mizes  degradation  through  imporvement  of  the  high  temperature  physical 


properties  of  the  component  rhaterial.  These  materials  have  not  been 

•  \ 

developed  sufficiently  to  be  cdpsidered  state-of-the-art  as  «et,  however. 

s  9 

2.2.2  ACCELERATION  LOADS 

This  section  presents-aJ^rief-discusslon  of  two  classes  of  accelera¬ 
tion  loading  conditions: 

(i)  storage  slump  \  ..  . 

(ii)  launch  and  manuvering 

Transportation  of  a  solid  rocket  motor  normally  induces  acceleration 
loads  of  the  order  of  +  3  g's  or  less.  Because  of  the  load  reversal  during 
transportation,  this  type  of  acceleration  loading  is  better  described  under 
dynamic  loadings  and  will  be  considered  in  a  subsequent  subsection. 


2.6 


AXIAL  ACCELERATION 


i 

Axial  ,-  or  longitudinal  acceleration  loads  occw  under  vertical  storage, 
transportation  an4  launch  conditions.  During  vertical  storage  of  a  solid 
rocket  motor',  the  propellant  grain  is  subjected  to  a  one  gravity  body 
force.  Normally  a  1  g  lead  is  not  sufficient  to  produce  a  critical  shear 
stress  along  . the  case-propellant  bond  Interface.  An  exception  to  this  occurs 
in  the  case  of  large  solid  rocket  motors  in  which  inadequate  orain  termina¬ 
tions  are  provided,  since  bond  shear  stresses  are  proportional  to  the 

s'' 

motor  (JLtameter.  In  thi s-  situation  it  is  r.ot  unusual  for  grain  end  unbonding 
to  occur.  The  major  problem  associated  with  vertical  storage,  however,  is  - 
trie  occurence  of  large  propellant  deformations,  or  slump.  Slump  can  be  a' 

critical  design  factor  for  storage  above  ambient  temperatures  (i.e.,  70°F). 

* 

At  lower  temperatures,  the  stiffness  of  the  propellant  usually  lessens  the 
magnitude  of  ^Formations. 

Grain  deformations  under  axial  storage  conditions  are  prdporti  al 

/ 

to  the  square  of  the  motor  diameter;  thus*  slump  of  a  propellant  grain  is 
particularly  pronounced  in  the  case  of  long  term  vertical  storage  of  rela¬ 
tively  large-  solid  motors, as  for  example, >in  a  silo.  This  condition  may 
.also  become  critical  in  smaller  motors  when  propellant  slump  provides  gas 
flow  restrictions  not  accou.  ;ed  for  in  the  ballistic  design  of  the  motor. 

An  example  of  this  is  a  motor  with  a  submerged  nozzle  or  radial  slots. 

Slump  characteristics  of  a  solid  propellant  are  controlled  by  the 
creep  properties  of  the  propellant.  Thus,  increasing  propellant  stiffness 

will- reduce  the  magnitude  of  slump  ; deformations";  however,  the -adverse  , 

< 

effects  associated  with  increasing  the  propellant  stiffness,  in  particular, 
the  reduction  in  propellant  elongation  capabilities,  usually  overshadow 
any  benefit  axial  slump  is  most  often  deaTtTwT th'thTough'desiqn - 


procedures  which  allow  for  large  deformations.  Stress  relief  flaps,  or 

i 

boots,  provided  at  grain  terminations  to  prevent  grain  end  unbonding  during 
temperature  cycling,  are  usually  also  adequate  for  preventing  grain  end 
unbonding  during  axial  storage.  . 

During  launch  of  a  solid  rocket  motor,  high  shear  stresses  are  in- 
duced  at  the  case  propellant  bond  interface.  These  stresses  are  a  maximum 
at  the  forward  end  grain  terminations,  and  are  directly  proportional  to  the 
acceleration  magnitude  and  motor  diameter.  The  maximum  shear  stresses 
normally  occur  near  the  time  of  maximum  acceleration,  rather  than  immediately 
upon  launch.  Axial  acceleration  stresses  are  more  severe  in  an  unpressurized 
motor,  such  as  In  a  second  stage  vehicle,  than  one  which  is  internally 
pressurized.  Pressurization  induces  a  hydrostatic  compressive  field  which 
tends  to  enhance  propellant  strength  capabilities  and  lessen  somewhat  the 
effects  of  body  forces.  High  temperature  acceleration  is  more  severe  than 
low  temperature  acceleration  because  of  reduced  propellant  case  bond  strength 
capabilities.  Axial  launch  and  inflight  accelerations  are  the  more  important 
acceleration  loads  for  high  acceleration  motors.  1 

Axial  acceleration  stresses  may  be  minimized  by  maximizing  the  extent 
of  bonded  area,  in  particular  grain  end  support, -and  through  design  of 
grain  terminations  in  such  a  manner  as  to  minimize  stress  concentrations  " 
at  grain  case  singularities. 

TRAHSVERSE  ACCELERATION 

Transverse,  or  lateral  accelerations  occur  under  horizontal  storage, 
transportation,  and  maneuvering  during  free  flight.  Horizontal  storage 
at  moderate  temperatures,  like  vertical  storage,  can  produce  significant 
propellant  deformation.  In  addition  to  providing  gas  flow  constrictions  _ _ 
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from  star  points  or  longitudinal  slots  closing  together,  there  is  'the°  • 
morfr  severe  problem  of  case  ovality  in  flight  height  motors.  This  latter  v 

probflfe^s  corrected  by  providing  stiffening  rings  to  prevent  the  case 

-  <v  *» 

from  becoming  oval  during  storage.  All  of  the  above  effects  are  mini- 

"  mized,  or  at  least  compensated  for.  By  periodically  rotating  the  motor 

_  *i  j  *  •»  ^ 

ninety  degree's.  In  the  case  of  long,  thip  starpoints,  startup  deflections 

’  <  \  1  '  » 

are  often  limited  £y  providing  consumable  styrofoam- supports^Jor’ the  J 

individual  starpoints.  I 

Inflight  maneuvering  normally  does  not  induce  significant  acceleration 

loads.  For  very  high  acceleration  motors  bending  of  the  motor  case  due', 

1  *  .> 

-  to  sharp  maneuvers  may  occasionally  result  in  grain  cracking  or  grain  epd 

'  t  *  '* 

unbonding.  Normal  design  practices  for  other  loading  conditions,  iioweyer, 
generally  result  in  adequate  structural  capabilities  during  free  flight 

*  A  <  *  * 

maneuvering.  . 

«*  ’  » 

2.2.3  DYNAMIC  LOADS  .  ’  - 

'  -  -j 

VIBRATION 

Vibration' of  sdlld  rocket  motors  is  generally  recognized  as  a  potential 

structural  integrity  problem  for  applications  In  which  severe  or  sustained 
..  <  /“ 
vibration  environments  arc  encountered  because  of  significant^propellant 

damping.  .  Vibration  effects  are  most  severe  during  ground  and  inflight 

transportation.  Free  flight  vibration  is  not  normally  damaging  uO  the 

propellant  -grain  because  of  the  relatively  short  burn  times  of  solid 

rocket  motors.  Resonant  burning,  however,  may  lead  to  significant 

structural  problems,  particularly  in  the  case  of  thin  unsupported  grain  .  ^ 

webs  (e.g.,  thin  starpoints,  wagon-wheels,  etc.).  The  high  aluminum  ccntent 

of  most  modern  solid  propellants  tends  to  reduce  somewhat  the  problem  of 
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combustion  instability.  For  certaia  Combustion  conditions,  qas  flow 
conditions  and  irt-ternal  grain  .ponf  igupatfons ,  acoustic  instability  may 
result  in- pressure  waves  of,,  sufficient  magnitude  to  cause  propellant 
fracture  and  subsequent  catastrophic  motor  failure. 

^critical  problem  associated  with  vibration  is- that  of  generating 
local  temperature  increases  sufficient  to  cause  either  spontaneous^ 

'  f 

ignition  of  the  propellant  cr  severe  -  mechanical  degradation..  The, 
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rate  of  e^nargy  dissipation  int6  heat  for  a  linear  y'scogjp-tstic  material 
is  proportional  to  the  frequency  of -vibration, 'material  stiffness  and^  ' 
the  square  of  the  magnitude  of  the  deformation.  Thus,  the  vibration 
problem  is  typically  most  severe  for  conventional  motors  under  the-How  , 
frequency,  first  resonant  mode,  at  high  temperat' res .  In  thTs  situation 
the  propellant  stiffness  is  a  minimum  for  vibration  conditions,  and  the 
motion  of,  free -surfaces  (e.g.,  a  st.arpoint\  is  greatest,  resulting  in’ 

o  '*  * 

maximum  energy  dissipation  into  heat.  ,  The  pYofcrlem  is  further  compli- 
cated  by  the  characteristically  strong  temperature  dependence  of  propel - 

\  ,  .  ‘  V  "  - 

lant  mechanical  properties.'  This  temperature  dependence  makes  the 

'  ^ 
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energy  dissipation- very  sensitive  to  temperature  variations  so  that  a 

.  ’  .  S' 
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•continuing  pet  iodic  forced  motiph  gives  "use  to  substantial  temperature 
increases. . 


' 


At  lew  temperatures  the  propellant  behaves  more  nearly  elastically 
so  that^mption  and' energy\dissi potion  are  reduced.-  Also,'  ttje  heat  " 
generated  is  more  readily  conducted  away  from  sources  of  heat-generation 
at  low  temperatures  than  at  high^emperatures .  -•  N 

Another  problem- occurs  for  sustained  Vibration  of  very  high  mass 
fraction  motors.  During  sustained  vibration,  the  temperature  increase 
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associated  with  energy  dissipation  causes  the  propellant  grain  to  expand 

to  f^^Tt  available  fre<?  volume.  If  insufficient  free  volume  is  provided., 

•  .  ; 
propellant-propellant  or  propellant-case  contact  may.be  made.  T'ni s' ‘ 

*-  .  *  1 

contact  may  result  in. local  temperature  increases  an  order  o'f  magnitude, 

o-  '  1 

or  more,  higher  thars  average  temperature  increases;  or  it  may' cause 

,  .  <  •  • .  ^ 

structural  ^failure  due  to  degraded  .propellant  mechanical  properties.. 

f  •  •  •  - 

In  the  event  that  temperature  increases  are  not  sufficient  to  cause 
‘  '  / 
autoignitio',  there-  still  exists  the  possibility  of  inducing  sufficient 

•  ’  *  .  ,n 

degradation  of  material  properties,  as  a  result. of-  cyclic  loading,  to. 
cause  chemomechanical  breakdown  of  thfe  propellant  or  propellant-liner-case 
bpnd.  Examples  of  propel lant^fww  and  propellant  depolymerizatipn  during 

*  S  ^  •  '  *  ■* 

extended  .cyclic  loading  nave-teen  presented  by  Tormey  and  Britton  [2].. 

.  ”  The  vibrational  capabilities  of.  solid  rocket  mofprs  afe  currently 

...  - 

determined  from  full  scale  motor  tests.  The  specific  nature  of  the  test 

'  \  ,  *  » 

.‘environment  is. dictated  by  tfie  applicable  military  specification.  A 

'  •  '  , 

typic'l  specification  will  require  vibration  testing  in  each  of  three 

^  ft 

mutually  orthdgonal  directions  (transverse,  vertical,  and  longitudinal) 


at  input  amplitudes  of  0.1 00. inch  double  amplitude 


;  disp^aa 


cement  or  5  g's 


peak  acceleration  intensity  lit  frequency  ranges,  between  2  and  500  cps  and 

\  .  t  . 

5^to  2000  cps.  .In. addition,  a  certain  portion  of  the  test  is. carried 

V  ■  • 

out  under  sinusoidal  oscillation  while  continuously  varying  the  frequency 

*  '  f% 

or  under  broad  band  random* excitation. '  Most  military  specifications  nowL 
require  30  minutes- dwel  1  time  at  each  o'f\he  resonant  frequencies  between 
Z  and  500  cps.  Table  I  presents  a  comparison  of  some  measured, vibr  :ion 

levels  wit*'  vibration  specifications-  '  '  -  '  • 

,  -  /  .  ' 

In  the  past, -numerous  inquiries  ..have  been  made  regarding  the  question 
of  how  realistic  are  the  vibration  specifications.  These  inqqiries 


\ 
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TABU  COMPARISON  OF  SOME  MEASURED  VIBRATION  LEVELS  WITH  VIBRATION  SPECIFICATION'  [3> 


'imrsrmMwr—- — 


"MEASURED  VIBRATION  LEVELS 


SKLCir  tcu  tni  lnyirum 

i 


; 


1.  TRANSPORTATION  AKO  HANDLING 
'  A.  Sbtpeent  by  Cccmon  larrler  - 

1.  Truck  ' 

a.  paved  road 
b  rough  roads  ($ 0-25  mph) 
* 

‘  c.  cross-c'cyntry 
(I  tio  10  sph) 

«  2.  Tractor-Trailer 


J  3.  Railroad 

a.  over  the  road  * 
(50  to  70  esph) ■ 
«  .  V 


b.  switching  shack  (. 

.  /  ^ (transient)  . 

4;  Airjraffi,'  propeller*  ' 

driven' with  reciprocating-- 
or  turbo  engine 

-5.  AlrcraTt,  jet  engine 

•.  i 

6.  Heli®pt*r 


0.35g;ppak(Bax  at  4  cps' 

1.7  g/peakJtaax  at  10  cps) 

2.1  g(peak) 

S.O  g(peak) 

3.7  g(pe3k)fnax  In  240-350 
cps  reglanHoeLurred  lessthan 
1*  of  tlEC) 

0.8  ^(paakHoax  at  1000'cps) 

2.2  g(pe$k)(max  value  noted 
93t  of  vibration. was  less 
than  0.75g) 

2,0  g(peak) (predominant  *re- 
miertcies  In  2.5  to  7.5  and  50  to 
62  cps  regions) 

35  g(peak)  with  8  cph  Icpact 


S.O  g(nas)([oax  at '*00  cps)- 
"5.0  g(peak)(1  to  250  cps) 

2.8  g{rss)(aax  at  800  cps)- 

'7.0  g(ras)(oax  at  4t)0  cps) 
1,0  g(peak)(3.5  to  35  cps) 


Sinusoidal  resonance  search : 

2  to  500  cps 

Sinusoidal  resonance  dwell: 

1.3  to  5.0  g(peak)  for  30  join, 
at  each  resonance  (2  to  500  cp-. ) 
Sinusoidal  updor  sweep  frequency. 

1.3  to  S.O  g(peak)  for  45  min 
In  each  axis  (sweep  rate  «  15  sin. 
for  each  5-500-5  cps  cycle) 


*.  -H  1 

V-'W 


a.  cala  seas 

b.  rough  seas  . 

c.  aner-gency  nanutyers 


B.  Shipment  by  Special  Transporters 

•  1,  Hlnuteocn  Sta^e  III/Bo«1ng 
‘  «  -Jranqporrfr 


2.  Kike  I  (stortge-to- 
liuncher) 


-3.  Titan  III  Segirent/tractor 
•  ^  Trailer  Transporter 

II.  AIR  LAUKCHtO  ROCKETS 

,A.  Captive  Flight  (tactical 
*"  aircraft) 

1.  Carried  In  bay  (doors 
ooen)  (q  *  1450  psf) 


2.  Externally  Carried 


B.  Powered,  Free-FUght 


O.G3g(s«k  Umax's  st  1.5  £ 

15  cps) 

0.8  g(pe*k)t£ax's  at  0.1  and 

IS  cps) 

3,0  g(paak)(n*x's  at  2.5,  12 
and  45  cps) 


0.6  g(pe3k<10  times  mere  peaks 
noted  In -the  0.25  to  0.5  g  range 
than  In  the  O.b  to  0.75  range) 


i  .0“g(peiO--l 
1.5  g(peak)— .1 
3.0  g(peak--v« 


--longitudinal 
—.lateral  . 
-vertical' 


1.3  glpeak !--! 
1 .0  g(pcak)--' 


-fore-aft 

—lateral  and  vertical 


4.3  g(rms )— longltedlnal 
-  9.3  g{n?s  1— Ta'.eral 

11.3  g(n«s)— vertical 
(spectrum  covers  20  to  2000 
ops  with  a  .saxlssxn.  In  the  • 
500  to  ICOO  cps  region) 

4.7  g(r»5)  for  Kach  1.7  at 
33,000  ft. 

6.3  to  9.0  g(ms)  for  600 
knots  at  5,000  ft.-  altitude 
3.0  g(peak)(7  -to  180  cpsl 

0,86  to  2.8  gfrns; 


Part  1.  Sinusoidal  ReSonance.Search; 

.  *'  5  to  .50  cps  or  5  to  2000  cps. 

Part  2.  Sinusoidal  Resonance  Dwell: 

5  dr  10  g(peak)  for  30  minute 
7,  at  each  rescnanpe.  / 

'Part  3.  Sinusoidal  Sweep^'requer.cy: 

(■  ~/5  6p  "10  g(pcak)ir<or  2  hours  in 

each  axis  (sweep  rate  *  '20  nin. 
per  5-2000-5  cps  cycle) 


Part  1. 


Part  2. 


Sinusoidal  Sweep  Frequency. 

5  td  20  q(peak)  for  2 
'  In  each  axis  (sweep  rate  ■  28 
*1n.  for  each  5-2000-5  cps  cvcle). 
Raedoo:  0.04  g2/cps  ( J  A  g-rros) 
ffr  30  *5n.  In  each  a'xts.  (100  to 
)apO  cps  with  6  db/octave  roll 
fin  each  end  to  50  and  2000  cps 
restxectlvgjy). 


/J: 


I 


VISI¬ 


TABLE  l.  (continues)  COKrASiSOH  Or  S0KF  MEASURED  VIBRATION  '  EVELS  iUTH  V! BRAT! DM  SPESjnCAT!OHS  [3l 


MODE  OF  OPERATION 


MEASURED  VIBRATION  LEVELS 


SPECIFIED  ENVIRONMENT 


III.  GROUND  LAUNCHED  ROCKETS 

A.  Launch#!  from  Stationary 
Sits 

8.  Launched  frcra  Mobile 
launcher 

1.  Captive  Transpor¬ 
tation,  Tracked 
Vehicle  (30  to 
?5  aph} 


IV.  SHIP  LAUNCHED  ROCKETS 

A. ,  Captive  Transportation 
(Tactical  Ships) 

1 .  i Destroyer 

l.  PT  Boat 

3.  Submarine 

8.  'PoweradJ  Free  flignt 


4.5  g(ras)(aax  PSD  noted  was 
0,007  g2/pps  at  T2C0  eps) 


1.65  g(p«ak!  at  76  cps-Iongi- 
tudinal 

1 .04  g(peak)  at  BO  cps- 
Uteral 

1.95  g(peak)  at  80  cps- 
vertical 

2.75  g(ras)(PS0  spectrua  peaks 
at  TOO  cps)  ’ 


Part  1.  Sinusoidal  with  Sweep  frequency: 
5  to  50  g(peak)  for  30  min. 
ih  etch  axlx  (sweep  rate-*  20 
Bin.  each  S-2O0O-S  cps  cycle) 
Part  2.  Randoa:  0.02  g2/cps  (5.30  g-ras) 
to  1.5  r/cgs  (46.3  e-n» s)  for 
30  Bin.  in  each  axis  (!00  to 
1000  cps  with  6  db/octxve  roll 
off  earh  ami  to  50  and  2000  cps 
respectively) 


5.0  g(p*ai}^17  to  170  cps) 

6.0  g(peak)(10  to  140  cps)  . 

2.0  g(p**k)(15  to  160  pps) 

8.3  g(nts)(»ax.  PSD  noted  was  f 

0.037  o2/cp»  in -700  tdr'PSCO'cpr  . 

rejios) 


'  O 
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resulted  in  a  recent  study  being  conducted  to  compare’  available  motor 
data  wi.th  current  vibration  specifications  [8].,  The  major  objection  to 
current  specifications  is  that  the  resonace  dwell  requirements  are  an 
unrealistic  facsimile  of  the  actual  motor  vibrati<?n  environment.  Wagner 
[3J  recommended  that  resonant  frequency  tests  be  .abandoned  and  replaced 
by  random  sweep  vibration  vests  since  these  are  more  representative  of  . 

the  actual  environment  of  a  rolid  rocket  motor.  *  '  <  '  ' 

'■  .  -  : 

It  is  easily  demonstrated  that  the  maximum  internal  heat  generation 

*  Jr 

in  a  solid  propellant  grain  occurs  during  vibration  at  resonance;  and 

•  ^  ✓ 

also  that  as  tbv  temperature  of  the,. propel! ant  increases,  the  resonant 

frequency  of  the  motor  initially  decreases.  Most  current  specifications 

-  1 

require  that  during  resonance  dwell  tests  the  input  motor  vibration  frequency 
be  varied  to  follow  changes  in  the  resonant  frequency  of  the  motor  which 
results  from  the  temperature  increasing.  This  environment  is  more  sever^e 
than  the  vibration  environment  a  solid  rocket  motor  actually  encounters  ' 
durlnq  its  lifetime.  . 

>  (fciestions  have  also  been  raised  regarding  the  requirement  that  input 

T\ 

acceleration  intensities  (usually  +  5  g's)  be  monitored  at  fixed  motor/ 
shaker  attachment  points.  •  Amplification  factors  frequently  result  in 
+  10  g’s  acceleration  occurring  at  antinodes.  This  loading  situation  is  in- 

s.  *  •  ,  c  4 

tended  to  simulate  aircraft  vibrational  loading  of  an  externally  mounted 
rocket  motor.  Iapracti.ee,  however,  the  vibrational  loading  is  due  mainly  to 
air  and  wind  buffeting  loads."  The  result  is  that  the  motor,  in  fact,1  i$  a  » 

T 

main' source  of  vibration  loading  for  the  aircraft.  This  condition  Is  not  simu 
lated  in  present  vibration  tests.  ,  \  ^ 

V  ,  '  ■  0 

Some  improvement  in  pf<  sent  vibration  testing  and  specifications  are 
expected  to  result  from  the  captive  flight  tests  of  instrumented  bomb  dummy 
units  in  a  program  sponsored  by  the  Air  Force-Socket  Propulsion  laboratory, 
and  from  Condor  Motors,  presently  instrumented  and  being  monitored  during  ’ 

e 

captive  flight  .by  Rpckstdyne.  2.14 


SHOCK 

Shock  loads  normally  occur*'  when  a  sol^id  rocket  motor  is  dropped  or 

4  /'  .  * 

subjected  to  a’ severe  mechanical  jolt  during  handling  or  transportation. 

The  various  .blast  waves  of  .nuclear  explosions  are  also  an  important  source 
of  shock. loads.  The  time  averaged  magnitude  of  these  loads,  excluding  shock 

i 

*  t  » 

waves  from  nuclear  explosions,  is  normally  in  the  range  of  one  to  five  g's. 

<  * 

Peak  local  intensities  range  between  25  and  75  g's. 

Peak  shock  load  intensities. act  for  a  very  short  time  during  which 
propellent  normally  behaves  essentially  as  an  elastic  material  with  a 
glassy  modulus.  As  a  consequence,  the  .propellant  grain  itself  is  usually 
undamaged.  The  major  damage  that  occurs. is  usually  bending  or  warping 

o 

flight  weight  rocket  motor  cases.  Possible  damage  inflicted  on  a  propel- 
lant  grain  as  a  resuT-t-qf-sbockHoads  may  be  either  propel] ant-liner-case 
unbonding,  or  the  development  .of, a  shock  wave  with  sufficient  epergy  to 

causp  detonation.  ~  -  ;  , 

* 

Case-grain  unbonding  is  most  likely  to  occur  at  intermedrf ate, to  low 
temperatures  either  in  the  immediate  area  of  the  point  of  application  of 

♦  .  r  o  » 

the  shock  load,  or  at  catee-graln  terminations!  At  high  temperatures  the 

propellant  is  more  compliant  ;and  can  better  withstand  large  deformation^. 

/ 

The  compliant,  high-strength,  elastomeric  end-release  flaps  employed  at 
critical  grain-termi nations  interfaces  to  relieve  thermal  stresses  also 
serve  .to  reduce  the  probability  of  peel  failure  at  these  locations  during 
shock,  loading  of  a  .motor.  -  :  ■  —  _ 


Detonation  of  propellants,  is  a  complicated  process  which  is  still  not 
completely  understood.  Some  of  the  possible  initiation  mechanisms  are 
adbabatic  heating  o^  compare  gases^within  void  areas,  friction  between 


the  solid  particles  in  the  propellant,  fracture  of  energetic  solid 
oxidizer  particles  and  viscous  heating  of  the* propellant  binder'  [4-10]. 
There  are  indications  that  the, energy  release  due  to  viscous  damping  is 
not  sufficient  to  initiate  detonation  of  propellants  [10,11];  however. 


this  question  has  not  yet  been  completely  resolved. 

In  the  upsence  of  quantitative  analyses,  laboratory  and  full  scale 
motor  tests  are  routinely  conducted  to  determine  the  shock  sensitivity 
of  peopellants  and  loaded i motors.  Laboratory  tests  generally  consist  of 

impact  sensitivity  tests  ^n  which  physical  impact  is  caused  by  a  falling 

t  *.  ~  * 

weight  such  as  in  the  ERL  test;  or  $hock  sensitivity  tests,  in  which  the 
initiating  shock  Is  generated  by  a  donor  explosive,  as\n  the  gap  test; 
or  by  high  velocity  impact,  by  a  projectile.  References^,  6  and  8 
contain  further  discussions  of  laboratory  methods  of  determining  and 


evaluating  shock  sensitiv, 


ty  of  propellants.  An  analytical  model  which 
qualitatively  relates  the  I  experimental  conditions  of  shock  pressure,  shock 
impulse  and  accepter  dianjeters  in  regard  to  initiation  of  detonation  has 


been  discussed  by  Pratt  ^7].  ■ 

TRANSPORTATION  AND  HANDLING  - 

Some  of  the  loads  jarising  from  transportation -and  handling  of  rocket 
motors  have  been  discussed  briefly  in  the  previous  sections.  The  magni¬ 
tude  and  vibrational  frequency  of  transportation  loaa£  vary  somewhat 
■  depending  upon  "the  ca/rier...  Some  measured  vibration  levels  for  transpor- 

»  ‘  "Z 

tationi  are  shown  in  Table  I.  Specifications'- typically  require  30 
minute  resonance  dwell  tests  at  each  resonance  between  2  and  500  cps  at 


ak  input  accelerations  between  1.3  and  5  g's,  and  sinusoidal  s&eep  tests 


r\ 


from  5  to  500  cps  at  1.3  to  5  g's  peak  input  acceleration. 
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During  handling  of  a  solid  rocket  motor  datoage  is  most  likely  to' 
be  inflicted  upon  the  motor  case.  -  This  damage  may  consist  of  bending 
.of  the  motor  case  or  nozzle,  dents  in  flight  weight  .cases,  bending  or 
denting  attachment  or  handling  lugs,  etc.  ^rain  unbonding- in  the  area 
of  the  dent -is  also- likely  to  occur. 

i-uT  scale  motor  tests  usually  consist  of'drdpping  motors,  unpackaged 
ar(d  packaged  in  protective  shipping  containers,  from  various  heights  in 
various  attitudes  onto  concrete  or  steel  slabs'.  Visual  inspection  and 
non-destructive  tests,  such  as  X-ray  inspection  and  ultrasonic  inspection 
of  critical  bond' regions  are  used  to 'determine  the  severity  of  the  damage. 


Some  specifications  require  simply  that; the  motor  not  detonate .whereas 

...  others  require  that  it  operate  satisfactorily  aft^r  drop  tests.  Cowmen 

%  *  * 

tests  foreshock  sensitivity  have  been  mentioned  above.  Usually  dropping 

a  flight  weight  motor  which  is  not  encasgcMn  a  protective  container  will 
result  in  irreparable  damage  to  the  motor  case.  +. 


2.2.4-  SPECIAL  LOADS  AND  ENVIRONM! 

Occasionally  a  solid  rocket  motor  will  be  required  to  operate  success¬ 
fully  in  a  special  environment.  The  spin/envi ronment  has  probably  had  the 
greatest  attention,  although  little  has  been  publislmd  in  the  open  litera- 

- ture_an_-±he  structural  behavior  of  a  spinning  propellant  grain.  It  ,is 

possible  that  the  spin  rate  may  induce  appreciable  Inertial  stresses  and 
deformation  within  the  grain.  Star-shaped  gnin  geometries  a.re~usually 
"avoided,  since  the  deformations  of  starpoints  will,  norma  IJy/Le  excessive. 
The  spin  env.i ronment~frequeDtly  levels  to  eratic  burning  characteristics;  * 
the  most  noteworthy  of  which  is  errosive  burning.  Strong  coupling  between 
the  burning  characteristics  and  structural  behavior  is  to  be  expected. 
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Other  loads  and  environments,  which  will  not  be  discussed  in  detail 
in  this  handbook,  result  from  requi rements  for  heat  sterilizable  propellants 
for  space  application,  resistance  to  radiation  and  special  environments 
peci'rer  to  nuclear  explosives-  Generally,  particular  propellants  are 
developed  and  tailored  specifically  to  survive  in  these  environments. 


2.3  PROPELLANT  AND  DESIGN  INDUCED  LOADS  * 

it  » 

The  induced  loads,  as  mentioned  in  Sec.  '2.1,  arise  from  a. particular 
selection  of  the  propellant,  processing  techniques  and  grain  configuration 
satisfying  the  motor  mission  objectives.  .These  Toads  typically  consist  of 
cure  shrinkage,  pressure,  flight  and.  certain  combined  loads. 

2.3,1  CURE  SHRINKAGE  • 

Cure 1  shrinkage  stresses  and  strains  Sare  induced^during  propellant  cure 
when  the  propellant  Vs  transformed  from  a  highly  viscous  fluid-like  material 
into  a  solid.  The  majority  of  propellant  cure  shrinkage  takes  placq,  prior 
to  the  Initial  point  of  propellant  solidification  gel);  however, 

cure  shrinkage  stresses  develop  only  after  gel,  inasmuch  as  propellants 
display  fluid  properties  prior  to  gelaton  and  cannot  support  substantial 
shear  stresses.  The  shrinkage  that  takes  place  between  propellant  gel  and 
completion  of  cure  is  restrained  by  the  motor  case.  As  a  resul t, ’shrinkage 
or  residual  stresses  exist  in  a  sol i rocket  motor  upon  completion  of  cure. 
For  propellants  which  gel  at  an  eaitTy  stage  of  the  cure  process,  the 
possibility  of  developing  shrinkage  stresses  which  are  greater  than  the 

*  O' 

stress  capabilities  of  the  partially  cured  propellant  exists.  The  result 
is  that  a  motor  may  exhibit  cracks  or  unbond  regions-  immediately  upon 

•v  ' 

‘removal  from  cure.  ,  These  effects  are  most  evident  in  high  mass  fraction. 


/ 


composite  propellant  motors  and  slurry  cast  high  energy  double  base 
propellants  which  are  cured  under  conditions  leading  to  undesirable  nonuniform 
temperature  fields.  Under  certain  conditions,  however,  as  it  shall  be  seen, 
curing  in  a  nonuniform  teriperature  field  leads  to  a  reduction  in  cure  shrink? 
age  stresses  and  strains.  , 

•* 

The  amount  of  shrinkage  that  takes  place  during  cure  of  a  solid  rocket 

i 

motor  is  a  consequence  of  the  particular  choice  of  propellant  and  processing 
techniques  selected  to  satisfy  a  given  motor  s  temperature  environ mental 
requirements-  Conventional  composite  propellants  are  cured  by  a  polymtnzation 
•process  which  is  generally  accompanied  by  a  volume  shrinkage  which  is  propor- 
tioal  to  the  binder  volume  present.  Because  of  propellant  shrinkage  during 

cure,  the  zero  stress/strain  temperaturfe  will  be  higher  than  the  cure 

•  />  '  ‘ 

tenperature.  Composite  propellant  rocket  motors  are  typically  cured  between 
130°F*and  145°F.  The  cure  shrinkage  that  takes  place  is  equivalent  to  a 

f 

15°F  temperature  drop  [1],  Thus,  the  zero  str&ss/strain  temperature,  which 
is  normally  taken  to  be  the  reference  temperature  for  thermal  stress  and 

V  «  »  *  *  , 

strain  calculations,  ranges  between  145°F  and  160°F  for  most  conventional 
composite  propellants.’  The  stress  free  temperature  for  slurry  cast  , 
double  base  propellants  is, typically  22°F  higher. than  the  cure  temperature 
[1J.  These  propellants  are  typically  cured  between  115°^and  ^40°F. 

The  cure  of  conventional  cast  double-base  propellants  is  basically  a 
mutual  diffusion  process  between  casting  powder  and  casting  solvent  with 
no  chemical  reaction  occurring  until  the  final  stages  -of  the  cure^process 
[12].  Casting  powder  granules,  consisting  primarily  of^nitrocellulose 
with  metal  fuel,  oxidizer,  ballistic  modifiers  and  stabilizers  incorporated 
to  improve  motor  performance,  are  loaded  into  an  empty  motor  chamber  by  a 


-a? 


pneumatic  conveyor.  The  casting  solvent  which  is  a  high  energy  liquid 
containing  nitroglycerin  with  diluents  to  increase  plasticization  and 
reduce  sensitivity.  Is  then  added  under  pressure.  Thi^  pressure  causes 
the  liquid  ^te^flow  into  .interstices  in  the  powder  granules  until  voids 
have  been  replaced  by  casting  solvent.  The  solvent  is  absorbed  by  the 
casting  powder  vhich  in  turn  swells  the  powder  into  interstices  formerly' 
occupied  by  the  absorbed  liquid.  Mechanical  displacements  are  often 

*  ,  -  »  .V 

applied  to  the  propellant  by  means  of  rams  to  aid  grain  consolidation. 
After  the  casting  powder  and  solvent  have  combined  to  form  a  single 
phase  material 'the  temperature  is  raised  to  about  120°F  and  the  propellant 
cure  completed.  Propellant  containment  by  the  rams  is  maintained  at  the 
T20°F  cure  temperature.  Thus,  cure  shrinkage  in  cast  double-base 
propellants  results^ essentially.' from  bed*  settling  and  collapse  of  micro¬ 
voids  in  the  casting  powder  g.  inules  during  ambient  temperature  mixing-  „ 
of  solvent  and  powder ,and  is  not  chemical  in  nature.  Some  chemical 

4  ‘  I 

shrinkage  does  occur  during  completion  of  cure  at  the  elevated  cure  .  > 

■  < 

temperature;  however,  because  of  the  partial  cure  at  ambient  tempera- 

o  '  ' 

ture  a  decreased  net  shrinkage  relative  to  composite  progellants  results. 
Furthermore,  because  of  the  compressive  loading  on  the  propellant  grain 
during  the  entire  cure  process,  an  essentially*  stress  free  condition 
exists  in  the  grain  when  it  is  returned  to  ambient  temperature. 

'The  volumetric  cure  shrinkage  of  most  composite  polybutadiene  pro¬ 
pellants  can  be  adequately  described  by  the  relation  << 

Tf-  =  -  all  -  exp(-Bt)}  (2-2) 

vo 

r 

where  a  and  8  are  experimentally  determined  constants.  The  constant  a 

N  I 

represents  the  net  volui.etric  shrinkage,  and  the  product  a8  represents 
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the  initial  rate  of  shrinkage.  -The  net  volumetric,  shrinkage  a  is  usually 


0 


not  explicitly  temperature  dependent,  hqwever,  the  shrinkage  r&te  a0  is 
Strongly  temperature  dependent  since  polymerization,  in  general,  is  a 
.  thermally  activated  process  which  is  usually  adequately  described  by 

i 

•first  order  kinetic  theory.  Procedures  for  performing  cure  shrinkage 

V*  0 

tests  are  not  readily  available  in  the  open  literature,  however,  a  common 

technique  makes  use  of  a  mercury  dilatometer  submerged- in  a  constant  tempera- 

0 

tu re  bath.  The'ri'se  of  the -mercury 'column  in  ?  capillary  is  monitored 

using  a-cathetometer.  More  direct  techniques  for  measuring  thC  stress  free 

*0  ,  __  __  ^ 

temperature  were  discpssed  in  §2.2.f.' 

Determination  of  cure  shrinkage  stresses  in  a  solid  rocket  motor  repre¬ 
sents  a  diffucult  task  which  is  not  easily  carried  out.  .  Thacher  [1]  h'as 
analyzed  recently  the  double-base  manufacturing  process,  and  Cost  [13]  intro¬ 
duced  an  analytical  approach  wnich  may  prove  to  be  worthwhile  for  determining 
,  shrinkage  stresses  in  composite  propellant;.  In 'this  report  Cost  treated 
ouring  polymers  under  isothermal  and  steady-state  thermal  conditions,  . 

•  7  ' 

and  formulated  the  basic  governing  differential  equations  in  terms 
of  differential  operators.-  The  material  properties  were  treated 

f. 

as  functions  of  spqce,  time,  temperature  and  degree  of  cure.  Indi-  ' 
cations  of  'how  material  behav.  •  may  be  related  to  molecular  para¬ 
meters  were  given,  based  on  Bueche's  theory  of  molecular  viscoelasticity. 

s  t 

Such  a  theory  may  serve  as  a  guideline  for  future  developments  in  this 
area;  however,  lacking .experimental  verification,  these  developments  .should 
be  considered  ta  be  of  a  preliminary  nature.  Development  of  analysis 
techniques  for  cure  shrinkage  stresses  will  likely  be  necessary  in  the 
future  with  the  evolution  of  more  complicated  and  more  highly  constrained  . 
grain  configurations. 


•  x  \ 

Several  techniques  have  been  successfully  used  for .minimizing  cure 
shrinkage  stresses  and  reducing  the  stress  free  temperatures.  One  method 
is  to  use  propellant  binders  and  ingredients  which  undergo  minimum  shrink¬ 
age  during  polymerization.  Unfortunately,  the  Resultant  propellants  . 

\  ’ 

seldom  meet  motor  performance  requirements-  Another  effective  means  of  . 

reducing  shrinkage  stresses  is  to  cure  the  propellant  at  a  lower  tempera¬ 
ture  for  a  -longer  period  of  time.  Still  another  alternative  is  tp  step  ~* 

cure  the  motor  starting  at  ar,  intermediate ,tefnperatu,e  2nd  gradually 

*  '<  .  ' 

increasing  the  cure  temperature  in  steps  at  various  stages  of  the  cure 

,  ‘  <■  c 

, process.  This  process  produces  a  nonunlform  temperature- field  wbidh  in 
some  .situations  results  in  a  more  favorable  strength  distribution  during 
N^ure.  Step.cure  cycles  are  usually  determined  empirically  by  performing  -pro¬ 
pellant  cure  shrinkage  tests  at  ai  number  of  different  temperatures.  A  step 

♦  .  ,  s 

cure  has  been  successfully  used  by  Lockheed  Propu^s-ion  for  polysulfide, 
oolycerbutene  and  slurry  cast  double  base  propellants,.  Double-base  propel- 

•»  t  t 

lants  are  ofi;en  cured  in  a  •nonuniform  temperature „fi eld. 

'  Auxiliary  benefits  are  derived  from  botn  the  step,eure  and  the 
longer  term  low  temperature  cure.  These  methods  of  propellant  curing  reduce 
the  stress  free  temperature  and  thereby  reduce  the  stresses  and  strains 
resulting  from  temperature  cycling.  The^curing  methods  .also  tend  to 
produce  a  more  fully  cured  propel/lant  and  ttu&  reduce  aging  degradation 

*  4  .  » 

due  to  propellant  post  curing.  __  ; 

y  ■ 

2.3:2  PRESSURIZATION  LOADS  >  k  - 

V.  > 

O.  4 

) 

pressurization  loads  arise  during  ignition  jf  a  solid  r.-ppeliant 

rocket  "otor  and.  act  until  motor  burnout.  Ignition  pressurization  induces 

'  ’  3 

a  compressive  hydrostatic  pressure  throughout  the  grain  with  superimposed 
tensile  hoop  components  of  stress  and.  strain  at  the  inner  bore.  The 


/ 


pressurization  loads  imposed  on  a  solid  rocket  motor  are. determined  by 
the  propellant  properties  (e.g.-,  bulk  compressibility,  burn  rate,  pressure 
exponent,  temperature  sensitivity^  etc.),  the  grain  configuration  and 
.  the  stiffness  of  the  motor  case.  The  ballistic  properties  of  the  propel- 

J 

lant  determine  the  grain  configuration  and  the  motor  operating  pressure, 
low  modulus  case  materials  such  as  fl berg! as  cases  typically  c*:  rise 

to  more  severe  pressurization  loads  because  of  their  lower  stiTfness. 

>  » 

.The  hoop  strain  at  the  iTiner  bore  and  the  stresses  and  strains  at 
grain  terminations  are  usually  the  critical  design  parameters  for  pr.essuri- 
'  zation  leading,.  particularly1 for  low  temperature  firings  where  the  propel¬ 
lant  has  less  elongation  capabilities  than  at  high  temperatures.  Design 
considerations  which  lead  to  a  reduction  of  thermally  induced  stresses  and 
strains  also  tend  to  reduce  pressurization  stresses  and  strains. 

2.3.3  FLIGHT  AND  COMBINED  LOADS  * 

Certain  combined  loads  are  of  morp  significance  in  determining  the 
structural  integrity  of  a  solid  rocket  motor  than  the  individual  loads 
applied  separately.  The  most  significant  combined  loading  is  normally 
that,  of  low  temperature  firing.  A  low  temperature  firing  of  a  solid 
rocket  motor  superimposes  the  stress  state  resulting  from  ignition 
pressurization -upon  the  existing  stress  state  due  t~  thermal  cooling.  As  in 
the  individual  leadings,  the  critical  strain  field  occurs  at  the  inner  bore. 
The  bona  ..tresses  at  grain  terminations  are  also  of  major  importance. 

Thermal  strains  are  usually  higher  than  pressurization  strains  with  the 
possible  exception  of  fiberglas  case  motors  In  which  pressurization  strains 
n‘  20%  are  not  uncommon.  Thermal  strains-  are  also  induced  at  a  slow 
loading  ra*e,.the  motor  cooling  rate,  whereas  pressurization  strains  are 
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inducec  at  a  higher,  loading  rate.  Propellant  strength  and  elongatio^  . 

'  '  V 

capabilities  are  higher  urtder  a  hydrostatic  pressure  so  that  thermal 

.  •  i 

cycling  will  usually  dominate  design  considerations.  There  is  some 

J  »  ”  • 

evidence  .which  indicates  that  if  ja  motor  has  not  failed  during  low^ 

/  c  "" 

temperature  cycling  it  is  not  likely? to  fail  upon  firing  [14].  There  is 


1 


additional  eyidence  that  suggests  existing  flaws  or  cracKs  may 

enlarge  and  propagate  leading  to  catastrophic  failure  during  firing  [15], 
.  /  ’  ' 

Launch  of  a  solid  rocket  motor  superposes> the  stress  states  due  to 

.  ..  r  \ 

pressurization,  thermal  cooling  or  cure  shrinkage  and  axial  acceleration. 


The  addition  of  launch  acceleration-  Toads  in  considering  low  temperature 
firings  is  usually  not  required  ir^rimuch  as  the  propellent  stiffness  and 
strength  capabilities  are  substantially  higher  at  low  temperatures  than 
at  high  temperatures.  At  high  temperatures,  on  the  other  hand,  thermal 
stresses  and  strains  are  inconsequential  and  launch  acceleration  stresses 
dominate  design  considerations  because  of  the  reduced  propellant  strength 
and  stiffness. 

The  above,  combined  loading  situations,_and  others  which  may  occur, 
require  considerations  of  cumulative  damage  effects  in  assessing  motor 
structural  integrity.  ’  • 


2.4  AGING  AND  HUMIDITY 


The  influence  of  the  physical  environment  which  a  solid  propellant 

*  <  *  / 

rocket  motor  experiences  during  its  lifetime  is  *  most  difficult  and 

significant  problem  facing  the  structural  integrity  engineer-.  Of  the 
•  "  '  1 
factors  producing  adyersc  effects  which  serve  to  reduce  the  operational 

service  1i'fe  of  a  solid  rocket  motor,  the  normal  aging  of  propellants 

and  liners,  and  relative  humidity  level  during  storage  are  generally 


V 


'  V 

A 
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accepted  as  being  the  .nost  critical.'  Motors  are  {ils.o  frequently  required 

to  be  impervious  to  salt  spray  resisting  from  shipboard  storage  and  ^  1 

transportation,  and  biological  attack  (e.g.,  fungus  growth  in  tropical 

climates).  These  latter  environments  are  not  discussed  herein,  however. 

* «  w  " 

Some  of  the  factors  which  Influence  aging  behavior  are  described  in 


Table  II.  Proper  evaluation  of  the  effect  of  these  storage  conditions  on 
the  structural  integrity  of  a  solid  racket  motor  requires  consideration 

of  the  physical,  chemical. and  physiochemical  cKangei  of  all  age  and 

*  -  y 

_  environment-sensitive  system  and  subsystem  components.  Some  of  the  mor6 

important  factors  influencing  operational  service  life  as  well  as  current 

•  J  "  t 

practices  of  establishing  and  verifying  service  life  predictions  are  dis- 
cusstu  in  the  following  subsections.  For  convenience,  the  effects  of 
relative  humidity  level  are  discussed  separately  from  other  aging 
degradation  mechanisms. 


( 


General  surveys  of  environmental  and  aging  effects  have  been  presented 
by  Fishman  [16],  Bills,  Fishman  and  Myers  [17]  (§7.0,  "Applications  of 

.  »  *  r 

Mechanical  Property*' Testing  for  Surveillance"),  and  Kelley  [18].  These  •- 
articles  contain  rather  extensive  reference  up  to  about  1966.  Hence, 
the  references  cited  herein  -refer,  for  the  most  part,  to  more  recent  - 
literature  on  this  subject.  Of  the  recent  literature,  references  19  tnrough 
23  pretty  well,  reflect  the  current  state-of-tthe-art. 

--5 

2.4.1  RELATIVE  HUMIDITY 

The  presence  -of  moisture  severely  degrades  the  mechanical  and  chemical 
properties  of  most-solid  propellants  [16,  17,  19-25,  30-321.  This  degrada¬ 
tion  is  typically  manifest  as  swelling  of  the  binder  matrix,  redictior.  ii> 

■>  ,  *  ' 

modulus  and  retardation  of  propellant  ignition,  often  Teaching  of  surface 


{ 


TABLE  II.  FACTORS  INFLUENCING  PROPELLANT  DEGRADATION  OUR  DC  AGING  [18] 


i 

i 


/ 

f,  FACTOR 


MANIFESTATION 


FAILURE  MODE 


Change  of  Chemical  State  r 

A.  Chest  cal  react^ty  of  pro¬ 
pellant  components  singu¬ 
larly  or  In  cooblnatlon 


8.  Chemical  Interaction  with 
environment 

1.  Atmosphere 
i.  Moisture 

b.  Gaseous  or  solid  ee- 
‘  composition  products 
(autocatalysis) 

.  e.  Air  (oxygen,  ozone, 
contaminants  In  air) 

2.  Other  materials  In  notor 
(liner,  mstsls,  etc.) 

C.  Factors  wh1t,i  may  Influence 
rats  of  cnange 

1.  Te»sp»rsture 

2.  Stress  state 


Hc-denlng,  snbrl ttlerent,  gassing, 
a^ciwulatlon  of  degradation  prod¬ 
ucts  ,  viscous  flow  enhancement , 
change  of  adheslvlty- 

< 

Same  as  A;  in  addition,  nonhomoger.e- 
Ity  of  propellant  avsurfaces  and 
1  within  bulk. 


Increased  tendency  to  crack  dur¬ 
ing  storage,  ignition,  or  tempera¬ 
ture  cycling;  possible  burning 
rate  change,  Impulse  loss,  igni¬ 
tion  problems,  and  linear 
separation. 

Sane  as  A 


Sane  as  A 


Same  as  A 


Time  scale  of  degradation 


D.  Irradiation 

1.  Background 
f  2,  Induced 

E.  Bacteriological  action 
Change  In  Physical  State 

A.  Nevarsifclt  physical  changes 

1.  Phase  changes  which 
depend  on  time  and 
temperature 

2.  Recoverable  strains 

3.  Dtf^uslop  of  materials 

a.  Gases 

b.  '  Plestlclzer 
e.  Moisture 


Polymer  crossllr.klng  or  degradation 


Surface  changes 


Hysteresis  of  temperature-dependent 
physical  properties 


Probably  minor 

Sonhosogenelty  of  propellant  properties; 
o*ld1zer-poor  surfaces,  porosity, 
shrinkage. 


Same  as  A 


Unknown 


Increased  tendency -to  crack  dur¬ 
ing  storage^lgnttlbn.  or  tempera- 
‘Ur»  cycling'. 

Probably  minor  '  , 

Crack  developnsent.  Increased 
tendency  to  crack  during  -torage. 
Ignition,  or  teoserature  cycling. 


8.  Irreversible  physical  changes 

1.  Strain  beyond  reversible 
Halt  caused  by; 

a.  Gray! ty 

b.  Acceleration  (during 
transport) 

c.  Thermal  gradients 

d.  Environmental  teepc'atuv*. 


Cracks  at  fillets,  line’-  separation, 
%'viscLus  deformation,  ueweitlng 
(blanching) 


■  v  Increased  bofnlng  areas  and  rates. 
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oxidizer  particles  is  observed.  The  mechanism  of  this  degradation  is 

C  5,  .  - 

primarily  a  reversion  process  in  which  chemical  scission  of  polymer 
network  cross-links  and  consequent  reduction  in  modulus  is  caused  by  *- 
hydrolytic  attack  at  cross -link  sites.  Epoxide  cured  propellants  are 
relatively  insensitive  to  hydrolytic  attack!  Imine  cured-pcopellants  have 
varying  desses  of  susceptibility.  Double-base  propellants  are  usually 
less  influenced  by  moisture  tuan  composite  propellants. 

Moisture  enters  a  solid  propellant  or  liner-propellant  interface 
through  a  diffusion  process.  The  depth  of  penetration  appears  to  be  con¬ 
trolled  by  the  relative  humidity  level,  the  ratio  of  volume  to  surface 
area  exposed  and  the  duration  of  e>oosure.  Inasmuch  as  moisture  is  stored 

,  o 

<i  *» 

to  a  large‘extent  In  the  binder  matrix, reduced  strength  and  increased 
elongation  capabilities  of  -the  propelllant  are-observed  at  ambient  tempera¬ 
tures  and  above;  whereas  at  low  temperatures  significantly  reduced  elonga- 
.tions  are  observed,  probably  due  to  moisture  embrittlement  or  freezing-in 
water  which  restricts  polymer  chain  motion.  The  strength  of  the  liner- 
propellant  bond  is  reduced  at  all  temperatures  due  to  moisture  diffusion 
at  high  relative  humidity  levels. 

Available  information  suggests,  that  the  effects  of  vich  mcisture 
content  are  more  severe  for  propellant  in  a  strained  state  than  in  an  un¬ 
strained  state.  This  attribute  may  lead  to  particularly  acute  problems 

during  temperature  cycling  of  a  solid  rocket  motor  due  to  breathing  of  the 

/ 

p. opell ant  or  rocket  motor  interior  with  the  external  .environment.  In  this 
situation  frost  and  water  may  condense  on  the  propellant  surface  and  accumu¬ 
late  in  subsequent  temperature  cycles,  eventually  leading  to  structural 
failure  of  the  propellant- in  areas  of  high  stress  concentration. 


u- 
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Inasmuch  as  moisture  induces  drastic  and  rapid  degradation  of  propellant  • 
and  propellant-liner  bonds,  exposure  of  a  solid  propellant  grain  to  high 
humidity  levels  must  be  avoided  since  it  is  not  always  possible  or  practical/ 
to  select  propellant  polders  in  which  water  is  not  soluble.  Fortunately 

t 

the  iurniidjty  level  in  a  solid  propellant  grain  may  be  maintained  at  an 

■4 

f 

acceptable  low  level  relatively  easily  through  proper  implementation  of 
hermetic  seals  and "dessi cation.'  Past  experience  has  indicated  that  short 
hnd  probably  even  Tong  term  exposureTto  relatively  low  humidity  levels 
produces  no  effect  directly  attributable  to  the  level  or  duration  of 
exposure.  It  is  generally 'accepted  that  at  levels  below  about  30%  RH  no 

•  N  l 

effect  is  observed^  * 

The  effects  of  relative  humidity  have  also  been  observed  to  be  rever¬ 
sible  to  a  certain  extent.  The  original  properties  of  a  propellant  grain 

which  has-been  Inadvertently  exposed  to  a  high  humidity  level,  but  which  has  . 

* 

«  ’  i  * 

not  yet  structurally  failed,  are  substantially  recovered  by  dessi cation  of 
the  grain.  As  a  general  rule,  the  drying  recovery  time  is  the  same  as  the 

exposure  time  to  moisture.  Dessi cation  of  un-aged  propellants  also  tends 

* 

to  remove  moisture  introduced  during  mixing,  casting  and  curing  operations. 

/ 

2.4.2  AGING 

In  addition  to  being  sensitive  to  moisture  levels,  solid  propellants 

i 

experience  changes  due  to  normal  aging  during  long  term  storage.  These' 
changes'lre  reflected°in  changes  in  the  chemical  and  physical  properties  of 
th-  propellant  and  liner-propellant  bond.  Unlike  the  effects  of  moisture, 
however,  the  effects  of  aging  are  irrerversifcle.  Most  propellants  typically 
exhibit  between  25  and  50  percent  degradation  during  aging.  The  discussion 

here  is  restricted"^  chemorheological  aging.  Mechanical  aging  degradation 

2.28 1 
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results  from  sustained  or'  cyclic  application  of  the  loads  discussed 

-s. 

*  % 

previously  and  is  normally  handled. through  cumulative  damage  considerations. 
Several  factors  are’lcnown  to  influence  the  aging  characteristics  uf 

propellants  which  in, turn  affect  the  shelf-life  of  a  solid  rocket  motor. 

\ 

Thetjsminant  aging  mechanisms  affecting  propellant  behavi-orr-wMc-h-normally 
occur  simultaneously,  are  continued  post-curing,  oxidative  cross-linking  and 

polymer4 chain  scission  [16-18,20-23,30,31].  Additional  consideration  must 

-•  / 

also  be  given  to  surface  versus  bulk  aging  characteristics  [17,25-27,30-38] 
and  migration  effects  [17.20,23-25,33,35,37,35,40].  The  influence  of 

y 

these  factors  Is  dependent  to  a  greater  or  lesSer  extent  upon  the  propellant 
polymer  and  cure  system, curd  cycle,  cure  catalysts,  ballistic  modifiers  and 
aging  temperature. 

P.ost-cure  curative  reactions  result  from  the  slow  continuation  of 
reactions  not  driven  to  completion  during  the  normal  cure  cycle.  These 
reactions  result  in  an  Increase  In  the  propellant  modulus  due  to  the  for¬ 
mation  of  additional  network  cross-links. 

Oxidative  cross-linking  is  primarily  a  surface  pheonoenon  which  results 
from  free- radical  attack  at  double  bonds  in  the  polymer  chain  backbone. 

This  mechanism  also  results  in  an  increase  in  stress  and  decrease  in  the 

\ 

strain  properties  of  solid  propellants. 

Chain  scission  is- largely  determined  by  the  cure  system  and  results 
in  softening  or  the  propellant.  This  phenomenon,  as  mentioned  before,  is 
accentuated  by  the  presence  of  moisture;  however,  Hydroxy-terminated  (HTPB) 
and  Carboxy- terminated  polybutadient  (CTP8)  propellants  frequently  display 
this  reversion  process  during  high  temperature  aging.  Polyurethane  pro¬ 
pellants  also  undergo  chain  scission  during  aging  due  to  splitting  of 
functional  linkage. 

u 
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Distinct  differences  between'  the  surface  and  bulk  aging  characteris¬ 
tics  of  propellants  have  been  noted  primarily  due  to  surface  oxidation 

a  , 

of  the  propellant.  This  surface\}xidative  cross-1 inktng  results  in  a 
considerably  stiffer  propellant  surface.  Surface  skin  effects,  notabjy. 
hardening  of  the  grain  inner  bore,  has  been  observed  to  a  depth  of  one- 
half  inch  in  some  cases  £34,36,38,40].  Significant  variations  in  the  aging 
behavior  of  propellant  aging  in  sample  cartons^and  propellant  aged  in 
rocket  motors  "has  also  been  obsen/etL^24-r3J^36,38].  These  variations  have 


rocket  motors  "has  also  been^bsen/etLt^r34,36,38].  These  variations  have 
been  attributed  in  part  to  the  fact  that  motors  are  characteristically  . 
cured  at  a  higher  temperature  than  the  oven  temperature  because  of  internal 
exothermic  reactions.  Cartons,  on  the  other  hand,  are  cured  at  a  tempera¬ 


ture  more  nearly  equal  to  the  oven  temperature. 

Migration  of  soluble  species  is  of  major  concern  at  the  propellant- 
* 

liner-insulation  bond  interfaces  [17,20-23,25,37,39,40].  Soluble  species 
such  as  low  molecular  weight  polymer,  burning  rate  catalysts,  plasticizers, 
moisture  and  degradation  products  may  mi-grate  across  bond  interfaces 
causing  both  chemical  and  physical  changes.  An  ekact  relation  between 
ingredient  migration  and  the  physical  and  chemical  changes  is  not  presently 
known.  Such  a  relation  is  influenced  in' a  complicated  manner  by  time, 
temperature,  concentration  and  relative  solubility  of  the  migrating. species. 
The  predominant  physical  effect  of  all  migratory  species  is  degradation 
of  the  adhesive  bond  between  the  linen  arid  propellant  or  liner  and  insula¬ 
tion  or  case.  In  addition,  the  propellant  and  the  liner  of  insulation  may 
harden  or  soften  either  separately  or  jointly.  Typically,  migrating  species 

‘  •  f  * 

from  the  propellant  tnto  the  liner  or  insulation  act  as  plasticizers  causing 
the  liner  or  insuTatioft  to  soften  and  swell  and  the  propellant  to  harden 
and  shrink  resulting  in  high  localized  stresses  and  stratus  at  the  bond 


) 


interface  as  well  as  a  weakened  adhesive  bond.  Plasticizer  migration 

o 

from  certain  elastomeric  insulations  info  the  propellent,  on  thp  other 

hand,  normally  softens  the  propellant.  In  ot)ier  situations',  such -as 

'  * 

a. curative  imbalance  between  the  liner  and  the  propellant,  a  hardening  of 
either  or  both  the  propellant  and  the  liner  may  results  Cross  migration 

of  o-her  ingredients  may  have  similar  results  depending  on  the  particular 

&  9 

ingredients  and  concentrations  Involved.  It  suffices  to  observe  that  - 
ir  migration  invariably  degrades  the  adhesive  bond  system. 

Migration  in  composite  propellants  has  been  observed  to  be  particu¬ 
larly  critical  in  CTP3  propellants,  which  have  a  notorious; hi  story  of 
difficult  bonding  problem*  to  begin  with;  and  for  propellants  employing 
liquid  alkyl  ferrocene  ballistic  modifiers.  Migratory  behavior  has  ,  £ 
also  been' observed  of  qioctyl  azelate  {DGZ)  and  circo  light  oil.-  The 
primary  migrating  species  of  double-base  propellants  is  the  energetic 
plasticizer  nitroglycerine.  Di  ethyl  ere  gl-y  col  d i nitrate -(DEGDN) , 

c  ... 

triethylene  glycol  dinitrate  (TEGDN),  trimethyl ethylene  trinitrate 

* ,  o 

(TMETN),  dibutyl  phthalate  (DBP)  and  triacetiri  are  also  known  lo  migrate 

\  *  <* 
when  used  in  CMDB  propellants^ _ Isodecyl  Pelargonate  { IDi?)  demonstrates 

- - —  '  r 

mijxatory  behavior  in  both  double-base  arid  composite  propellants.--  An 
additional  concern  with  double-base  propellants  is  the  decomposition  of 
certain  ingredients  to  form  products  which  increase  the  sensitivity  or 

7 

stability  of  the  propellant. 

The  storage  or’ aging  temperature  influences  the  rate  at  which  the 
above  processes  occur,  the  relative  severity  of  degradation,  and,  to  a 
certain  extent,  if  a  given  aging  mechanism  will  occur.’  In  general,  ’  • 

increasing  the  aging  temperature  accelerates  the  rate  at  which  degradation 
takes  place.  It  is  also  noted  that  the  degradati^in  propellant  and 

V  *  '  .  *  * 
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liner-propellant  properties  observed  during  high  temperature  aging  is 

significantly  greater  .than  the  degradation  observed  during  ambient 

£»  _ 

temperature  aging,  even  for  prolonged  periods  of  time  [17.18,25,27-35,41-44] 

I 

Post-cure  curative  reaction  rates  are  accelerated  by  increasing  the. 
storage  temperature.  In  this  situation,  high  temperature  aging  completes 
.  the  normal  cure  process.  Migration  rates  and  the  relative  degradation 
of  the  li oar-propellant  adhesive-' bond  due  to  migration  are  significantly 
increased  at  high  temperatures. 

Surface  hardening  due  to  oxidative  cross-1  Inking  also  appears  to  be 

4  *' 

accentuated  at  elevated  temperatures.  On  the  other  hand,  propellant 
softening  due  to  excess  chain  scission  over  continued  post-cure  cross- 
linking,  npticeably  absent  under  ambient  temperature  storage-  conditions, 

•has  been  observed  irr-OTPB,  HTP8  and  polyurethane  propellants  during  high 

*  ’  '  /  '  r 

temperature  aging.  '  .  ' 

For  the  most  part,’ tire  processes  discussed  i-n  the  previous  paragraph 

are  de-emphasized  under  Vow  temperature  storage  conditions.-  However, 

*  ' 

an  alternate  problem  may  be  introduced  for  composite  propelUnts. 

♦  "*  *  v 

containing  liquid  alkyl ferrocenes  which  may  crystallize  during  low’ 

temperature  storage.  Crystallization  has  been  observed  to  be  most 

sevdre- for  propellants  containing  n-butyl  ferrocene  liquid  burn  rate 
•  ^  »  • 

catalyst  at  temperatures  below  about  -40°F  [253.  This  phenam'irson  has.  been 
attributed  to  the  existence  of  n-butyl  ferrocene  in  a. supercooled  state; 

'V  which  undergoes  a  change  of  phase  to  a  crystalline  state  due  to  shock  >. 
conditions  induced  by  temperature.,excursi ons„ or  mechanical ' loading:?1  '.  • 
Substantially," reduced  propellant  elongations  areobtained  as  a  result 
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of  crystal lization..  Of  equal  importance  is  .the  Dossibility  of  prooel- 

larit  detonation.  Since  n-butyl  ferrocene  Is  a  highly  energetic  plast^- 

ci7er  any  severe'  mechanical  jolt, such  as  a  low  temperature  firing,  may 

/  *  * 

fractuhe' n-butyl  ferrocene  crystallites  thereby  releasing  sufficient 

ehergy-to  initiate  and  propagate  detonation  mechanisms  resulting  in 

•\ 

catastrophic  motor  failure. 

•  In  addition  to  the  primarily  physical  effects  discussed  previously, 
aging  also  affects  the  ballistic  properties  of  solid  propellant  grains. 

Y  ^  '  ‘  „ 

The  normal  ballistic  changes  are  changes  in  bum  rate,  pressure  and 
.temperature  sensitivity  of  burn  rate  and  igniteab^Tity  caused  primarily 
by  hardening  of  the  propellant  and  evaporation  and  migration  of  Volatile 
catalysts  [20,21 ,23,25,35,37,43].  •  •’ 


MINIMIZATION  OF  ADVERSE  AGING  EFFECTS 

The  problem  of  controlling  and  minimizing  aging  effects  has  only 
been  partially  solved  by  the  propellant  chemist.  The  problem  facing, 
the  propellant  chemist  is  that  of  formulating  completely  stable  solid 

propellants  which  undergo  insignificant  changes  in  all  aging  environ- 

*>'  * 

ments.  This  goal  has -effectively  been  attained  only  for  polybutadiept- 
acrylnitrile  acrylic  acid  terpolymer  (PBAN'  propellants  [3Bj,  v/hich 
typically  undergo -about  a  25 %  decrease  in  strain  properties  during  the 

first  few  months  of  aging  and  then  remain  staK1e  thereafter’. 

,  .  /•  *  ■  ■  -• 

Continued  post-cure  cross-linking  is  exhjDited  by  all  composite  ' 

'  .  '  -  •  7  '  ‘  .  •  1 : 

propellants  to  a  greateKor  lesser  extent^  One  effective  means  of  * 

»•  i  •  •  * 

controlling  pgst-ctire  reactions  -has  been  to  extend  the ”cu re  cycle  t,o ' 

■'assure  completion  of.  all -normal  )-um  reactions.  This  technique^  "  D  ’ 

*  -  /  '  ‘  /  - 
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although  effective  in  minimi  zing- continued  cross-linking  during  storage, 
may  frequently  result  in  undesirable,  and  unacceptable  waged  propellant 

{  physical  properties.  Alternatively,  the  propellant  chemist  may  explore 
I  ^ 

/  .different  curative/polymer  ratios  to  obtain  a  gi.vejfdegree  of  polymeri¬ 
zation  meeting  design  target  physical  properties.  The  most  desirable 
method  of  controlling  the  effects  of  post-cure  reactions  is  to  maintain 

-  v  S> 

a  balance  between  post-cure  cross-linking  arid  chemical  scission  of 
polymer  chains.  For  tills  situation  the  aging  behavior  obtained  from 
conventional  aging  of  bulk  samples  is  indistinguishable  from  the  unaged 
properties  inasmuch  as  polymer'chains  are  broken  and  new  cross-links 
are”farmed  in  an  unstressed  state.  In  a  composite  solid  propellant 

r 

grain  under  ambient  storage  conditions,  the  polymer  chains  that  are 
broken  are  in  a  str&lned  state;  however,  the  new  cross-links  formed 
are  still  In  an  unstrained  state.  This  observation  has  Important  and 
significant  implications  which  are  seldom  recognized  or  considered  in 

•i 

conducting  grain  structural  analyses.  Namely,  forming  new  cross-links 
in  an  unstrained  state  in  propellant  which  was  previously  strained  de- 


etnphasizes  the  importance'  of  the  effects  of  previous  loadings.  In 

essence,  the  propellant  has  no  memory  for  p**ior  loadings.  Such  an  effect 

*  - 
would  significantly  enhance  the  low  temperature  resistance  to,,  say, 
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would  not  be  evident  from  the  aging  behavior  of  bulk  samples. 

Oxidative  cross-linking  is  primarily  a  surface  phenomenon  which  is 


suppres-sed  to  a  certain  extent,  but  not  eliminate*,  jy  the  presence  of 
antioxidants  in  the  propellant  prepolymer.  This  effect  is  further 


minimized  by  sealing  the  rocket  motor  interior  in  an  inert  gas  environ- 

\  • 

ment.  A  positive  internal  pressure  is  often  maintained  to  circumvent 
breathing  of  the  motor  during  environmental  changes.  This  procedure  has 
effectively  reduced  the  prooiern  associated  with  oxidative  cross-linking 
to  an  inconsequential  level. 

Migration  effects  may  be  reduced  to  tolerable  levels  through  con- 

t 

sideratlon  of  the  equilibrium  concentrations  of  migrating  species  and 

•f  hci  itco  rtf  m*l  nyaf  i  rm  ha**v*'$or»c  DvHmavHlv/  hac  Koon  -f  v*A 
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the  elimination  or  reduction  of  the  degradation  of  adhesive  bonds  attributed 
to  plasticizer  migration.  For  composite  propellant  applications,  liners 
and  insulations  have  been  developed  which  are  resistant  to  absorption  of 
migrating  plasticizers  [25,45].  Non-functional  plasticizers  have  also 

been  introduced  into  elastomeric  insulations  intended  for  low  temperature 

1  c  . 

applications.  Conventional  powder-embeddment  case-bond  systems  used  with 
double-base  propellants  are  reasonably  resistant  to  plasticizer  migration; 
however,  the  high  glass  transition  temperature  of  the  epoxy  In  which  the 
casting  powder  granules  are  embedded  in,  precludes  use  of  this  system  al¬ 
low  temperatures  [20,46-48].  Adequate  low  temperature  behavior  has  been 
demonstrated  using  a  double-layer  bonding  concept  [47].  One  layer,  selected 
to  resist  plasticizing  and  plasticizer  migration,  is  used  as  a  coupling 
layer  to  bond  a  propellant  bonding  layer  tc  the  case  or  insulation.  The 
propellant  bonding  layer  is  attached  tc  the  propellant  through  mutual 
diffusion  and  chemical  interactions. 

'  j 

SERViCE-uFE  PREDICTIONS 

Presently,  the  predi.ct^oh  of  aging  degradation  is  largely  based  on 
past  experience  with  similar  propellants,  and  on  fairly  extensive  surveillance 


i 


test  programs.  As  noted  in  a  subsequent  subsection,  however,  surveillance 

V 

testing  is  an  inadequate  means  of  making  initial  sc-rvice-life  predictions 
and  fs  best  suited  for  revising  service-life  predictions  during '‘the  life¬ 


time  of  th^jRotor  and  as  a  terminal  measure  of  ultimate  service-life. 

IK 

In  an  effort  to  obtain  an  indication  of  the  aging  degradation  of  new 
propellant  formulations  or  new  li^er-propellant  bond  systems  due  to  long 
terra  storage  at  ambient  temperatures  short  term  accelerated  aging  tests 
are  conducted  at  elevated  temperatures.  Accelerated  aping  test  data  are 

'  t  ,  , 

then  reiat^i  to  anjbient  temperature  aging  conditions  assuming  that  the 
rate  of  aging  degradation  obeys  the  classical  Arrhenius  equation  ^ 


k‘  =  A  expt-E^kT) 


(2.3) 


where 


k’  n  rate  of  reaction  at  temperature  T 

%  i  ’ 

«  activation  energy*  assumed  constant 
A  *  constant 


k  «  Boltzmann's  constant 


Equation  (2.3)  is  used  to  predict  propellant,  physic*!  property  degrada¬ 
tion  by  treating  the  rate  of, reaction  k*  as  an  average  rate  associated 
with  some  change.  A,  in  a  pertinent  mechanical  property:  Thus, 


lr.-4 


(2.4) 


Defining  A  has  the  critical  change  signifying  the  end  of  Useful  service 
t  lie,  v4-.^)  and  (2.3)  be  CCmbl fi£u  to  yield  an  estimate  Of  the  Service 


t°A'  exp(EA/kT) 


(2.5) 


^  *  * 


Another  Arrhenius  type-  relation  has  been  used  for  some  propellants 
in  which  the  degradation  of  a  given  physical  parameter  is  a  linear  func- 
tion  of  the  logarithmic  storage  time  with  an  Increasing  degradation  rate 
with  increasing  storage  temperatures.  Th*s  behavior  shown  in  Detail  3  for  a 
CTPB  Drone! tent.  In  thesp  cirrus- i~z  curves  't  different  storage 


ir.  which  A'  is  a  new  corrupt  equal  to  A/A.  tauation  (2.5)  indicates 
tha^t  a  plot  of  log  t  versus  1/T  should  be  linear.  This  behavior  has 
■been  observed  for  some  propellants  as  shown  i£  Detail  2  which  presents 

4 

data  for  polyurethane  propellants  where  A  was- taken  to  be  doubling  of 
the  initial  strain  at  maximum  stress-  or  the  decrease  to  one-half  of  the 
initial  maximum  nominal  stress.  (It  should  be  recalled  that  polyurethane 
propellants  frequently  undergo  a  reversion*  e.g.,  softening  under  high 

temperature  aging.  Most  polybutadiene  propellants,  on  the  other  hand., 

£ 

will  harden  under  high  temperature  aging).  • 
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temperatures  may  be  cross  plotted  as  a  function  of  aging  temperature  as 
shown  in  Detail  4.  A  curve  of  this  type  may  J?e  used  for  interpolating 
aging  degradatioh  at  other  storage  temperatures. 
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^'eduction  tn  Strain  Capability 


Detail  3. 


Reduced  St  ruin  Degradation 


Detail  4. 


The  validity  of  the  above  kinetic  approach  is  based  on  the  assumption 
that  the  same  processes^ac.cur  over  the  range  of  storage  temperatures  and 
times;  the  only  effect  of  the  increased  temperature  is  assumed  to  be  an 
Increase  in  the  rate  of  reaction.  This  assumption  leads  to  the  well 
known  rule-of-thumb  that  a  ten-degree  increase  In  temperature  approximately 

k  1 

doubles  the  rate  of  reaction.  .  This  behavior  has  been  observed  to  a 
certain  extent  for  some  propellants.  In  general,  however  .."caution  must 
be  exercised  when  using  the  straightforward  Arrhenius  type  relations 
to  make  service-life  predictions  inasmuch  as  the  assumption  of  a  constant, 
temperature  independent  activation  energy  is  not  valid;  and  processes 

n 

wnlch  do  not  occur,  or  are  at  least  of  little  consequerfce  at  arabient 


•  ■  > 


temperatures  a*;e  initiated  at  elevated , temperatures.  The  activation 

energies  for  competing  processes  (e.g.,  hydrolytic  chain  scission  and 

oxidative  cross-linking)  are  most  probably  different.  Typically  the 

degradation  predicted  from,  accelerated  aging  tests  is  substantially 

» 

larger  than  that  observed  at  ldwer  storage  temperatures.  Thus,  the 
common  rule-of-thumb  that  5  and  10,  weeks  aging  at  160°F  Is  equivalent, 
respectively,  to  5, and  10  years  ambient  storage  can  be  seriously  mislead¬ 
ing,  and  may  result  in  eliminating  propellants  from  consideration  which 
ere  adequate  for  the  actual  storage  environment. 

Despite  the  inherent  deficiencies  associated  with  accelerated  aging 
tests  such  tests  are  required  on  new  prc  llant  formulations  in  order  to 
'  obtain  even  some  indication  of  the  aging  characteristics  of  the  propel¬ 
lant;  even  though  such  Information  is  difficult  to  interpret  at  this  time. 

Improvements  in  the  method^  of  analyzing  and  interpreting  accelerated 

/ 

aging  test  data  are  required,  if  this  type  of  data  Is  to  be  success- 

r 

fully  used  for  quantitative  service-life  predictions  In  the  future.  Some 
indications  of  possible  extensions  of  present  'analysis  methods  are  de¬ 
scribed  In  the  following  paragraphs.  Further  improvements  in  service- 
life  predictive  capabilities  will^be  forthcoming  from  the  extensive 
chemical  aging  program  being  sponsored  by  the  Air  Force  Roclet  Propulsion 
Laboratory.  This  study  is  aimed  specifically  at  relating  chemical  changes 
during  aging,  to  mechanical  property  changes. 

Temperature  dependence  of  the  activation  energy  may  be  introduced 

a 

in  a  straightforward  manner  by  considering  the  Van't  Hoff  equation  from 
which  Arrhenius  obtained  (2.3)  [49], 


A  , 


d  log  k‘ 
dT 


E. 

H 

- ?1 

tcT* 


(2.6) 


As  an  initial  point  of  departure,  there  is  evidence.  (e.g.,-[50])  that 
tne  activation* energy  for  fracture  of  viscoelastic  materials  is-  linear 
in  temperature.  There  are  also , indications  that  the  activation  energy 
for  some. chemical  reactions  is  also  linear  in  temperature  149].  Thus,  as 
a  f1~st  approximation  one  may  take  a  E0  -  E^,  where  EQ  is  the  activa¬ 
tion  energy  at  absolute  zero.  Substituting  this  expression  in  (2.6) 


and  carrying  out  the  Implied  integration. 


V  “  A(T) 


F/V 


exp{-E0/kT) 


(2.7) 


s 


The  analogue  of  {2.5}  is  then 


t  *  A’  Tn  exp{E0/kT) 


(2.8) 


where  n  *  k/E.  Equation  {2.3}  Incorporates  temperature  dependence  into 
the  activation  energy  E^;  however.  It  is  still  based  on  the  assumption 
that  either  only  one  process  Is  occurring  or  that  all  processes  have  the 
samq  activation  energy.  If  multiple  aging  mechanisms  are  oc  *'rring,  which 
undoubtedly  happens,  then  one  may  write  (2.8)  after  the  suggestion  of 
Ree  and  Eyring  [51]  in  the  form 


t*  Z  A. (T)”*  exP(E  AT) 
i  1  °1 


(2.9) 


where  =>  k/E^.  Equation  (2.9)  may  lead  to  fruitful  results  if  one 
considers  ?  separate  activation  energy  for  esch  of  ths  cencorrent  processes  of 
chain  scission,  oxidative  cross-linking  and  continued  post  curing. 

These  activation  energies  may  be  related  to  changes  in,  say,  cross-link 
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density  in  an  effort  to  relate  molecular  parameters  to  observed  mechani¬ 
cal  behavior.  .  .  .  ’  * 

Mechanical  properties  (2.9)  enter  only  through  the  damage  index  A  in 

the  coefficients  A..  It  will  be  recalled  that  A  is  defined  as  the  critical 
■1 

change  In  a  particular  parameter  which  signifies  the  end  of  useful  service 
liffe.  Inasmuch  as  the  stress  state  during  aging  has  a  strong  influence 
on  aging  behavior,  as  noted  previously,  it  may  be  desirous  .to  introduce  a 
more  direct  dependence  on  the  stress  state.  This  may  be  accomplished  by 
rewriting  (2.9)  as 


t  -  E  A.  (T)  iexp[(E  -  W)/kT] 
i  1  °1 


(2.10)‘ 


where  W  is  the  work  done  In  the  stress  state  of  Interest.  Within  the 
usual  context. of  the  kinetic  theory  of  the  strength  of  solids  W  is  taken 
to  be  1/2  ce,  (i.e.,  the. strain  energy  associated  with  uniaxial  tens  an 
on  molecular  bonds).  However,  inasmuch  as  we  are  not  attempting,  or 
suggesting,  that  this  approach  be  interpreted  molecularly  in  the  context 
of  the  classical  kinetic  theory  of  solids,  a  more  general 
expression  may  be  considered  from  a  phenomenological  point  of  view.  From 
this  point  of  view,  W,  for  example,  may  be  taken  to  be  the  energy  of  a  linear 
viscoelastic  material  as  noted  in  [52] 


■■/  f 
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(2.11) 


corresponding  to  the  loading  history  experienced  by  an  aging  propellant 
grain. 

H  nwy.be  possible  to  iotroduca  temperature  dependence  into  W  In  an 

t 

ad  hoc  manner  through  the  assumption  of  therroorheologically  simple  material 
behavior. 


While  the  above  approach  is  probably  somewhat  more  general  than 
present  methods  of  analy2ing  accelerated  aging  test  data,  it  (Joes  not 
account  for  the  fact  that  certain  processes  occur  at  elevated  tempera- 
1  tures  which  are  of  no  importance  under  ambient  temperature  storage 

COnditiOriS.  This  behavior  mav  hp  at'rntm+pr)  -for  nncciMu  hu  -5 n+rnrlnri nn 
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a  threshold  temperature<*for  a  process  in  the  expression  for  the  activa- 

‘  t  r  ‘  , 

tion  energy  for  t-he  process.  This  temperature  may  also  be  incorporated 
into’  the  expression  of  -a  H  and  a  shift  factor  relating  storage- tempera¬ 
ture  and  time  with  degradation  deduced.  Clearly  much  more  work  is. 
required  to  quantitatively  define  the  relationship  between  ambient 
and  elevated  temperature  storage.  Our  intention  here  .is  only  to  point- 
out  a  possible  approach  and  hope  that  It  will  stimulate  further  study 
on  this  complex  problem.  9 

Direct  development  of  constitutive  equations  for  3ging  viscoelastic 
materials  is  another  aporoach  to  the  problem  of  predicting  the  aging 

V  z  - 

behavior  of  solid  propellants.  For  an. aging,  linear  viscoelastic  material 
a  genera]  differential  constitutive  equation  may  written  in  the  form- 

{£-12) 

Lubiiner  [53]  has  pointed  out,  however,  that  selection  of  a  model  for 
representing  a  time  varying  material  requires  more  -  care  than  for  a 
time  invariant  one.  It  is  also  noted  that  the  solution  of  (2.12)  becomes 

j  , 

complicated  except  for  the  most  simple  "sdels. 

An  al  te**nat£’  approach  tr>  f-h°  rii-ir-fprpr'Ha' 
is  to  introduce  a  time  depr^dent  kernel  (i.e.,  relaxation  function)  into 


£_ 

_dl" 


* p,<t)  dtFt  +'"  +  Pi 


■n(t)o''  % 

.J  V. 
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the  common  Boltzmann  Integral  of  linear  viscoelasticity, 


°(tH, 


k(tyr)  e(T)d-] 


\ 


\ 


'■  In  time-invariant  linear  viscoelasticity,  k(t,f)  is  simply  the  re- 

'  ,  ’  .  ’  r  • 

laxStfon  function  Z(t-z),  Several  forms  nwy  be  chosen  tor  the  aging: 

.  *  * 

kerneT~fo(t,T) .  Rabotnov  has  discussed  two'forms  of  k(t,T), 


k(t,x)  «  h(7)  4>(t--r) 
k(t,x)  -,g(t)  4>(t-r) 


/ 


(2.14) 


t  o  t  c  \ 
v<-  •  >  i 


o( t)  -  f 
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4* ( t-x )  h(x)  e(.x)dT,' 
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(2.16) 


whereas  the  funertion  g(t)  in  (2.15)  can  b;e  extracted  from  the  Integral 

*  .  •'  ^ 

to  give  *■ 

►t  /*  ‘  _  ; 

d> (t-x )  e(x)dx  H  (2,17) 


;  •  '  r 

^  cr(t)  =  g(t) 

.  '  J, 


\/ 


~ Equation  (2.14)  has  been  used  to  describe  creep  In  concrete,  and  (2.15) 
;is=.-ifreque!?tly,  encountered  in  solving  problems  in  the  theory  of  hereditary 
elasticity  with  bouiTdary^condit^ns  given. on  a  variable  bounde-y.  Sub- 
-  stituting  (2.14)  into  (2.13)  gives 


The  functions  h(t)  and  g(t)  characterize  the  aging  behavior  of  the 

material  and  may  be  determined  experimentally  from  tests' of  aged  samples,; 

Aging  effects  may  also  be  tre.ated  within  the •  framework  of  reduced 

variable  concepts  in  tha  manner  the4:  temperature  is  under  the  normal 

assumption  of  thermorheo logically  simple  material  behavior.  Fulmer  --"~v 

/•  \ 
[54,55]  has  successfully  .-treated  environment  as  a  reduced  variable 
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in  investigations  of ,  thg  creep  failure  of  polymers.  Stauffer  and.Wineman 

'  ,  f  \  *  '  ■  • 

[56]  recently  suggested  a  motje  formal  approach  which  represents  an.ex- 

v  ‘  i 

tension  to  the  tnermorheologically  simple  theory.  Their  study' suggests 

'  '  t  Q  c 

an  a^ing'co^stitut1veftoquatioVof  the  form  ,  i 


'  E jt-T»  ^(s) J  c(t)  dT 

J.C3 


,(2.18)  . 


t  >  . 


where  tl\e  functional  tf»(s)  is  tiis  reduced  variable  characterizing  the  effect 

•  *  i  *  , 

•  -  '  S--«K  - 

■, of  environment  on  the  relaxation  modulus.  It  is  cl^ar  that  the  same; 

/'  '  *  ,,  >  .  .  *  *  ^  *  /  . 

•  <\  ■  v  ^  & 

considerations  ?an  be  introduced" into  (2.16)  or  (2. >7)  and  also  Into  the 

previous  kinetic*  approach  If  a  technique,  such  as  the  idea  of  a  threshold 

temperature*  cfcn  be  successfully  derived  for" -separating  mechanisms  which 
=■  ‘  '  ‘  •  \  ‘ 
occur  at  elevated  temperatures  but  not  at  lower  temperatures - 

The  relaxation  function  E  is  determined  in  the  presence  of  the 

.  .  ‘  ,  ~  t 

‘  environmental  history  $  for  the  entire  tliie  ’interval  {-*,t]\.  Supposing, 

■  (r  ‘  *  ,  ’-'t  ’ 

for  discussion  purposes,  that  the  relaxation  modulus  is  determined  for 

'  1  ■  t  ■  .  *  ,  *  *  ■  .  •  ,  i 

a  series  of  aging  times  at  constant  temperature.  Then  a  series  of  curves 

\  *  '  '  .  .  -v  ,  . ,  ' 

as  depicted  in  Detail  5  would  result.  -  '  '  , 


.  time 


-E(M4  : 

7  , 

-  E(t ,i>Q)  «  original 
_  .properties 


Detail  5.  DEPENDENCE  OF  RELAXATION  FUNCTION  ON  AGING  TIME' AT  CONSTANT 
TEMPERATURE. 

'  •  .  ’  '  ,  '  ‘  ^  ^ 

.  ‘  -  2.44  C\  ~ 


-  . 


Changes  in  glassy  and  rubbery  response  may  be  accounted  for  simply  ’’ 

,  ,  '  -*  ‘  '  ? 

through  scale  changes.  If  the  slope's  through  the  transition  regions  are 

> 

Identical  for  all  aging  times  then  a  shift  function  may  be  determined 

•  ^  ’  r  ‘ 

relating  aging  time  to. relaxation  response.  If  a  relation  between 

*  '*  ’ 
elevated' and  ambient  temperature  aging  can  be  developed,  than  a  master 

*  f  *  , 

.  tempera ture-time  curve  for  ag^ng  may  be  constructed  in  the  identical  way 

that  a  master  relaxation  modulus  curve  Is  constructed.  If  the  slopes 

through  .the  transition  region  vary  w^ith  aging  time  or  temperature,  which 

they  Will  do,  then  a  more  complicated  reduced  variable  must  be  intro- 
*  4  '  ‘ 

duced.*  In  principle*  it' should  be  possible  to  do  this  in  a  manner 
analogous  to  the  construction  of  strain  and  temperature  dependent  shift 
factor  (1,.e.,  by  vertical  as  well  as  horizontal' translations);  Rotations 
may  also  be  required',  however.  *  *  * 

The  reduced  variable  approach  for  studying  the  effects  of  aging  is  f. 

*A  "  ,  4 

.-•appealing  for  several  reasons.  First,  the  approach  is  quite  general.. 

It  is  equally  well  suited  for  studying  the  influence  of  other  environ- 

*  v  .. 

meats,  such  as  humdidlty,  IrradatloR*.  biological  contamination^  etc. 
Secondly,  the  approach  is  also  suited  for  assessing  damage  inflicted  by 
mechanical  aging.  By  Introducing  a  slightly  different  notation  and  a 
more  general  interpretation,  (2*18)  may  be'cast  in  the  form  similar  to 
the  equations  discussed  in  Chapter  11  for  describing  the  permanent  ’-vemory 

rt  '  /  J 

behavior  nf.  solid  propellants.  Thus,  by  combining  various  aspics  of 

i  '  y  - 

the  reduced  variable  approach  to  aging  and  environmental  effects  discussed 
here  with  the  developments  of  Chapter  11,  it  is  not  too  difficult  to 

t  i 

see  now  a  general  nonlinear  constitutive  theory  for  solid  propellants 
including  the  effects  of  aging  and  environment  may  be  developed. 


•5 


.The  reduced  yarlable  approach  to  aging  may  also  afford  a  more  direct 

\ 

opportunity  for  relating  chemical  chartges  during  aging  to  observed 
mechanical  behavior  from  the  molecular  viewocrint  of^Kellev  and  Williams 

*  mr  '  — 

[57,58].  Chemical  changes  may  be  characterized  by  their  influence  on  ? 
reduced  variable.  For  example,  th£  equilibrium  modulus  Eg,  from  rubber 
elasticity  theory* is  related  to  the  crosslink  density  v  ; 

C  ' 


0  Ee  *  3vfe  kT 


(2.19) 


Thus,  the  vertical  scale  changes  In  E  ,  shown  in  Detail  5  ^bo^e,  are 
related  to  changes  in  crosslink  density.  Observing  changes  in  crosslink 

■  J  V  '  0  5  •  .  • 

density  through  changes  in  the  modulus  in  swelling  with  aging  time  then 
supplies  the  information  for  determining  a  vertical  scaling  shift  factor 

for  E  .  Aging  temperature  effects  can  be  incorporated  as  discussed’ 

,r  .  *  '  "* 

previously.  Changes  in  other  molecular  parameters  witfi  aging  time  and 
/  r  "  *  ~  *  -  ,  J*  '  ,  % 
temperature  can  be  used  In  a  similar,  manner.  Chain  scission  may  be 

determined  from  .changes  In  binder  molecular  weight.  The  coaftined  effects 

of  concqrrent  chain  scisslbn  and  cross-linking  can  be  separated  to  .a 

certain  extent  and  measured  by  continuous  stress  relaxation and  Intermit- 

^  «>  , 

.  »  , 

tent  stress  measurement  techniques.  Dielectric  and  dynamic  properties 

can  also  be  Used  to  measure  changes  in  internal  structure  {e.g.,  molecular 

'  <  .  *  *  ' 

.Weight,  degree  of  crystallinity,  dewetting,  crosslink  density,  conforms- * 

tional  changes,  etc.).  Oxid^vrxfoss^fni^^  measured - by  tecb- 

niques  which  determine  amounts  of  free  «n$  bound  oxygerf.ln  propellaiTt.  ’ 

Detarml nation  of  these  and  other  kinds  of  chemical  changes  during  aging 
■  '  •  -•  •  •  -  • 
and.establishment  of  Sheir  relationship  to  mechanical  behavior' should,  lead 

,  -  *  •  cr'  .  *  *  s 

to  a  better  understanding  of  aging  degradation  and  a  more  realistic .appro’afci 
to  service-life  predictions.  .  An  important  consideration  -in  studies, of  thlf 


2,46 


9 


type  Is  that  only  changes  in  mechanical  properties  whirh  are  relevant  tc 
a  motor  structural  integrity  determination  should  be  sought;  extrapo¬ 
lations  of  propellant 'properties  which  do  not  enter  directly  into  a 

*  _  \ 

structural 'Integrity  analysis  can  be  seriously  misleading. 

,  ’  v  - 

The  length  and  breadth  of  the  discussion  here  on  service-life 

prediction  is  indicative  of  the  Importapce  and  severity  of  this  nroblem. 

While  this  presentation  has  not  considered  present  methods  of  dicing 

service-life  predictions  itfcletall,  several  approaches  have  bedn  described 

t  .  '  *  * 

which  remove  certain  deficiencies  from  current  service-life  prediction 

\  *  0 

methods.  Some  combination  of  the  approaches  described  above,  coupled 
with  the  informatlorv forthcoming  from  the  Air  Force  sponsored  Chemical 
Aging  program,  should  lead  to  improved  serW^e-life  predictive  capabilities. 
Current  techniques  for  making  service-life  predictions  are  adequately  treated 
In  References  17,  28,  33,  42,  44  and  59  through  67. 

SURVEiU  ANCE  PROGRAMS'  ‘ 

1 IJ  ■**"*nl  uli  ..  ‘  .rn  r  r  .  i  6 

In  recent  years,  due  to  a  general  lack  of  confidence  in  service-life  • 

*  t  ^  .  , 
predictive  capabilities,  massive  surveillance  programs  supposedly  aimed  at 

maximum  cost  effectiveness  are  Initiated  with  each  new  motor  program  p7, 

26-29,  38{  4jM4,  61].  While  ip  is  not  our  intention  to  fully  reviW  past 

•  o  / 

surveillance  programs-,  sor*  of  the  more  important  factors  which  contribute 

i  ,  ,  t  *  __  ~ "  -•  ».  1  *  ~  t  ^ 

to  a  meaningful  surveillance  program  will  be  briefly  discussed.  It  will  be 
seer,  that  surveillance  programs  achieve  maximum  effectiveness  when  they 
function  as  a  terminal  measurement  of  ultimate  service  life. 

'  v  .  « 

Following  an  initial  service-life  prediction  based  on  analysis  of 
accelerated  aging  test  data  by  some  means  such  as  those  mentioned  previously. 


propellant  san^les,  subscale-prototype  rotors  and  full-scale  motors  are 
pieced  in  storage  under  service  cond'tions  12  to  18  months  before  the  first 
delivery  of  production  motors.  Periodically,  subscale  and  full-scale  motors  l 
are  test-fired  to  determine  ballistic  changes,  ghysica!  property  tests  are  ’ 
also  conducted  to  evaluate  degradation  of  particular  parameters  which  are 
determined  to  be'important  to  the  determination  of  grain  structural  integrity. 
These  tests  should  typically  involve  selected  uniaxial.,  biaxiaT  and  tri axial 
bond  a<8tesion  tests  at  various  temperatures  under  loading  environments  care¬ 
fully  designed  to  simulate  the  motor  loading  environment.  Recently  determina¬ 
tion  of  the  cohesive  fracture  energy  has  been  added  to  the  list  of  relevant 
parameters  [68].  An  assessment  of  damage  accumulation  may  be  provided  by 
conducting  combined  and  repeated  loading  tests  making  use  of  cumulative 
damage  concepts  [17,  27,  28,  59,  60,  66,  67,  69}.  Because  of  the  signifi¬ 
cance  of  the  differences  observed  between  surface^nd  bulk  aging,  carton 

and  motor  aging,  and  aging  In  a  strained  versus 7a  stress-free  state  proto- 

*  *  / 

type  sutyscale  motors  should  be  aged  and. periodically  tested  tc  failure  under 

a  critical  loading  environment,  such  as,  for  example,  low  temperature  cycling. 
Occasional  dissection  of  full-scale  motors  allows  correlation  of  the  behavior 
observed  from  carton  storage  with  that  observed  from  motor  storage,  evaluation 
of  .  aging  -jii  a1  stressed  state,  and  evaluation  of  surface  and  Interface  effects 
in  the  full-scale  rotor  [24  ,  33  ,  34  ,  36  ;  39,  48,69}.  Miniature  test  speci¬ 
mens  have  been  developed  for  determining' propellant  properties  near  the 
Inner  bore  surface  and  the  case^grainJiiiterface  £33*^36,  39,  40,  70,  7i). 

As  these  tests  are  evaluated  Service  life  predictions  may  be  continuously 
updated.  Contingency  sables  should  be  provided  in  an  aging  surveillance 
program  such  as  this  to  substantiate  that  a  first  failure  does  indeed. 


represent  a  deterioration  of  motor  service  life  and  to  obtain  statistical 


data  for  predictions  of  mean  service  life  and  probable  distribution  of 
failures.  Extreme  value  statistics  may  be  used  for  predictions  of  a  first 
failure.  By  allowing  12  to  15  iricnths  lead  time  on  controlled  aqina  of 
motors  and  propellant  sables,  sufficient  time  is  provided  from  the  first 
Indication  of  motorv age-cut  to  determine  an  appropriate  course  of  action 

t 

••  i 

tor  the  motors  remaining  in  the  field. 

A  comprehensive  surveillance  program,  such  as  that  outlined  in  the 
r^previous  paragraph,  is  effective  in  evaluating  the  ultimate  service-life 

of  a  solid  rocket  motor;  however,  the  greater  usefulness  of  such  a  conr 

r 

prehensive  aging  program  is  the  rational  basis  It  provides  for  extending 
the  useful  servicer  life  of  a  solid  rocket  motor  beyond  contractor  require¬ 
ments  or  objectives.  The  value  of  this  capability  is  readily  recognized 
when  it  is  recalled  that  In'  Southeast  Asia,  as  In  Korea,  It  has  been 
necessary  to  use  weaponry  which  has  gone  substantially  beyond  the  predicted 
storage  life. 

NON-DESTRUCTIVE  TEST  TECHNIQUES 

The  comprehensive  aging  program  outlined  in  the  previous  seetjon  has 
one  serious  drawback;  namely,  the  high  costs  involved.  Testing  of  propel¬ 
lant  samples  aged  in  cartons  Is  not  too  expensive;  however,  structural  test¬ 
ing  of  aged'STV's  and  full-scale  motors,  and  dissection  of  full-scale  motors 
for  propellant  samples  Is  quite  expensive.  Furthermore,  when  discrepancies, 
exist  between  the  controlled  aging  environment  and  field  service  conditions, 

or  when  uncertainties  exist  about  actual  field  conditions,  it  is  frequently 
v 

necessary  to  remove  motors  from  field  storage  for  structural  testing  if  a 
meaningful  evaluation  of  motor  service  life  is  to  be  made.  Removing  motors 
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from  the  field  can  also  be  quite  expensive.  Thus*  considerable  attention 
has  been  given  to  the  devel opment  of  Non-Destructive  Test  (NOT)  techniques 
which  are  applicable^  sclld  propellant  surveillance  and  which  are  adapt¬ 
able  to  field  use. 

Some  of  the  NDT  techniques  In  use  throughout  the  industry  ere  summari- 

i 

zed  in  Table  III.  Not  all  of  these  techniques  are  readily  usable  for  field 
inspection  of  in-service  motor's,  however.  Also,  these  NDT  Inspection  tech¬ 
niques  are  usually  adequate  for  determining  if  failure  has  occurred  in  the 
form  of  cracking,  unbending,  etc.;  but  they  are,  for  the  most  part,  not  di¬ 
rectly  applicable  to  an  assessment  of  propellant  or  case/grain  bond  degra¬ 
dation  due  to  aging.  For  these  feasons,  recent  efforts  have  been  directed 
toward  development  of  NDT  methods  for  recording  changes  In  physical  pro¬ 
perties  which  are  relevant  to  structural  integrity  deterwl’haticn.  Hardness 
relaxation  measurements  have  been  suggested  as  a  means  of  evaluating  surface 
ag1ng[72]. 

Embedded  gages  have  ajso  been  suggested  for  monitoring  changes  in  pro- 

<v  . 

pellant  properties.  The  Instrumentation  required,  for  monitoring  internal 
stresses  and  strains  in  a  propellant  grain  is  not  available  within  the  pre- 

i 

sent  state-of-the-art  technology,  however.  This  instrumentation  D^blem  Is 
difficult  and  complex.  Satisfactory  solution  requires  a  knowledge  of  the 
stress-state  existing  In  the  motor  and  complete  characterization  of  the 
propellant  response. 

The  Air  Force  Rocket  Propulsion  Laboratory  Is  sponsoring  the  develop¬ 
ment  of  an  embedded  gage  for  nfcnltorlng  changes  in  propellant  properties 
due  to  aging  In  a  solid  rocket  motor.  This  Instrumentation  is  vitally 
needed;  however,  progress  on  this  difficult  problem  will  most  likely  be 
slow  and  the  development  of  reliable  Instnanentatlon  will  probably  take 
several  more  years’  research.  , 
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atlon  rote  changes  causal  by 
cbwsical  changes  or  ee^csttlon- 
al  changes  owing  to  migration  or 
absorption 
Propellant  wodulut 


All  physical  properties 
Crystallinity  changes 

Modulus 

liter  separations 
liner  saparatlons 


good  potential  to  provider  «onl- 
torlne  of  propollant  condition 
ci  '.elected  points  on  surface; 
seal  -non-das  tractive 

Estsfcllskwont  of  correlation 
reautred 

Correlation  not  establish*: 

Occurrence  tad  corralatioe 
of  crystallinity  not  established 

At  law  tawporoturo  oncopt  for 
watal  cases 
Developed  systeo 


Vary  high  energies  required  for 
large  grama 
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2.4.3  CLOSURE 

.  / 

From  the  previous  discussions  It  cdn  bs  seen  that  csmplax  problems 
are  associated  with  aging  and  the  exposure  of  a  propel last  grain  to  the 
environment.  Thfe  solution  to  these  problems  Is  only  partly  complete  at 
the  present  time.  Adverse  effects  ftf  exposure  to  the  environment  may  be 
controlled  by  not  allowing  the  propellant  grain  to  come  directly  in  con¬ 
tact  with  the  envlrorwrent,  The  problems  associated  with  aging  are  more  com¬ 
plex*  however.  jXi re  ultimate  solution  to  problems  associated  with  aging,  of 
course.  Is  the  development  of  propellants  and  propellant-liner  bond  systems 
which  do  not  age.  TMs  objective  represents  a  difficult  task  requiring 
control  of  migration  and  balance  of  post  cure  reactions  with  chemical 
scission.  These  undertakings,  as  noted  previously,  have  only  been  partial¬ 
ly  successful  thus  far.  Several  studies  are  presently  underway  which  should 
result  In  an  Improved  understanding  of  the  mechanisms  of  aging  and  ulti¬ 
mately  in  the  control  of  aging  degradation.  These  programs  have  been  dis¬ 
cussed  In  the  previous  subsection.  Because  of  the  complexity  of  the  aging 
problem,  however,  several  more  years  of  Intensive  research  are  required  for 
obtaining  a  solution  to  the  problems  associated  with  aging. 


2.5  MANUFACTURING  AND  PROCESSING  CONSIDERATION  . 

In  the  authors'  opinion  most  motor  failures  do  not  result  from  a 

\ 

design  deficiency,  but  rather,  are  the  result  of  some  obvious  defect  In 

\  • 

:  processing  that  could  have  been' avoided  through  thoughtful  consideration  of 

■the  processing  methods  and  controls  required  to  maintain  the  structural 

Integrity  of  a  solid  propellant  grain.  To  overcome  the  occurrence  of 
v 

motor  failures  attributable  to  prdcesV^ng  errors  It  is  necessary  that  the 
structural  integrity  engineer  be  familiar  with  the  actual  methods  of  motor 

*  <#  X. 
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manufacture,  the  processing  Ccrtrols  that  are  feasible  tn  a  plant  operation 
and  the  controls  that  are  necessary  to  maintain  motor .structural  integrity. 
Thus,  the  purpose  of  the  dtscuss-cn  herein  Is  to  acquaint  the  practicing 

t  , 

engineer  wit^  some  of  the  more  Important  manufacturing  and  processing 

cons 1 derations  which  are  related  to  motor  structural  integrity.  The 

emphasis  here.  Is  given  to  the  bop*/ systems  existing  in  rocket  motors 

si  Ace- bond  failures  rep^sent  the  majority  of  all  motor  failures. 

The  Integrity  of  any  bond  in  a  solid  rocket  motor  is  directly  related 

to  the  processing-  methods.  Good  processing  methods  Tead  to  reliable  bond 

systems,  whereas  bad  processing  methods  lead  to  poor  bond  systems  which 

invariably  result'.!*  costly  repairs,  and  1r<  some  instances,  even  In  motor 

rejection.  In  fabricating  a  stress  relfef  flap,  caution  must  be  exercised 

to  ensure  the  bond  integrity  between  the  flap  and  the  iftotor  case,  within 

the  flap,  end  between  the  flap  and  the  propellant. 

fhe  bond  between  the  flap  and  the  motor -ease  is  the  strongest  of  all 

interface!  bond  systems  and  will  represent  an  area  of  corjeem  only  If 

/ 

Improper  bonding  techniques  are  used.  The  bes  ^bonding  procedure  Is  to 
vulcrnlze  tha  flap  In  place  using  wicured  or  only  partially  cured  rubber 
,  stock.  An  alternate,  equally  acceptable  method  is  to  use  a  high  tempera¬ 
ture  (300^)  adhesive  system  to  secondarily  bond  a  cured  rubber  flap  to 
,  the  case.  In  this  case,  it  Is  necessary  to  determine  any  detrimental  effects 
the  high  temperature  Dost  cure  of  the  rubber  flap  may  have  or.  the  strength 
and  compliance  characteristics  of  the  flap  or  on  the  propellant  -  liner  - 
flap  bond  capability.  In  the  event  that  the  high  temperature  cure  does 
result  in  iTs^rious  degradation  of  the  flap  material,  acceptable  results 
may  be  frequently  obtained  with  a  low  temperature  cure  (160°F)  secondary 
bond.  In  this  case,  as  in  the  above  cases,  proper  processing  methods  and 


C  ' 


controls  with  regard  to  cleaning  and  surface  preparation  of  the- case  and 
the  flap,  and  the  aging  conditions  of  the  adhesiye  are  a  prerequisite  for 

c- 

obtaining  acceptable  bonds'.  The  quality  of  this  bond  !$  normally  deter- 

A  - 

mined  fran  single  lap  or  double  lap  shaar  tests. 

The  integrity  of  the  flap  is  assured  only  through  vulcanization  of 
uncured  rubber  into  a  continuous  one-piece  flap.  In  this  process,  It  Is 
desirable  to  vulcanize  the  f'ap  to  the  motor  case  simultaneously*  if  possible, 
to  avoid  the  use  of  secondary  bonds.  Seconda:*y  bonds  within  the  flap 
itself  are  usually  r jt  recommended.  The  potential  savings,  when  compared 
with  costs  In  time  and  money  of  extensive  repairs,  are  not  sufficient  to 
justify  secondary  bonds  in  this  critical  region.  The  quality  of  this  bond  » 
is  determined  through  small  angle  and  large  angle  (180°F)  peel  tests.  The 
small  angle  tests  are  probably  more  raprer.entatl ve  of  actual  motor  conditions. 
The  interpretation  of  the  results  of  either  test  Is,  at- best-r-only  quaUta- 
ti  WQ. 

The  Integrity  of  the- propellant- liner- insulation  (i.e.,  flap)  bond  is 

also,  to  reiterate,  related  to  processing  methods.  The  quality  of  this  bond 

is  normally  determined  through  bond-in-tension  and  peel  tests  of  tfie  propel- 

1  ant-1 iner-insulation  interface.  The  acceptance  criteria  for  bond-in- 

tension  tests  is  that  the  Interfacial  bond  strength  in  tension  be  at  least 

« 

as  great  as  the  propellant  strength,  and  that  tha  observed  failure  mode  be 

1 

a  cohesivb  failure  on  the  propellant. 

Peel  tests  are  routinely  obtained  from  small  angle,  90°  and  180°  angle 


The  question  of  when  a  failure  is  or  is  not  a  cohesive  failure  is  still  unre¬ 
solved.  As  a  general  rule-of-thumb,  however,  one  may  interpret  a  cohesive 
failure  as  one  in  which  at  least  1/16  inch  of  propellant  remains  on  the 
liner  surface.  The  primary  requirement  of  a  .good  bond  system  fs  that  the 
strength  of  the  bond  be  as  great  as  or  greater  than  the  strength  of  the 
weakest  component  of  the  system,  however. 


o 


o 


peel  tests.,  In  these  tests,  as  in  the  bond  in-tension  test,  it  would.be 

'desirable  to  have  a  cohesive  failure  in  the  propellant,  liner,  or  ev.-n  in  1 

*  ' 

the  insulation.  Unfortunately,  the  failure  mode,  and  of  course,  the 
failure  load,  is  greatly  influenced  by  the  angle  of  peel,  the  particular 

type  of  peel  specimen  being-  used,  anfL  the  rate  of^dfte  test.  The  result  is 

<*»*  .  *  p  .  f 

that  peel  test  data  are  extremely, difficult  to  interpret  quantitatively.' 

Most  present  peel  analyses  do  not  indicate  what  the  peel  capability  of  a 
particular  bond  system  under  a  "given  load  environment  should  be,  nor  for 
that  matter,  do  they  assess^the  correspondence  between  peel  angle  a 
motor  and  angle  cf  peel  during-  a  laboratory  peel  test.'  Thus,  these  tests 

.  *  >  •  w"-  ^  ■*  u 

are  only  qualitative  and  are  of  most  use  in  comparison  of  adhesive  systems  . 
or  evaluation  of  processing  studies.  ^  \ 

More  quantitative  results  of  adhesive  ^>ond  .systems  may  b§  obtained 

■  •  *  .  >, 

■  v  &  K 

,  'from  the  blister  peel  test  [73,74].  The  results  of -this  test  may' be  * 

*  •  « 

applied  directly  to  assess  fthe  Integrity  of  a  given  propel! ant/liner/1 ndul a- 

.  *  ‘  <s  ^  ' 

tion/case  bond  systSn7~  However,  these  tests  are  net  conducted  on  a  routine 
»  basis  yet.  Also,  with  the  single  exception  of  the, blister 'feet  test  , 
there  are  no  analyses  available.  -  .  '  * 

In  the  previous  paragraphs  major  emphasis  was  placed  on  obtaining 

-  > 

* 

cohesive  propellant  failures.  The  justification  for  requiring  this  type 
of  failure  is  based  on  the  heuristic  argument  that  past -experience  with 
solid  rocket  motors  has  indicated  that  grain  unbending  at  grain  temlrra-  ‘ 
tlons  is  much  less  likely  to  occur  wher  laboratory  tests ‘of  the  bond,  system 
have  resulted  in  cohesive  propellant  failures.  In  the  event  that  laboratory 
tests  predominantly  result  in  adhesive  failures  between  the  propellant  and 
liner  or  the  liner  and  insulation,  corrective  measures  should  be,taken 


<v 


prior  to  manufacturing  a  motor,  almost  irrespective  cf  the  failure  loads. 


<%■ 
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There  are  several  means  of  Improving  a  ix-nd  system  to  avoid  adhesive 

-.  *  < '  -  j  %  •  -  '«  ■ 

failures,.  Usually  only  minor  modifications  are  .required.  It  is  a  ger.er^ 


ally  accepted\fact  that "the  majority  of  all  adhesive  failures  In  laboratory 
specimens  and  full  -scale  motors  may^be  attributed  to  poor  ptfcfcessing  pro* 
ceduress,  Ihgs,  the  methods  of  manufacturing  .the  laboratory  specimens 

'  '  if*/  *  &N  .  J  ’> 

i  s  S  ■  t  ' 

should  first  be  reviewed  to  ensure  that  prop^j  confide rati c  was  given  to 

■  •  .  ^  .  -  ,  <•'  i 

,  ’surface  preparation  of  alTbondlng, surfaces,  and  that  adhesives,  liners 

and  propellant  were  cured  ih  the  correct  manner.  The  age  arul  storage 

■  \  •,  .  ■»  , 

'  .  *  ’  >  '  . 

'  conditions  of  ldner-,  propellant,  and  adhesive  ingredients  should  also  btf  * 

.  evaluated  since  most  polymers  and.idhesives  are  greatly  influenced  by  * 

■  •-•  )■  J  • 

these  factors,  and  they  have  a  definite,  restricted  shelf-life.  Another 
'factor  worthy  of  serious  consideration  Is  the  storage  environment  of  ^ 

f 

i  .  ?  .  ' 

laboratory  test  specimens  prior  to  their  testing. .  It  Is  well  known  that 

♦ 

the  .storage  environment  Is  a  major  Influence  of  bond  strength  and  f^lurfe 
Hence,  early  consideration  should  be  given  to  restrietttfry/on  the 
^relative,  humidity  level  and  the  atmosphere  during  specimen  handling  prior 

-  to  testing  and  curing  testing.  I"  this  regard,  the  use  of  solvents  in 

,  / 

-  Storage  and  test  ardas  should  be  avoided. 

k  *  T'  ‘v 

In  the-e<fent  that  adhesive  failures ’or  low  strength  bonds  still 
predominate  after  considering  the  factors  in  the  previous  paragraph, 

s',  t 

extensive  processing  studies  may  be  employed  for  improving  a:- bond  system. 
Liner-propellant  failure  strengths  Increase  ss  the  liner  thickness  is  . in-. 

t  ■  * 

creased.  Th6  failure  mode  also  tends  toward  a  cohesive  propellant  failure 
■i  .  '  '1  '  *  •  '  * 

as  the  liner  thickness  Increases.  Thus,  one  significant  processing  stud/ 

is  to  determine  the  liner-propellant  strength  ard  failure  mode  as  a  function  . 

of  liner  thickness.  Liner  cure  or  precure  prior  to  propellant  casting  also 


t 


v  /*- 


\ 


■l 


influences  liner-propellant  bond  strength  and  failure  mode.  Hence,  bond 

e  *  *  >  • 

r  ■  •  • 

studies  may  be  performed  to  determine  the  optimum  liner  cure  or  precure..' 

*  '  •  ,  '-i  ,  *  * 

Various  different  surface  preparation  techniques  are  elso  worth  considering. 

v  *  .  t 

•  >  > 

Typically,  the  best  bonds  are  obtained  with  rubber  surfaces  which  have  b6en. 

*  *  .  * 

y  '  P  ’  ' 

sandblasted  and  loose  particles  removed  by  dry  inert  gas  flow,  or  by  acid 
etching.  Ultrasonic’  cleaning  methcds^appear  to  be  a  reliable  means  of  * 
cleaning  hard  surfaces  $uch  as  metals  and  plastics. *  In  tht^case  of  sand-  . 
blastesf'surfaces,  care  should  be  exercised  In  choosing  the  grit -size  to. 
avoid  damage  to  the  Insulation  and  In  maintaining  a  dry  gas  flew  for 
removing  loose  particles.  Vapor  degreasing  after  sandblastlng'is  hot 
recommended  unless  the  part  has  been  exposed  to  the  atmosphere ^pr  soma 

.  -  •  •  ,  *  '  *  »  '"V  " 

time,  in  which  case,  care  must  again  be  exercised  to  make  sure  only  clean 

-  • '  '  « 

solvents  are  used  and  no  solvent  remains  on  the  part.  Acid  etching 

'  *  *  '  ,  •  .  ‘  • ,  • 

p,  '  *  "  *  \ 

generally  results  in  excellent  bonding  surfaces.  The  precaution  that  must 
be  taken  here. Is  to  control  the  depth  of- chemical  attack.  Acid  etching  IS 

‘  *  ■  4  i  •  '  • 

undesirable  for' small  rubber  parts  as  It  is  very  e$sy  to  seriously  degrade 

,  -  *  ,  ->  .  - 

the  bulk  rubber  properties.  *  '  \  » 

It  Is '.worth  mentioning  that  similar  precautions  should  be  taken  with 
regard  to  obtaining  good  insulation  flap-to-case  bonds  and  flap-to-flap 
bonds.  In  these  instances,  processing  studies  similar  to  those  mentioned 
above  may  be  undertaken  to  Improve  a  particular  bond  system;  An  additional 
consideration  here' Is  that  of  the  pressure  environment  during  cure  of  the 

■  r\  -  w 

adhesive.  Haintainin^a  uni  fora- pressure  of  sufficient  magnitude  Is  of 

rrtlcular  Importance  when  dealing  with  pressure-sensitive  adhesive  fims. 

•  .  •  *  ~  / 

all  laboratory  processing  studies,  only  those  processing  methods' 
which  can.  be  carri^  over,  into  plant  manufacturing  operations,  with  due  . 
regard  for-  costs  involved,  sbould.be  considered. 
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III.  PRELIMINARY  DESIGN  ANALYSIS 


3. 1  INTRODUCTION 


r 

V 

A  preliminary  design  analysis  of  a  prospective  candidate  motor  con¬ 
figuration  determines  if  a  given  grain  design  has  merit  and' possibly 
gives  qualitative^  or  sefiii -quantitative  indications  of  how  the  design 
may  be  structurally  improved.  At  this  state  in  the  analysis  of  a 
solid  propellent  grain  approximations  and  simplifying  assumptions  in 
the  analysis  methods  are  warh'aptfed.  Design  data  sheets  and  approximate 
engineering  formulas  ara  recommended  for  the  analysis  of  conventional' 
motor  designs.  Extensive  numerical  analyses  at  this  level  are  unwarranted. 
The  additional  accuracy  gained  from  using  a  computer  analysis  is  often  ^ 
unjustified  in  view  of  possible  approximations  made  regarding,  sa . 
material  properties  or  .failure  data,  and  also,  the  uncertainty  of  tjie 
fi/ial  design  configuration  does  not' justify  the  expense  of  computer, 
analyses.  An  exception  may  exist  in  the  case  of  new  or  novel  grain 

designs,  in  which  case,  computer  analyses  may  be  required.  In  these  .  1 

v-> 

cases,  and  particularly  in  the  case  of  radically  new  grain  designs,  % 

\  •  “ 

development  of  new  analyses  coupled  with  experimental  subset le  motor  *  ■ 

f,  } 

tests  is  recommended  in  place  of  relying  on  computer  analyses  of 
questionable  applicability. 

t 


J 


3.1 


*./ 


■  \ 


.  Ir|  following  sections,  approximate-  engineering  tsn&lys’is  Methods'  are 
gi_v§Mtor  the  loading-  conditions  .diseased'  in  Chapter  2,  The.  approximate- 


methods  considered  in. this  chapter  consist  of  formulas  for  calculating .stress 

•v  ’  “  w-  •  ■  ,  . 

’«s,  strai  .  and  deflection/  for  thick-walled  hollow  cylinders.  Empirically 

f  *  !  -5  -  v 

derived. relationships  for  .determining  stress  concentration  factors  for  slot¬ 
ted  and  star  .configurations,  and'.cufves  of  finite  length' end  correction 

factors?,  are  included.  The  presentation  of  this  material  has  beet/ parameter- 

.*  *  V  *  ^  - 
ized  .in„terms  cf  web  fractions  and  length  to  diameteV  ratios.  Because, of  the 

approximate  d  preliminary  ..nature  of  the  analysis  method?  discusssdVnHtfis^ 

*  '  '  .  r  /  *  -5*s  'V' 

chapter  onl>  we  expressions  used  for  determining  maximbm  yalues  of  stress, 
strain  and  deflection  are^iven.,  These  values  are  sufficient  for  a  prelimi- 
nary  design  analysis,  profiles  •ofr  stress,  strain  aoS  deformation  as  a  func- 

f  >  *  .  ,  ' 

g  ’  v  c 

tfon  of  length  for  finite  length  hollow  cylinders  have  been  obtained  by 

means  pK^inite^  difference^  solutions  to  the  equations  of ‘elasticity  formu-  ' 

\  lated  interns  of- Southwell  stress  functions.  Jhese  results  are  contained  . 

in  the  form  of  par&netrlc  curves  in  references  1,  2  and  3.  -  7  p* 

*  j  ,  ‘  4  '  '  A  ■ 

-Extensive  parametric.  curves-*htch  significantly  simplify  preliminary  " 

.  ■  -  '  -  ‘  V 

design  analyses  are  presented  In  Append  x  C.  ,  .  -  .  >■ -s 

«  *•  *  r  t 

The  pfopelTarit  is  assuned  to  be  1n:ompressible.  ^The  influence' of 

•  %  '  f'  D- 

,  Pol s son* s. ratio  on  stress  and  strain  response  is  discussed  in  a  subsequent4* 

•-  •<  '  * 

ch^terv  x  -  . 

The  analysis  methods,  presented  here  are  based  on  Infinitesimal  linear 

.  •  *  .  . 

•  elasticity  theory.  The  pertlr.entjiquations  of  elasticity  are  summarized, 
in-  Appendix  k '  to  this  handbook. .  Indications  of  how  t1me.,and  temperature 
effects  may  be  incorporated  are  also  discussed.  For  the-most  part,  because 
of  the \orel1mi nary  nature  of  a  preliminary  design  analysis,  these  modifi? 
cattons  are  not  called  f^r  at  the  preliminary  design  stage.  .  . 
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3.2  WERATUf^  LOADINGS 

Thermal  stresses  and  strains,  as  discussed  in  Chapter  2,  result 

*  »  i 

from  a  difference  irrlinear  and  bulk  coefficients  of  thermal  expansion  «-*■- 
between  the  propellant  and  the  motor  case.  Typical  values  of  the 
“reduced"  coefficient  of  (linear)  thecal  expansion  for  polybutadiene 

r  .  ■  '  .  .  ] 

and  double  base  propellants  for  various  -case  materials  are  listed  below: 

*  ) 

,  .  ;  DEDUCED  COEFFICIENT  OF  THERMAL  EXPANSION,  oR- 


CastK 
Hater  iaK 


X 


Propel lent 

PoTybutadiene'  '  *  dBoubla  Base 


Steel 
AT  ymi  nuro 
•v  FI  berg!  as* 


4  x  io:5-  v  '  ■ 


5x10 


-5 


Nylon  66  vQ,9x  10l5  '* 


’  8  r/.Tn"^(°F)‘3 
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*  These  values  of  aR  are  representative  of  many  propel! ant§  in  these 
two  classes  of  propellants.  The  use  of  tne  above  values  is  rectmmended 

when  thermal  expansion  data-in  the  particular  propellant  being  considered 

,  .  % 

.is  unavailable!  Host 'propellants  will  not  have  .reduced  coefficients  of 

•  *  *  *  / 

thermal  expansion- which  vary  more  than.±  ten  percent  from  the  above  values, 
<  ; .  ,  • x  .  -  ■ 

In  performing  thermal  stress  aqd  strain  analyses,  the  calculations 
✓  ,  .  * 
may  be  referred  to  the  phopellant  cure  temperature  and  cure  shrinkage 

->  «  ^  ’ 

stresses  and  strains .superposed,  or  the  calculations  may  be  referred  to 

-  a  »  ,  h  t 

«  c  ,  f 

the  zero  stress/strain  temperature  of  the  propellant,  T-j.  This  tempera¬ 
ture  is  defined  to  be  the  temoerature  at  which  thermally  induced  stresses 


The  “reduced"  coefficient  of  thermal  expansion  occurs  frequently  in 
thermal  stress:  and  strain  analyses  and 'is  defined  by  the  relation 


~  Op  ~  [0  +  vc)/0  +  v  )]  ac. 


h 


.  3.3 


•  £ 


o 


and  strains  vanish.  Because  of*  p**op*  ant  shrinkage-  during  cur®,  the  *  -  r 

'  <  ,  ' 
x§ro  stress/strain  temperature  wit!  be  h^her.  than  the  cur®,  temperature. 

It  is  often -more  convenient  W  take" the  'zero  stress/straf n  temperMy.ro 

as  the  reference  for  thermal  stress "analysis, _ -  .  • _ •  h* 

The  temperature  may  be" conveniently  determined  by  several  tech- 

nlques.  Qne  method  is  to  subtract  the^qul valent-  temperature  decrease'  ’ 

associated  yiith  the  cure  shrinkage  from  the  propellant  qure  temperature' 


fV»T?  V  (l/3  a?>  (AV/y-0> 


«'•'  «  V+  (u/3o  )  ,  (3.1} 

t-**.  5  '  p 

■*  s  ' 


where  T_  is  the  propellant  cure  tampere&re-,  csw  Is 'the  propellent  linear  • 
c  p  _  r  ' 

/  coefficient  of  thermal  expansion  and  o  is.  the  net  volumetric  cure  shrink-  , 

age.  The  net  volumetric  shrinkage  of  polybutadiene  propellants  is  typically 

•  0.002  and  that  of  slurrly  cast  doublet  base  propel »ants  Q.OpS,  fhe  shrinkage  of  . 
/  e  '  *  '  *  ‘  *  "  /'*  *  « 
conventional  cast  double  base  propellants  Is  considerably  less  as  1 ndicate i  In 

.  t  '  '  ’ 

the  previous  chapter. _ These  values  ere  sufficient!^ “representative  to  be 

'  valid  in  a  preliminary  designs  analysis.  *  ..  , 

Alternatively,  the  aero" stress/strain  temperature  m*y  be.  determined 

from  analogue  or  subscale  motor  tests.  In  these  bests  the  temperature  • 

* .  '  [  .  c  *  .  s  ,  •  ’  - 
’  of  the  cured  motdir  Is  Slowly,  raised  above  Its  cui*e  temperature  and  ^ 

measurements  of  the  internal  configuration  versus  temperature  are  re-  's 

'&  -  •  'fa  ’ 

corded.  The  temperature  at  which  the  internal  gecmetfy  of  the  Motpr. 

•  -  i  . 

coincides  with  the  original  mandrel  configuration  is  then  defined  to  bo 

„  *  «  ‘  •'-**’«  '•  ^ 

the  zero  stress/strain  temperature,  fteasuremenis  made  In  this  manner 

.indicate  that  is  typically  «5*F  higher  than  the  propellant  cure  tern-  ’  •  , 

c  •  ’  *  '  « 

,  pengture  for  polybutadiene  propellants  and  £2°F  higher  for  double -base 


propellants 


[4,5] 


These  temperature  Increases  are  in  close  agreement 
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.c  J 


.x.”  Osi- 


\,W^  ^ose  C£^cu^a1^  u.?ing  equation  (3. 1 )  and  the  values  given  above 
for  typical  volumetric, cure  shrinkage  of  these  propellants.  These  values 

•  can  be'  safely  Used -in  preliminary  design  analyses  since  there  is  little 

*  *  /  *  i 

*  *  * 

variation  /or  a  large  number  of  propellants.-  - 

3.2.1  SHRINKAGE  DUPING  CtlRE  . 

*  •  >  . 

The  volumetric  cure  shrinkage  of  most  polybutadiene  propellants  and 

. "  a-  ;  -  -  0  t 

/  some, double  base  p/ropellants  can  be  adequately  described  by  the  relation 


AV/V  ~  -  , all' -  'exp  {-Bt)]  y 

V  •  /  '  «  . 


\?-az) 


where  a  and'fl  are,  experimentally  determined  constants.  The  constant  c 

’  '  .  * 

represents  the  net  volumetric' shrinkage,  and  the  product  represents 

**  l  r 

'  i  *  '  *  ,r  o  -  ^  0 

the  initial  rate  of  shri/iHage.  The  net  volumetric  shrinkage  a  is  usually 

'  *  *  c  '• 

.not  explicitly  temperature. dependent,  however,  the  shrinkage  rate  a&.  Is 
strongly  temperature  dependent  si ncle  polymerization,  In  general,  is  a 
thermally  activated4,  process  . which,  l^^tlally  adequately  described  by 

first  qrder akinetic  theory.  Procedures  for  performing  cure  shrinkage  , 

v  .  ‘  «-  •  ✓ 

.  T*  |  . 

tests  are  not .readily  available  in  the  open  literature,  however t  a  coampn 
technique'  mates,  use  of  a  mercufy  dilatometer  submerged- in  a  constant 

-temperature  bath.  -The  rise  of-the  mercury  column  in  a  capillary  is 

/  0  '  ' 

monitored  using  a' eathetoraeter.  * 

Determination /bf^sure  shrinkage  stresses  in  a^solid  rocket-motor 

represents,  a  difficult  task  which  is  beyond  ^the  current  state-of-the-art 

[61  1 

capabilities.  Jkcently, -however,  Cost  Introduced  an  analytical  1 

»  ,  . .  •  ‘ 

approach  which  may  .prove  to  hs  worthwhile  in  the -future  for  determining 

rgl  f  ' 

shrinkage  stresses.  In  this  report,  L  J Cost  treated  curing  polymers 


'  ■'-'titv 


A  „ 


'V 

/ 


•  under  isothermal  and  stsady^state  thermal  conditions,  and  formulated 

«  "*4 

the  basic  governing 'differential  equations  in  terms  of-differantfjl - 

operators .  .The  material  properties  were  treated' os  functions  of  space, 
time,  temperature  and  degree  of  cure,  indlcatiohs  of  how  material  be- 

'  -  -  *  4 

havior  may  be  related  to  molecular  pamiat-es'S  were  given',  based  on 

8ueehe<'s  theov^  of  woleeutar  viscoelasticity.  Such  a  theory  may  serve 
* 

as  a  guideline  for  future  developments  In  this  area,  however,  lacking 
experimental  verification,  these  (level oproents  should  be  considered  to 
be  of  a  preliminary  nature.  Development  of  analysis  techniques  for  ‘ 

cure  shrinkage  stresses  will  quit*  Bkely  be  necessary  in  the  future  with 

$ 

the  evolution  of  eo rtf  complicated  and  more  highly  constrained  grain 

,  configurations*  ■  -•  -  ' 

^  '  -  *  - 

th«  present  state-of- thwart  motor  configurations,  adverse 

*  ,  'V  ,  -■<!“  ‘ 

. .  effects  of  cur®.  shrinkage  can;  for  the rwst- part,  baavoided  in  prelimi- 

,  ,  '  '  .  *  “:s- 

rtary  and  final  .design- analysis  phases  through  experience  and  engineer! ng 

judgisent  based  m  the  guideline  oup^ned  Injhapter  2-. 

<  r  ■  {S 


r,  * 


3.2,2  THERMAL  CO0UN6  rn  TEW>ERATURE  CYCLIC 


-f 


.  The  most  severe  loading  experienced  by. a  solid  racket  motor  Is 

*  *  *• 

typically  repetitive  low  temperature  cycling.  For  conventional  motor 

/  ' 

configurations,  .the  critical  areas  of  analysis  are  the.  inner, 
bora  and  the  case  grain  termination  points  . 

In  the  case  of  very  high  mass  "fraction  motors,  the  radial  component  of 
the.  case-grain  Interfacial  stress  at  theater  midplane  may  be  the  limit¬ 
ing  design  parameter.  \ 


/ 


.3,6 


-ter* 

-  -St*'  V 

,  - 1  ^  - 

'  V  <, 

*-  . 


Normally,  when  .cycl  ing  effects,  the  stresses 

and  strains'll  determined  only  for  a  low  temperature  scak  of  the  grain.- 
Cycling  effects  are  then  accounted  for  1r<  the  failure  analysis  using 
some  cumulative- damage  t^le.  This  is  the  procedure  adopted  here  for 


•  preliminary  design  analysis.  ~  '  '  •  - 

.  In  pev^oming-thern^f^reln^r  thermal  stress  analyses,  a  number  of 
simplifying  assumptions  are  normally  introduced.  First,  the  grain 


geometry  is  idealized  to  esr-inf ini te  length  hollow  cylinder.  Correction 
for  internal  geometry. and  finite  length  are  introduced  as  multiplicative 
factors.  It  is  also  typically  assumed  that  the  case  is  Infinitely  rigid. 
Physically,  this  assumption  Is  equivalent  to  assuming  that  the  ratio 
b£^/hEc  Is  negligible  compared  to  one,  where  b  denotes  the  outer  grain 

radius,  h  the- case  thickness  and  E^^nd.E^  are  Young’s  Moduli  of  the  . 

P  'e  \ _  _ _ 

propellant  and  the  case  respect!  vety.^On^  also  normally  assumes  a  unifora 

^  ' 


temperature  distribution  throughout  the  grain.  This  Is  equivalent  to 

i  ,  »  » 

assuming  that  thg  grain -is  very  .slowly  cooled.'  The. last  assumption  ^ 
typically  madajh .ihat  the. propel) ant- is  inccmpressItTe-^lie. ,  v  a  1/2). 

«  t  i  » 

The  assiznption  of ^mechanical  incompressibility  normally  leads  to 
an  inconsistency  when  Poisson's-  ratio,  v.  the  elastic  modulus  E  and  linear 
coefficient  of  expansion  a  {or  equivalently  the  bulk-  modules  K  and  bulk 
coefficient  of  .expans  ion '3o)  ?;re  treated  as  independent  quantities .«  For 
incompressible  materials,  thermodynamic  restrictions  require  that  a 
vanish.  Thus,  the  development  of  thermal  stresses  and  strains  in  Incom¬ 
pressible  material  Is  excluded..  In  this  case  one  typically  m&kek  the 

ad  hoc  assumption  that  as  the  bulk  modulus  Kbecomes  infinite, 

•f.-  '  •  <- 

but  the  quantity  E  »  3K{V2v)  remains  finite  and  ®  is  also  assumed  to  be 


nonzero.  These  Inconsistencies  can  ba  removed  most  easily  by  reforms  * 
i at tng  the-basicther^lastic  equatiGn§^ithjfche_&d  hoc  introduction  of 

/  *  y.  ‘ 

a  Grunefsen  relation.  *  Specifically*  the  limit  - _ 


a 


(3.3). 


is  assumed  to  approach  a  fl.ilte  value  as  v«*g,and  <x-»8  coftcuirentlyr^Tbr 
crystal  lattice  structures ,  the  quantHy-S^®^ ^tant)  Is  known,  as  the 
Grtlneisen  cof.sUjjt^mrit? existence  Is, demonstrated  through  consideration 


the  nonlinear  voTaee-deptndence  of  the  frequency  of .a  lattice  vibration 

'  7  „  r7fij  ^'V' 

of  specified  wave  vector:  c  *  The  existetice  of  the  11mir(3.3)  for 

■*  *  "  r  *  i  »  V’  •» 

_  r  d  i 

amorphous  materials  Is  (wised  cn  thermodynamic  arguments  .  The  useful- 

,  ,  •  \  \  v/' 

ess  of  the  relation  (3.3)1n  performing  thermal  stress  analyses  has  been 

suggested  by  Freudenthal  and  Fitzgerald 

-It  Is  worth  noting  th.-t‘t*w  *for«»ent1  cned  Inconsistencies  do  not 

'  .  •  v/-,  •'  • 

exist  In  current  finite  element  computer  programs  which  Incorporate 

Herrmann’s  reformulation^  ^3.  This  is  due  to  the  fact  that  Poisson’s 

ratio  Is  not  taken  to  be  1/2  in  these  programs.  Instead,  the  assumption 

is  made  that  i»2y  where  k  and  u  are  the  Lame  constants,  and  a  . mean 

pressure  function  H  «38i/2m0+v)  is  Introduced  as  additional  unknown  at^ 

each  element,  where 8i  Is  the  first  stress  invariant.  In  the  limit  as 

Hermann’s  reformulation  car.  be  shewn  to  be  equivalent  to  (3.3) 

The  use  of  the  relation  (3.3)..  in  performing  thermal  stress  analyses 

of  solid  rocket  liters  is  discussed  In  greater  detail  In  a  later  section 

of  this  handbook.*  In  the  following  sections,  for  the  most  part,  the 
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results  will  be  based  on  the  asumptions  of  Incompressibility  and  a  non- 
^zeo>iCoeffic4«R4-*of  expansion  a.  Although  Inconsistent,  these  assumptions 
--- — have  led  to  results  which  have  been  proy£a-reasoiifa6Ty^6dequate  In  the 
'  past  for  prel  Iml/iar^'desTgn  purposes. 

^--^iXwcylSder  - 

. .  » 

Under  the  assumptions  stated  above,  the  maximum  inner  bore  hoop  strain 
is  Independent  of  material  physical  pj^peiffcies  and  is  given  by  ^4,5,13,14,153 


r 


where 


and 


ee(a)  ■  log€(l  +  '£g{a)U 


ej(a)  *  (3/2)  aR  X*  aT, 


(3.4) 


(3.5) 


t 


aR  “  ap  ”  2/3(1+vc)  ac  ■  propellant  reduced, 

/ 

coefficient  of  linear  expansion 
x  *  b/a  «  Ratio  of  grain  cuter  radius  to  inner  bore  radius 


\ 

v 

~\ 


AT  ■  -  T  *  Temperature  decrement  from  zero  stress/straln 

from  zero  stress/straln  temperature  T,. 


The  natural  logarithm  of  the  hoop  strain  has  been  introduced.ln 
equation  (3.4)  for  calculation  of  the  actual  hoop  strains  since  measure¬ 
ments.  On  cooled  analogue  mbtors  have  indicated  that  the  hoop  strain  is 
better  described  in-  terms  of  natural  strain  .  The  relationship 

between  efi(a)  and  e^(a)  is  shown  In  figure  1,  where  it- Is  seen  that  the 


3.9 


deviation  associated  with  using  equation  (3.5)  reaches  about  10  percent 
•at  ahoop  s tra iii^i^f^percent.  For  small  strains,  the  difference 
between  (3. 4)  and  (3. 5)  is  negligible.  "  — 

j  Ifi  arriving  at  equation  (3.5)  a  condition  of  plane  stra.n  has  been 

w  ~~~  T  ’*  -  -  _ 

assumed.  If  a  condition  of  so-called  "generalized"  plane  strain_1$ 

l  "  '  ^  '  - 

assumed  ,  equation  (3.5)  becomes 


Cq(s)  *  (3/2)  (aRx2-ap)  AT 


.(3.6) 


The  maximum  hoop  strain  at  low  tenperature&  pr^'dTcted  for, conventional 
grain  geometries  by  (3r6)“is“ typically  on  the  order  of  ten  percent 
.  •  less,  than  that  given  by  (3.5).  Equations  (3.4)~and  (3.5)  are  reconroend- 
.  ed  for  preliminary  analyses,  since  tend  to  produce  conservat .  ve— 

•V  •?  ■ 

\  ^  ^  con£^on  of  “generalized"  plane  strain  Is  unrealistic^' 

lead  to  an  overly  optimistic  opinion  of  a  motor's  capabilities. 
‘-^Equation  (3.5)  Is'  appl  icable  for-loBg,  circular  port  grains.  The 
relation  between  x  and  gra-*-'  length- to-dlameter  ratio  L/D*  for  which 
equation  (3.5)  is  valid,  based  on  numerical  analyses  is  shown  ~~~~ 

in  figure  2.  All  points,  to. the  right  of  the  cilFwfcorrespond  to  geometries 
for  which  (3.5)  is  applicable.  Values  of  x  and  L/i)  corresponding  to 
points  to  t^e  .left  of  the  curve  represent  geometries-  for  which  finite. 

grain  length  correction  factors  musi  be  applied.  Finite  length  correc- 

*  • . 

ti on  factors  are -discussed  in  a  subsequent-septl on  of  thi.s  chapter/ 

In  addition  to  finite  length  cormctigji.factQr-s--correctiofts-for 

6 

.  concentration  factors  for  star  perforated  grains  must  also  be  applied 


'By  d generalized"  pTane  strain  is  meant  a  condition  of  constant  (nonzero) 
axial  strain.  .  - 


3.11 


-£l5C.3*A  _  'Q'”'" 


J 


to  equation  (3.5).  This  correction  is  also  discussed  In  a  later  section 

V  -  •  •  .  .  o 

of  this  report.  „  \  - 

'  ‘  °  !  *  -  '  ■  *  ■  - 

Under^ the .assumption's  leading, to  equation  (3.5),  the  maximum 

1  j 

'radial  component  of  the  stress  Is  the  case-grain  interfacial  bond  stress 
given  by  . 


o.r(5),  a!  ., 

i  '  * 

The  i nner-  bore- hoop  stress  is  given  by 

i 

o0(a)  d,  2?i2  rt^Ep  a!  .  -  • 


(3.7) 


(3.8) 


SOLID  CYLINDER  i  -  “  '  _ 

the  (previous  equations  have  teen  developed  for  , hoi low  cylinders  ' 
under  a  condition  of  plane  strain.  To’ealciilafce  thermal,  stresses  and.  . 

^  .  ‘  t  .  ■" 

strains  arising  in  an  Incomprlssfble,  infinite  length’ solid  cylinder, 

„  »  '%  ✓  '  , 
rigidly  restrained,  the  basic  theraoel ast‘1 c  equations  must  fca  modified 

if  meaningful  results  are  to  be  obtained,  since  mathematically  infinite 


"stresses  are  developed  for  even-an-ipfinjteslmal  temperature  change  in  a 
H4§1dly>Ves trained, -Infinite  length  hPlloy*  cylinder.  This' “result  is  due 
to  the  aforementioned  inconsistent  assumption  of- the  independence  of  the  , 

*  ,  *  <c 

bulk  coefficient  of  thermal  expansion  and  the  bulk  compressibility. 

■  .  ’  '  .  jj 

There  are  two  methods  by  wnicb  an' incompressible  solid  cylinder  can  be 

t 

handled  In  a  preliminary  analysis,  first,  as  in  the  c'ase  of  the  infinite 

le.gth  hollow  cylinder.  Poisson's  ratio  may  be  taken  to  be- one-half  and 

and  nonzero  linear  coefficient  of  thermal  expansion  assumed  v 

.  • 

with  the  rvig1d  case  replaced  by  a  flexible  thin  caseT  Under  these  conf  ^  r 


ditionsMe  maxima  radial  bono  stress  is  given  by 

\  s 


3hEcapAT 


2(l-v2}b 


(3.9) 
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For  a  steel  case  yrTth  a  gra4n '.radius  to  case  thickness  of  100  and  a 
typic.al  value  of  aR  taken  from  the  table  on  page  2.  this  equation  repre¬ 
sent?  a  bondS  tress  of  25  psi/0F.  The  radial  strain  for  this  condition 
is  constant  independent  of  rpaterial  physical  properties  and  radial 
position  and  is  given  by  r 


.  er(r)‘=-  (3/2)  apAT 


■  ■ «  ■» 

(3.1  of 


’An  alternate  approach  to  this  problem  is-to  (reformulate  the  basic 

,  -  \  f  j  * 

therm: elastic  equations  wjth  the  2d  hoc  intro&uctign  of  the  Oruneisen 

-  —  •  1  •  *  \ 

relation  (3.3);  In  this. case  a  rigid  case  may  be  treated  with  the  \ 

■? 

maximum  radial  bond  stress  given  by 


,  «r(b)  =  eoR  aT/V  .  . 

;  .  -  j  f 

*  O  *  ,  i 

where  3  is’  treated  as  a  materia,!  'constant.  ,t In  ‘the  case  of  a  flexible 

-m^TTT- 


(3.11) 


thin  case -the  maximum  bond  stress  Ms  given  by 

T  r  -  • 


ar(b)  = 


SaRAl  i 


1  + 


TW 


p 


) 

j  - 


(3.12) 


The  radial  strain  is  again  independent  of ^the .radial  coordinate 
and  material  physical  properties,  and  is  given  by 


\ 


x  tr(r)  -  (3/2)(dp-<g  4T  '. 


tt/ni^c 


-s  (3.13) 

.  .‘Y . 


£Tbr  a  t/prcal  composite  propellant  with  fcjulk  modulus  K  =  500  ksi 

... 

and  linear  coefficient  of  expansion  o  '  =  5,6  x  ’10  (°F)  ,  the  Gruneisen 

?•  \  p  .  > 

constant  g  is  determined  to  be.  84  *psi/°-F.  U<nng  this  value  for  g 


b- 


3. .14 


x 


/ 


cation  (3.11)g;jves  a  "bond  stress  of  75  psi/°F  for  a  rigid  case,  and 

% 

*  ,  f 

equation  (3,12)  gives  a  stress  of  23,psi/°F  for  a  flexible  thin  steel 

j  i  »  . 

case  with  bj'h  =  100.  It  is  seen  that  equations  (3.9)  and  (3.12)  give 

j  ' 

equivalent  results. for  the  case  of  a  flexible  thin  case,  as  they  should. 

*  '  't 

The,,re^Flts  for  a  rigid,  or  very  thick  case,  are  seen  to  be  about /three 

t  **  '  A  \r 

times  greater  than  that, for  a  thin  case.  ”  •> 

,  ,  ■ '  t  ’  t 

The. strain  represented  by  .equation  (3.13)  is  about  one-^enth  that 

'■i 

given,  by  equation  (3.10).  This  is  to  be  expected,  however,  since  the 
assumption  of  a  rigid  case  severely  limits  defections. 

•  i  ** 

From  the  above  discuss-ions,  it' is  apparent  that  for  geometries' 
which  can  be  analyzed  using  either  classical  techniques  ^r  through  intro¬ 
duction  of  .a  Griinei sen  relation;  the  results  will  not  be  significantly 
-different.  The  introduction  of  a  Griinei  sen  .constraint,  however,  places 
the  equations  ol'.  thermoelasticity^dn  an  admits ^bllT  thermodynamic  basis. 

Inc  greater  use  of  a  Gruneisjsn  constraint  will  be  for  highly  confined 

*  '  *  *  . 

geometries;  that  is,  very  high,  mass  fraction  motors  with  relatively 

i  stiff,  or  thick  cases.  Before  extensiv^/use  can  be  made  of  a  Griineisen 

«»  **  •  , 

constant?  however,  further  Investigation  is  required  to  verify  that  3  is 

indeed  a  constant.  In  particular  more  accurate  determinations  of  the 

J  ‘ 

bulk  modulus  of  propellants  arid  the  behavior  of  the  coefficient  of  thermal 
expansion  ir«  multiaxlal  stress  stated  must  be  obtained.  •  f  • 

The  analysis  described’ here' for  solid  cy^thders  is  useful  for  the. 

preliminary  analysis  of,  say,  x-i. ’bridge- loaded  end-burning  grains. 

.  ■  :  ■  \ 
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■END- BONDED  HOLLOW  CYLINDER 


The  regaining  grain  geometry  that  Is  readily  handled  In 'a  prellmi- 

'  '  •  ••  '  '  • 

nary  analysis  Is  the  finite  length  hollow  cylinder  with  both  ends  bonded 


subjected  to  a  uni  fom  temperature  decrease.  r 

-As-  In  the  previous  cases  a  number  of  simplifying  assumptions  can  "< 


r  ■■  ' ;  \ 

?e  Introduced.  'First*  uniform  end  Effects -are  assumed  with  no  bending. 


The  case  is  also  treated  as  being  rigid,  and  Poisson’s  ratio  Is  taRen  to 


be  1/2  wit  ha  nonzero  coefficient  of  expansion.  Balisd  on  these  as^itmp- 


.  Y 


ti ops'  the  pertinent  stresses  and  strains  are  given  by3 

\  ' 

V  *’  .•  *  .  « 

!  Vb)  “■  (%~a6)  Ep  AT  ,  ■ 

c  OgCa)  -«*  -  ?AZ  {Op“ac)  !Ep  AT  , 


Cl4i 


- 


<3.U) 

(3.15) 


°z(r)  *  -  (<y«c)  ^2)  Ep  AT 


(306? 


er(a)  »  («p-«c)  (1+3X2)  aT/2 


v  - 


■  ee(a)  *  (ap-dc)  '1-3x2} IT/2 


e2(r)  “  * 


(3.17) 

(3.18) 
(3. )9) 


*  •  *  «  i  «•  * 

These  equations  can  also  be  edified  to  include' a  Brunei  sen  constraint, 

^  -  *  *  ''  /T  ‘  ~  y 

however  the  resulting  e<-  'atlor.s,  to  a  linear  approximation,  yield  re¬ 
sults  whi disagree  Quite  well  with  the  stresses  and  strains  predicted  by 
equations  (3.14)  through  (3.19).  most  applications,  th4  results,  will 
differ  by  less  than  one  percent.  /  ‘ 
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3.2.3  AERODYNAMIC  HEATIlfe 

Aerodynamic,  heating  stresses  and  strains  can  be  handled  in  a 
reTatively  easy  manner. In, a  preliminary  design  analysis.  The  conservative 
approach  is  to  -  ass tine  that  the 'propellant  grai n  -undergoes  a  step  radial 
displacement  corresponding  to  a  step  temperature  Increase  at  the  actor 
casp.  The  resultant  stresses  and  strains  induced  in  the  propellant  grajn 
are  then  superposed  with  thermal  ogling  stresses  /nd  strains.  Tempera¬ 
ture  gradients  through  the  c.as6,  and  propel! ant-case  interface  arjd  expansion 

of  insulation  W  liner  materials  are  neglected  In  this  approximation. 

'  *  <■  » 

Under  these  loading  conditions  and  assuming  plane  strain  conditions  the, 

*»  .  '  ,  ^  ’s/ 

Maximum  radial  bond  stress  due  to  only  aerodynamic  heating f Is1  given  by 
or(b)  »  2(xM)  Ep  ATC/(3*X2)  ,  ■  -  \ 

and  the  Inner  bore  hoop  strain  is  given  by  • 

,  j 

'  c;U)«4X^acSTc/(3«2)  ,  (3-21) 

i 

where  -&TC  denotes  the  st^r  temperature  increase  at  the  jpotor  case. 

Equations  (3. 2$  amM3.21)  may  ire  adde'd  to  equations  (3.6)  and  (3.5) 
respectively  to  potain  the  bond  stress  and  core  hoc?  strain  in  a  cooled 
propellant  grain  subjected  to  aerodynamic  heating: 

sr(b)  *  (x2-l)  E  {aR  lT+  2ac  aTc/(3+x2)}  ^.23) 

v  / 

Eg(&),  =  3aR  X2  &T/2  +  4a2  aTc/(3+x2,)  .  (3.23) 

It-can  be  slen,  from  a  comparison  of  equations  (3.20)  and  (3.21) 
with  (3.,22)  and  (3.23),  that  the  magnitude  of  the  stresses  and  strains 

„?V  -  ■ 

•X  '  3.1?  ■ 

\ 

.  i  -  .... 


induced  by  aercdyhami  c  heating  will  usually  not' be  significant.  The  . 
critical  factor  under  this  loading  is  the  rapid  decline  pf  the  propel- 

iant-cas®  Interfacial  bond  stress  capabilities  caused  by  the  rapid  ' 

•  '?  -  •  • 

temperature  increase  at  the  propellant  cash  interface..  The  magnitude 
and  the  time  scale  of  the  temperature  increase  at  the  propel Iqnt  case 

->  .  4  <  - 

Interface  is  usually  minimized  through  the  use  of  external  insulation, 

such  as  cork,  on  tnejnotor  case" which  ablates  and  transfers  the  energy 

/  , 

absorbed  as  beat  back' into  the  air  flow* 

*  '  '  \  \ 

In’ obtaining  the  above  results,  the  heat  transfer  problem  was  ne¬ 
glected  Imposing  constant  time  and  spatial  variation  pf  the  tempera¬ 
ture.  This. problem  is  complicated  by  the  fact  that  for  high  velocity 

'  •  .  I  ~ 

flow 4  the  acrodynaffil t  heating  of  the  boundary  layer  affects  the  heat 
transfer  and  the  friction  appreciably.  Further  complications  are  Intro¬ 
duced  when  the  temperatures decora®  so  high  that  the  gas  dissociates 

or  Ionizes  (an  unlikely  prospect  for  solid  rocket  motors j9  or  for -very 

,  *  *  * 

high  altitude  high  velocity  flight  where  the  mean  free  path  of  the  mole¬ 
cules  becomes  of  the  or^ar  of  the, boundary  layer  thickness  and  the 

’  i 

\ 

continuum  treatment  is  no  longer  valid  (also  unlikely  for  solid  rocket 
motors).  At  subsonic -velocities  aerodynamic  heating  is  usual IjAnegli- 
glble,  whereas  at  high  speeds,  on  the  other  hand,  the  rate  of  heat  flow 

to  the  missile  skin  Increases  roughly  iri  proportion  jed  the  flight 

'  / 

velocity  (if  the  surface  is  ma*nta1r»ed  at  constant  temperature). 

«  -  A  /'  *  i 

The  approximations  Introduced  above  ere  undoubtedly  sufficient  for 

.  '' 

r« 

preliminary  design  purposes.  Refinements'  which  include  introduction  of 
time  and  spatial  distribution  pi. temperature  are  discussed  in  thd(foll ow¬ 
ing  chapter  on  final  design  analysis  techniques.  .  »  • 


/ 
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3/3  DYNAMIC  LOADS  p 

Dynamic  loads  are  not  treated  extensively  at  the  preliminary  design 
stage  since  determining  the  dynamic  response  of  a  solid  rocket  motor 
involves  solution  of  a  coupled  thermomechanical  problem,  which  is  not 

t 

easily,  solved  analytipalty.  '  Simple  problems,  such  as  star  point  de¬ 
flections,  and  in  come  cases  axisyipetric  geometries  can  be  dealt  w  th 

-  j  „ 

through  the  introduction  of.  simpl 'tying  assumptions. 

3.3.1  SHOCK  LOADS 

-  / 

Shock  loads  occur  when  a  solid  rocket  motor  is  subjected  to  a  severe 
mechanical  jolt  such  as  dropping  during  handling  or  shipping.  Since  these 
loads  act  over  a  short  period  of  time,  the  propellant  normally  responds 
as  "an  elastic  j^aterial  with  a  glassy  modulus.  The  most  severe  damage 
likely  to. occur  is  unacceptable  inelastic  deformation  of  the  case. 

Damage  to  the  propellant  grain  is  usually  minimal,  although  the  possi¬ 
bility  does  exist  for  grain  unbonding  at  low  temperatures  caused  by 
large  deflection*  of  the  case.  Stresses  and  strains  1n;the  propellant 
grain  can  be  estimated  through  an  approximate  conversion  of  the  shock 

•v.  t 

loads  to  an  equivalent  gravity  loading,  and  Subsequently  treating  shock 

loading  as  an. acceleration  loading. 

- 

For  a  motor  subjected  to  an  axial  shock,  the  shear  stress  at  the 

[15]  ’  ' 

propellant-case  interface  is  given  by 


p  n*g  b  (x2-1)/2xz 


(3.24) 


where  inertial  effects  due  to  straining  have  been-  neglected  and 

i 

i  •  p  ^Propellant  Density 

•  ^  n.g  *  Equivalent  Acceleration  in  Gravities. 


T 

Typical^. a  multiplicative  factor  of  3  Is  applied  to  equation  (3.24) 

*  *  '  '?  ^ 

,  *  • 

c 

In  an  attempt  to  account  for  stress  concentrations  at  grain  termination 
■  points  Because  of  the  short  loading  duration,  grain  deformations 
•will  be  small  and  can  be  neglected  under  axial  shock  loadings*  A 

lateral,  or  transverse  shock,  however,  can  produce  significant  grain 

0 

deformations .  The  maximum  Inner  bore  hoop  strain  for  a  rigidly  Incased, 
incompressible  cylindrical  grain  subjected  to  a  lateral  shock  is  given 


v.  [153 


a  e  n«g  (a2-1  )2 


sw  *  v«  ^ 

P 


(fc25) 


under  plane  strain  conditions. 

equations  (3.24)  and  (3.25)  can  be  used  for  geometries  other  than 

*  *  t 

cyHndrically  perforated  grains.  In  using  (3.24)  an  equivalent  clrcu- 

*  .  r 

Ur  port  radius  can  be  estimated,  or  faore  simply,  the  product  of  the 

* 

total  propellant  weight  and  the  equivalent  acceleration  loading  can  be 
divided  by  the  total  bonded  area  to  give  an  average  shear  stress.  In 
the  case  of  star  perforated  grains  a  multiplicative  strain  concentra¬ 
tion  factor  may  be  applied  to  equation  (3.25}  for  estimating  bore  strains. 

/ 

Modifications,  introduced  due  to  partial  head  end  bonding  are 
discussed  In  a  subsequent  section,  of  this  chapter. 

lateral  shock  loading  of  star  perforated  grains  can  be  treated  In 
a  similar  approximate  manner.  Assuming  Incompressibility  and  treating 

r  '  i 

the  star  point  as  a  cantilevered  plate*  of  uniform  thickness  the  stress 

[r5T 

at  the  point  of  support  is  given  by  ^ 

cf*  A 


a  r-  3  n-g  p  i2/ h  , 


(3.26) 


3.20 


where  - 

t  »  Isngth  of  starpolnt, 
h  •  average  starpolnt  thickness  ' . 

Normally  a  factor  of  2  Is  s^iltlplled  Into  (3.26)  to  account  for  the  stress 
concentration  at  the  point  of  support.  The  deflection  of  the  Innem^st 


point  of  the  star  tip  maybe  estimated  from  the  relation 


(.15) 


A  * 


3  .nuSLg.it 


• 

h2  \ 


(3.27) 


«  The  results  of  this  section  may  be  used  to  estimate  the  gross  be^ 

havlor  of  solid  rocket  motors  subjected  to  shock  loads,  however*  these 

> 

results  must  be  regarded  as  approximate  since  the  true  dynamic  problem 


has  not  been  considered. 


\ 


3.3.2  VIB&ATI&N 

Vibration  of  solid  rocket  motors  Is  generally  recognized  as  a 
-  potential  structural  Integrlt^prSbTem  for  applications  in  which  severe 
or  sustained  Vibration  environments  are  encountered.  For  example,  , 

possible  effects  of  cyclic  loading  of  solid  propellants  have  been. 

‘  [17]  '  " 

vividly  shown  by  To.rmey  and  Britton  .  They  reported  on  an  extreme 

*  1 

/  * 

amount  of  dissipative  heating  and  grain  damage  which  occurred  In 
vibration  tests  of  solid  propellant  rocket  motors. 

Vibration  is  not  dealt  with  extensively  at  the  preliminary  design 
stage,  and  in  fact,  it  has  only  been  recently  that  finite  element,  com- 
puter  programs  have  been  available  for  considering  vibration  in  final 
design  analyses.  Simple  geometries,  however,  such  as  star  points 


subjected  to  lateral  vibrations  and  circular  port  grains  subjected.to 
axial  shear  vibrations  can  be  dealt  wl  ih  In  an  approximate  njanner.  In 
the  following  paragraphs  approximate  formulas  are  giyen  for  estimating 
amplitude  ratios  and  dissipation.  "A  .brief  general  discussion  is  also 
provided*  ■  '  • ^  * 

—While: the  anilysTs~|5T,oblem_  has  not _ as  yet  been  completely  solved 
for  the  complex  grairr  geometries_of  practical  motor  systems  {see  refer- 
ences^bg-and-lDfor-ourrent-^tatos-end-exteffided^  ~ r 

r  *  ^3*  *  -  "" 

^snalytigal ..solutions'  have  been. obtained  for  simple  systems  whic'i  seem  to 
,  agree  well  With  experimental  .data  (references  20  through  24).  Such’-fnfor- 
mati on r  wlj.1  le_not  capabl e  of  providing ; quanti tati ve  information  for  motor 
design  arsd  analysis  purposes,  can  provide  valuable  insight  into  material 
.  property  and. grain  design  characteristics  which  are  advantageous  fbr 


app< i cat 


tionto  tf 


*§1  difficulties  encountered  in  uncoupled 


thermoviscoelastic  analyseST 


istically  strong  temperature 


J^dependeilce  of  propellant  mechanical  properties  makes~'the-4i§$tyat1 on  or 
.  heat  generation.^resultlng  frmcyclic  loading  very  sensitive  to  tempers- 


ture  variations  »_ahd  henceteadf-J^  a  strongly  nonlinear  heat  source  ‘ 


term;  Moreover,  in  rocket  mbtor^-vlbration,  ene7^y^isjcoupTed~inta  the 

propellant  grain  from  the  vibrating  case  by  the  inerti  abreaction  of  the 

.  -<  d-  .■  .  :  "  -  b 

mass  of  the  propefl-ant-grair^e-the -accelerating  case/  Disregarding 
♦ 

inertfa  arid-material  property  degradation,  large  temperature  increases 

<? 

are  encountered  whenever  the  applied  stress  or  strain  exceeds  a  certain 
critical  value.  The  combination  of  .temper* ture-dependent  properties  and 

f  —  ^ 

Inertia  leads  to  the  possibility  pf  temperature  and  displacement  jump  . 
instabilities  which  are  similar  to  the  phenomena  observed  in  a  nonlinear 


A  *  *  « 
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spring-mass  system  in  i+,cr-®a4i»;g-d-i5placeme_Rtj_ 

,  In  considering  the  vibration  response  of  .solid  rocket  motors,  two 
propellant  physical  property  parameters  are  of  particular  significance. 

These  are  the  log-log  slope  of- the  reduced  relaxation  modulus  in  the 

'  *  *  <  i 

time- temperature  region  of  interest  (slope  of  thereurve  log’modulus 
versus  log  reduced  time)  and  the  slope  of  the  log  shift  factor,  ax>  versus 

*  '  v  t  ° 

the  temperature  range  of  interest.  The  amplication  factor  at  resonance  • 
(with  or  without  jtasp  instability  effects)  which,  along  with  the  ayeelera- 
tlon,  level,  determines  the  peak  strains  imposed!  o'n  the  propel  1  ant  4-s  a 
function  of  the  relaxavfon  modulus  slope  only.  As  this  slope  decreases' 
(i.e.,  as  the  propellant  becomes  more  elastic  and  less  viscoelastic) 
damping  decreases  and  the  propellant  strain  amplitude  at  resonance  in- 

-  .  -  • • ' V*  ,  ■ 

creases.  .Conversely,  as- the  slope  Increases,  corresponding  to  an  increase 

o  ■ 

in  viscous'  response,  the  strains  at  resonance  decrease  and  the  resonance 
broadens.-  Clearly,  >»1th  all  other  factors  equal,  a  propellant  with  a 

large  slope  would  be  subjected  to  smal  ler  deformations  at  •'•esoiiance. 

* 

‘  The  slope  of  the  shift  factor^versus  temperature  curve  is  a  measure 

of  the  temperature  sensitivity  <sf  the'  visco'elastic  properties  of  a  pro- 

* 

pellant.  Since  the  mechanical  property  temperature  sensitivity  along  with 
inertiaT  loading  conditions  produces  the  nonlinear  jump  instability 
'effect,  it  follows  that  for  otherwise  identical  conditions,  the^jump 
stability' effect  will  be  most  predominant  for  propellants  which  have  a 

9  _ 

large  shiftjifactor  versus  temperature  slope. 

The  above  discuss-ion  has  been  concerned  only  with  what  might  be 
called  ^reversible"  ttSermomechanical  effects  resulting  from  the  propellant 


thermoviscoelastic  properties  and  cyclic  loading  conditions.  "T  rever¬ 
sible"  affects  which  include  fracture,  .degradation  or  decomposition  ^ 

e-r  Jcs  and  autoignition  which  can  be,  the  result  of  the  combined  high 

'  ' 

temperature  arid  cyclic  strain  conditions  of  the  vibration  environment 

/  ,  •  *  %  A 

have  not  been  accounted  for.  These  phenomena  are,  of  course,  also  of 

paramount  importance;  however  the  establishment  of  a  failure  criterion 

•  \  * 

for  the  thermal -vi oration  environment  is  a  difficult  task.  Experience 
has  shown  that  for  the  conditions  sually  encountered  in  solid  rotket 
motor  vibration,  fracture^or  severe  degradation  will  usually  precede 
and  prevent  ten$era£tare  rises  to  levels  at  which  autbignltion  will  occur. 
Propellant  susceptibility  to  fracture, under  prescribed  vibration  con- 
difcions  is  a  s ignificant*f actor  in  practical  situations,  however, 
and  is  found  to  vary  significantly  front  propellant  to  propellant  as  well 

#  <  *•  (t  , 

as  for  various  transient  loading  conditions. 

The  problems  of  physical  or  chemical  degradation  for°the  combined 

’  _ -  t 

therm^nechanibaL environment  is  undoubtedly  the  most  difficult  and  least 

understood  of  the  failure  mechanisms  known  to  be  significant. for  vibration 

of  solid  propellant.  Degradation  of  CTPB  propel iant  under  sustained 

r  1 7i 

vibration  has  been  shown  by  Tormey  and  Britton  .  Degradation  of 

other  composite  propellant  .formulations  has  also  been  shown  Ex- 

* 

perienca  indicates  that  there  is  not  a  .gross  difference  in  the  vibration 
behavior  of  double  base  and  composite  propellants. 

As  mentioned  above,  the  dynamic  behavior  of  simple  geometries  can 

N  ** . 

be  approximated  in  a  relatively  easy  manner  using  lumped  parameter  single 
degree  of  freedom  models.  In  the  following  paragraphs  the  isothermal 
steady- state  slnusoidol  vibration  behavior  of  starpoints  and  the 
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case-grain  interface  under  lateral  vibration  modes,  and  the"  propellant 
grain  under  an  axial  vibration  mode  are  discussed.  The  present atipn  ** 
of  this  material  essentially  parallels  the  developmem  in  reference  15'. 


LATERAL  VIBRATION  OF  A  STARPOINT 

The  star  point  under  a  lateral -.mode  of  vibration  is  idealised  as 

>  , 

a  massless  cantilevered  plate  with  a  concentrated,  equivalent  mass  at 

V  ‘ 

,  its  free  end.  The  model  Is  shown  in  figure  3A.  The  dimension  in  the7z 
direction  is  assumed  suffic"  -..cly  large  so  that  end -effects  may  be  neg¬ 


lected.  The  model  is  excited  at'  the  fixed  end. 


*5* 


TP 

*  r 


i£  equation  pf  motion,  governing  tne  elastic  response  of  the  model 


is 


where 


"i-  ■ 


-Me  V.  *  kvm  8  kV* 


(3.28' 


effective  mass  of  the  1  '±.,ped  mass  systems, 

.  ^  *  lateral  dlspl ace" ;nt  of  the  mass, 

vjj  -  lateral  displacement  of  the  base  support, 
k  *  spring' constant  of  the  model,  t  ■ 

and  the  superior  dots  indicate  differentiation  with  respect  to. time  t. 
The  viscoelastic  response  of  the. model  Is  obtained  in  a  straightforward 
manner  from. the  corresponding  elastic  solution  by  replacing' the  elastic 


spring  constant  of  the  model,  k,  by  a  co^lex  spring  constant  k*: 

x 


k  -  k*,=  (k4  •i  ik") 


rv 


(3.29) 
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LUMPED  MASS  MODEL  OF  SLENDER  STAP.  POINT  UNDER  LATERAL  EXCITATION. 
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LUMPED  MASS  MODE’  OF  INFINITE  SLAB  AND  CASE-BONDED  GRAIN. 


FIGURE  3  Vibration  Models 
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( 


where 

o)  =  circular  excitation  frequency 

p  =  slope  of  relaxation  modulus  versus  reduced  time  curve, 

assigned  constant , 

* 

and  a  power*. law  representation  of  the  complex  soring  constant  of  the  n 
material  hos^een  assumed.  For  the  case  of  steady  state  sinusoidal 
vibration,  the  excitation.  vb  add  the  response,  v^  are  asswned  to  be  of  ■ 
the  form 


vb  •=  Vb  exp{.iu>t) 


(3. 30) 


Vm  =  Vm  exPL^ut  ‘  °)3 


(3 


\ 

.J\ 


where 


v'b  =' magnitude  of  excitation 


V  *  magnitude  of  response 

"  .  ■  / 
u  =  phase  angse 


Substituting  (3.29),  (3.30)  and  (3.31)  into  (3.28),  the  equation  of  motion 

/  *  .  6 

governing  the  viscoelastic  behavior  of  the  model  is  obtained; 


-MQu)2Vm  +  (k‘  +  lie" )  =  (k*  +  ik”)  wnVbe1ct 

V 


(3.32) 


ew  'm  *  ~  m. 

From  this  eoue. .  an  the  amplitude  ratio  of  the  response  to  the  excitation 

K 

is  readily  determined  to  be 


m 


I  +  P  / 


{(1  -  +  e2) 


(3.33) 
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■  3.27 


V 


v. ; 

*  N. 


/ 


' 

where  the  }oss  tangent  e  is  defined  through  the  relation 

—\e 
Q  *  0/k1 


& 


(3.34) 


Equation  (3,^33)  ca*  be  simplified  through  introduction  of  a  natural 
frequency 

,  (3.35) 


■4*"  •  k'^e  ■  ■ 


Q  =  (u:/^n)2  0  - 


and  a  reduced  frequency  ratio 

'  ,  .  (3.36) 

Substituting  (3.3S)  and  (3.36)  Into  (3.33;  a  simpler  expression  for  the 
-amplitude  ratio  is  obtained; 


•hi 


0  ♦  e2ft 


[(1  ••  n)2  +  a2]5* 


(3.37) 


The  behavior  of  the  amplitude  ratio  as  a  function  of  the  frequency  ratio 
n  is  shown  in  figure  4  for. several  values  of  p.  clearly,  the  amplitude 
ratio  is  a  maximum  when  the  excitation  frequency  Is  equal  to  the  natural 
frequency  of  the  model;  that  Is,  when  n  *  1, 
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v  i 

rm 

y."  i 
d  max 


(I  1  B2)^ 
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(3.38) 


The  phase  angle  by  wnich  the  response  lags-  the  exc’tsilon  nay  also 
be  determined  from  (3.32); 


tan  z 


Ssfl 

XT  -  a)  +  e2 


(3,3ST 


.28 


It  is  seen  tyjat  at  maximum  amplification  the  phase  angle  is  simply 

'  .  v  <  ' 

related  to  this  loss  tangent;  viz., 

-  -  4-  ’  _  -  1.  _  .  _ 

-  a  =  tan”1  (1/8)  .  •  _■  (3.40) 

*> 

■  .  ,*> 

(  .  *  /  • 

F.rom  (3.38)  and  (3.40)  it  is  seen  that  the  maximum  amplification 

"  —  \  ?  4 

factor  and  the  phase  angle  lag  of  the  response  can  be  estimated  knowing  _ 
only  one  propellant  physical  property,  namely  the  slope  n  of  the  log- 

'•T 

relaxation  modulus  versus  reduced  time  curve,  knowing  n,  the  loss 
tangent  8  Is  determined  using  th(T>elation  „ 

8  *»  tan  (nir/2)  .  ••  ...  (3.41) 

This  relation  exists  theoretically  for  linearly  viscoelas tip  materials,. 

*  ,  ^ 

however  for  nonlinear,  highly  solids. loaded  propellants  this  relation 
has  been  shown,  to  be  in  error  .  .  nevertheless,  equation  (3.41)  is 

"  "■  »  .  o 

*  •  «  ' 

an  acceptable  approximation  for  preliminary  design  purposes  when  the 
dynamic  behavior  of  the  propellant  is  unknown. 

AUhough  the  complex  stiffness  of  the  model,  or  propellant,  is  not 

»  ‘  * 

* 

required  for  estimating  the  response  for  an  excitation  frequency  equal  to 
the  natural  frequency  of  the  model,  this  Information  is  needed  for  de¬ 
termining  the  response  for  any  other  frequency.  Tfco  effective. mas? 
a?id  the  spring  constant  k*  are  readily  determined  tc  he  1  t 

^  »  (33/KO)  (wi/g),  <3  42) 

and.  k*  -  (i/3)  (h/t)3  E*  -  (1/3)  (h/t)  (S’  +  1E“)ian,  (2-^) 

where  ■’  ' 

w  *  linear  density  of  carti levered  plats', 

length  of  cantilevaredplate ,  *** 


> 


g  *  acceleration  of  gravity  , 

■  ,  *j  c 

h  •'plate  thickness  =  average  thickness  of  starpolnt, 

E*  =  complex  modulus,  - 
*  '  *  Vun  =  storage  modulu-, 

E"oj  =  loss  modulus. 

8  ~  E'7E,,'=  loss  tangent 

/  v  •  ( 

*  «•  ^  \ 

Before  considering  the  lateral  vibration  of  a  cylindrical  port  pro¬ 
pellant  grain  it  should  be  noted  that  the  maximum  amplification  ratio 
(3.36)  Is  also  valid  for  acceleration  forced  vibration.  'Also,  although  it 
appears  that  a  high  loss  tangent  implying  a  large  amount  of  internal 
damping  would  serve  to  decrease  the  amplification  factor,  an  increase  in 
internal  damping  significantly  increases  Internal  heat  generation,  and 
hence  temperature  rise,  at  frequencies  away  from  resonance  since  the 
resonance  is  broadened.  -It  should  also  be  noted  that  the  simple  theory 
presented  here  applies  only  to  Euler-Bernoullll  beams.  When  the  thickness 
of  the  beam  (i.e.,  starpolnt)  Is  such  that  shearing  deformations  becomes 
significant,  (roughly  when  the  height  approaches  the  length),  then 
Timoshenko  beam  theory  must  be  used  to  determine  the  response  [26’  2/3  ‘ 

Finally,  it  should  also  be  remembered  ^Tonly  a  simple  single  degree 
of  freedom  model  has  been  employed  in  the  idealization  of  the  starpolnt 
geometry.  Any  real  continuum,  of  course,  possesses  an  infinite  number 

of  degrees  of  freedom,  however  this  approximation  should  be  valid  for  the 
lower  modes  of  vibration. 


LATERAL  VIBRATION  OF  A  CIRCULAR  PORT  GRAIN 

1  :  w 

The  lateral,  vibration  of  an  infinite  length  cylindrical  port  grain 

is  idealized  by  the  pin-ended  mgdel  shown  in  figure  3B.  The  amplitude 

ratio  (3.33)  is  also  applicaole  for'  this  model,  however,  new  and  different 

* 

values  of  6,  k*  and  M  are  required.  For  the  geometry  of  this  model,  the 
effective  mass  is  given  by 


where 


%  ~  (29/70)  (weJi/g), 


wg  =  Pcbh  +  ppir{b2-a2)  , 


(3.44) 


(3.45) 


w linear  density  of  the  beam, 
i  *  length  of  beam, 
p  =  density, 

h  =  motor  case  thickness, 

» 2b  =  grain  O.D„ , 

"  Za  =  grain  L  D. ,  ' 

and  the  subscripts  c  and  p  refer  to  case  and  propellant  properties 
respectively.  For  this  model,  the 'frequency  terms  are  absorbed  in  the 
re»'  and  imaginary  parts  of  the  complex  spring  constant-. 


where 


k*  =  k'U)  +  ik"(») 


k*  «  |f  {E'A(b'»-a‘‘)/4  +  Ecb3h}  2:  |l  Ecb3h 


(3.46) 


(3.47) 


k"  »  ^|[E"A{b--a“)/4] 
and  the  loss  tangent  is  given  by 
6  =  k1,£.3/4a  E(ib3h. 


(3.48) 


(3.49) 


3.32 


gSa^*®^3!5^5^^SKr'^^sf^J'  sswtrPaw;  j 


Assuming  e  <  <  1,  the  approximate  expression  for  the  amplitude  ratio 
at  a  =  0  is  obtained; 


*  4Ech/E“  1ra),,b  . 


(3.50) 


It  can  be  seen  here  that  high  amplification  factors  may  be  observed  for 

J 

lateral  vibration  because  of  the  strong  influence  of  the  case  stiffness. 
The  natural  frequency  at  resonance  is  approximately  given  by 


(70)C48)£cb3hg 

1ST7T"  ‘ 


(3.51) 


AXI AL  VI3RATI0M 

In  a  manner  similar  to  that  above,  the  axial  vibration  of  a  case- 
bonded  cylindrical  grain  cay  be  treated  by  lumping  its  mass  at  the  renter 
as  shown  in  figure  3C.  The  slab  which  is  also  shown  in  figure  3C  is 

mathematically  equivalent  to  the  cylinder  and  is  used  in  the  following 
section  in  discussing  thermomechanical  coupling  and  heat  generation.  As 
before,  the  grain  is  assumed  sufficiently  long-so  that  an^i  effects -may 
be  neglected. 

As  before,  the  amplitude  ratio  is  also  given  by  (3.37)  with  a  new 

* 

definition  of  the  natural  frequency  w  .  For  this  geometry  it  is  mors 
convenient  to  work  with  a  nondimensional  effective  mass  Mg*  defined  by 


=  ^~§TS  *2  ((*2"D/*2l°ge*  +  2doge*-l)  ,  (3.5Z) 


The  effective  mass  versus  A  is  shown  in  Figure  5. 
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The  soring  constant  is  also  modified  from  that  given  above; 

>■  i 

k*  =  2trG*/1og  A  =  (2?/1og  a}(G’  +  1G>n  , 


Finally,  the  natural  frequency  is  redefined  to  be 
u?~n.  w  .  2vtf/!ar*’  iggA  » 


(3.53) 


a  * 

assuming  s  power  Jaw  repressntat.on  for  the  shear  modulus.  The  loss 
tangent  0  is  now  given  by...  ' 

Ni  & 

6  *  SVG1  '  *  f- 


(3.54) 


(3i55)  ' 


so  that  the  amplitude  ratio  is  indeed  given  by  (3.37)  with  the  maximum 
value  given  by  (3.33), 

,  *  /, 

THERMOMECHANICAL  COUPLING  AND  HEAT  GENERATION 

“  .  -v  .  .  .  ,  •;  •  1 

As  mentioned  before,  sustained  .vibration  of  a  solid  rocket  motor 

can  lead  to  substantial  Internal  dissipative  heating,  particularly  in 

.  •  1 

the  vicinity  of  regions  of  high  local  strains.  The  resulting  high  local 

^  .  c  J 

temperatures  can  produce  significant  mechanical  or  chemical  degradation 

„  *  •  *  >"%-  x 

of  the  propellant,  and  conceivably  even  cause  autoignition  of  the 
propellant.  ■ 

The  nature  of  the  thenmomechanical  coupling  problesfrKas  been-  studied 
for  slabs  under  lateral  vibrations  and  for  cylinders  under  axial  shear 

1  '  7 

vibratior  s,  (see  references  (15,  20  through  24,  and  28).  „  The' slab  shown 
in  figure  3C  is  dynamically  equivalent  to  the  long  solid  rocket  motor 
under  axial  vibration,-  which  is  also  shown  in  figure  3C.  This  slab, 
geometry  has  been  treated  for  one-dimer.oitmaJ^5,  23^^hd  two- 
dimensional  ^  heat  transfer  conditions.  \The  specific  details  of 
these  studies  are  not  presented  here  however,  the, general  results  are 
discussed.  '  '■ 


o 
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For  3  shear  «ode  of  vibration  the  rate  of  mechanical  dissipation  D  is 


given  by 


D  -  wG*  lyvJ  72 


(3.56} 


where  yvu^s  the  shear  strain.  Thus,  dissipation  and  hence,  heat 

*J 

generation  is  seen  to  be  proportional  to  the  square  of  the  strain  magni¬ 
tude.  This  ooints  out  the  significance  of  the  aforementioned  high -local 

strains.  The  strain  amplitude  is  determined  using \ the  ratio  of  output 

*  .  ~  _ _ 

ration  amplitude  to*input  amplitude  and  the  phase  relation.  A  relation 

similar  .to  (3.56)  also  exists  for  stresses  indicating  high  local  stresses 

also  significantly  influence  heat  generation.  It  qan  also  be  been  from 

(3.56)  that  the  maximum  dissipation  occurs  at  the  natural  frequency 

o>  -  u>nl  since  G“  is  a  maxima  at  this  frequency. 

The  nature  of  the  dynamic  response  of  the  viscoelastic  slab  under 

steady  state  thermal 'ihih'VTbration .conditions  is  shown  in  figures  6  and 

7  where  the  amplitude  ratio  and  maximum  temperature  rise  In  the  slab  are 

presented  as  a  function  o-f  the  frequency  ratio  u/uy  In  figure  7  the 

actual  temperature  rise  is  56^F_jtimes  the. reduced  temperature,  The 

*  _  ~~  ~T  ’  * 

normalizing  factor  H  in  these  figures  is  e  thickness  parameter  which  has 
the  dimension  of  length  and  is  defined  by 


(nfl) 
=  2 


(3.57) 


where. 


K  =  Propellant  e6n<Jucti vi ty ,  assumed  constant 
8  =  Propel Tant  losi  tangent  ,  , 

'  ,  ■  i 

n  =  slope  of  relaxation  modulus  curve  , 

»i  *  *  ’  ^  ' 

&n  =  natural  frequency  ’ 
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FIGBRE  6'  Steady-State  Displacement -#hpHtu<te  Ratio  por  ^nertial  Loading;,. 


and  kj  and  a  are  constants  defined  by 

J*  »  (O’  -  iJ")  =  (k1-ik2)  u)“n  e33  .  (3.58) 

The  relation  (3.58)  has  been  found  to  wp!1  approximate  the  complex 
compliance  of  some  composite  propellants  over  a  wide  range  of  fre¬ 
quencies  "and  temperatures  ^ ’  28-^.  In  (3.58)  e  is  the  temperature 
difference  above  a  reference  temperature.  The  constant  a  can  be  deter¬ 
mined  from  the  shift  factor  versus  temperature  curve. 

The  aforementioned  studies  have  also  included  random-loading  pro¬ 
cesses.  The  equations  for  thermomechanical  response  to  stationary  random¬ 
loading  processes  have  been  shown  to  be  similar  to  those  for  harmonic 
loading  t23’  28^. 


VIBRATION  DESIGN  ANALYSIS  SUMMARY 

Before  closing  this  discussion  on  vibration,  some  of  $ie  pertinent 
results  will  be  summarized  for  easy  access.  > 

The  amplitude  ratio  for  forced  displacement  and  forced  load 

. ..  *  , 

vibration  is  given  by  (3.37)  for  the  laterally  vibrating  starpoint  and 
slab  and  axial  shearing  vibrations  of  the  circular  cylinder; 


r“-' 


m 


(1  t-S2)^ 


(3.37-) 


[(1  -n)2  +  B2]4 

It  is  also  observed  chat  for  steady  state  (and  adibatic)  conditions  the 
maximum  amplitude  ratio  depends  on  only  the  loss  tangent;  viz. 


IVJ 

i  n*i 


=  0+B'2)‘78 


( n  ^f*\ 
\  w*  / 
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and  occurs  at  the  frequency  =  un  where 
n '  =  (w/un)2  n  -  1  , 


Ti 


(3.39) 
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3.38 
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and  the  phase  angle 


*..-1  -1 
uan  $ 


(3.40) 


The  loss  tangent  a  c2n  be  estimated  from  (3.  41), 


6  =  tan  (nir/2)  (3.41) 

’n  the  event'  that  actual  propellant  data  is  unavailable,  although  errors 
on  the  order  of  20  percent  are  common  when  using  (3.41)  for  highly  solids  " 
loaded  propellants.  A  typical  value  of  8  is  about  0.5  for  composite 

% 

propellants.  This  value  of  8  gives  a  maximum  amplification  factor  of 
2.25.  The  slope  n  of  the  stress  relaxation  modulus  curve  typically 
ranges  between  0.2  and  0.3  for  composite  propellants,  and  is  somewhat 
/lower  for  double  base  propellants. 

The  maximun  dissipation  is  given  by  (3.56); 


n  _  <•>  u  |  I O  <o 

-  "  X*  I  »Xy  I  /  C  > 


(3.56) 


which  points  up  the  importance  of  minimi  zing -strain  (or  stress)  concen¬ 
trations.  Significant  temperature  rises  were  seen  to  occur  at  frequencies 
equal  to  about  one-half  the  natural  frequency.'-  Results  have  also  shown 
that  an  Increase  in  slab'  thlcknes's  (i.e.,  an  increase  in  grain  web 
thickness)  will  increase  the  steady  state  temperature,  assuming  strain 
is  unchanged.  The  equilibrium  temperature  is  related  to  u>G"  h2|x  |2/2K, 
where  hi  Is  the  slab  thickness.  Disregarding  the  temperature  dependence 
of  G",  doubling  the  slab  thickness  (grain  web  thickness)  results  in  a  four¬ 
fold  increase  in  the  steady  state  temperature.  The  ratio  of  tne  output 
amplitude  along  with  the  phase  relation  determines  the  strain  amplitude 

r>  '  r 

needed  for  estimating  dissipation  and  the  equilibrium  temperature. 

3.39 


3.4  ACCELERATION  LOADS 

Acceleration  loads  can  be  treated  in  the  same  manner  as  shock  loads. 

In  most  cases  normal  acceleration  loads  will  .produce  negligible  stresses 
and  strains.  The  exceptions  to  this  rule  are  the  large  diameter  solid 
rocket  motors  undergoing  1  g  vertical  or  horizontal  storage  slump,  and 
some  tactical  missiles  which  are  subjected  to  very  high  launch  accelerations. 

Storage  slump  of  large  solid  motors  in  which  inadequate  grain  termi- 

.  '  ? 

nations  have  been  provided  can  be  a  critical  design  factor  for  storage 

above  ambient  temperatures.  The  result  is  that  grain  unbonding  may  occur 
at  the  grain  ends.  In  large  diameter  motors  in  whifch  adequate  grain 

,  y  -  • 

terminations  have  been  provided,  large  deformations  of  the  grain  can 
serve  to  constrict ^che  gas  flow  resulting  in  errosive  burning,  particularly 
in  the  area  of  a  submerged  nozzle  or  radial  slots.  At  low  temperatures, 
the  propelTant  stiffness  significantly  reduces  ^lump  deformations.  Para¬ 
metric  curves  for  determining  storage  slump  deformations  are  presented 

in  Appendix  C. 

4  i 

3.4.1  .  AXIAL  ACCELERATION 

The'  shear  stress  at  the  propellant-case  interface  is  given  by 
equation  (3.24)  for  axial  acceleration; 
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'xrz  =  |p  n9  b  (*2"1)/^2  »  (3.59) 

where  a  stress  concentration  factor  of  3  has  been  i nts educed  to  account 
for  stress  concentrations  at  the  forward  grain  termination  point,  and 
*  inertia  effects  due  to  straining  have  again  been  neglected.  For  irregu¬ 
lar  configurations,  the  shear  stress  may  be  calculated  from  the  simple 
formula 

t  =  3  n-g  W/A  ,  (3.60) 

%  I  i- 

where 

W  ‘  =  total  propellant  weight, 

A  ■  total  bonded  a*"ea. 

Head  end  bonding  of  the  propellant  grain  to  thd  case  serves  to  reduce 
acceleration  stresses  by  lessening  thg  propellant  weight  supported  In 
shear  by  the  motor  case.  The  ratio  of  load  carried^fcy  a  full  head  end 
bond  to  the  total  load  for  Poisson's  ratio  v  =  1/2,  is  shown  in  Figure  8 
.  as  a  function  of  length-to-dlameter  ratio,  and  in  Figure  9  as  a  function 
of  the  grain  radius  ratio,  A^.  For  a  value  of  Poisson's  ratio  less  that^ 
1/2,  the  ratio  of  the  load  carried  by  the  head  end  bond  is  decreased.  This 

i  <• 

influence  of  Poisson's  ratio  is  discussed  in  a  following  chapter.  > 

Although  full  head  end  bonding  serves  to  significantly  reduce  accelera¬ 
tion  stresses  and  slump  deformations,  as  Indicated  in  Figures  8  and  9,  the 


low  temperature  storage  and  firing  capabilities  of  the  motor  may  be 

severely  compromised.  Head  end  bonding  effectively  doubles  the  length 

\ 

of  the jpropellant  grain  In  >. dermal  stress  and  strain  calculations. 

The  axial  deflection  at  the  port  of  an  axial  accelerating  propellant 

1  [14 1  - 

grain  is  given  by 
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DATA  SYMBOLS: 


FIGJRE  7  Steady-State  Reduced  Temperature  At  Insulated j Boundary  For  inertial  Loading 
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assuming  propellant  incompressibi 1 ity.  This  relation  can  also  -be  used  to 

/--.l  /■'ill  3.4-^  avia!  <•*  rlnmn  **/*+■  -5  «-  Kw  coHinn  n .  n  u  1 

v<w  i  vm  i  w  wv  w<»  «  w  i  w  vu  i  w  2  ^  •»  »  ytm^  vsi  <  -  ■  W»v-  w  t  v  •  «  «,w  vw  •  <•  ^  ,  . 


3.4.2  LATERAL  ACCELERATION 

J&  The  maximum  inner  bore  hoop  -rain  for  a  rigidly  encased,  incompressible 

cylindrical  grain  subjected  to  a  lateral  acceleration  loading,  is  given  by 
/  (3.25)  ;  viz.. 


/ _ \  _  3  ,  n-q  (x2-l)2 

>(a)  -  T  a  p  Ep  ¥ir- 


{3.25} 


assuming  plane, strain  conditions.  The  strains  in  a  star  perforated  grains 
can  also  be  estimating  using  (3.25)  and  the  stress-strain  concentration 
factors  discussed  in  a  subsequent  section. 

Treating  the  star  point  as  a  thin  cantileved  plate  of  uniform 
thickness  h  and  assuming  propellant  incompressibility,  the  stress  a'; 
the  base  support  (1.e.»  case-grain  interface)  -is  given  by 


a  -  6  n-g  p  t2/h, 


(3.62) 


where  a  stress  concentration  factor  of  2  has  bean  included.  The  deflection 
Gf  the  star  tip  can  be  determined  approximately  using  relation  (3.27); 


“d 


(3.27) 


A  somewhat  better  approximation  than  that  given  by  (3.2?)  can  be 
obtained  by  considering  the  nonuniform  cross-section  of  the  star  point. 
Treating  the  star  point  geometrically  as  a  truncated  triangular  section 


i 

{ 


t  (4) 

(Figure  10) ,  the  deflection  at  -the  tip  of  the  star  point  is  given  by  v 

■  r  ' 


A  =  n-g  1.38  U./H)2  +  (1,13) 


\ 

H 


1 


+  2  (Vrf)2 


(3.63) 


'  ;  J 

for  hQ/H  <  0:1,  where  hQ,  p  and  H  are  defined  in  Figure  10.  .  This  result 
can  also  be  used  for  estimating  the  storage  slump  deflection  of  a  star 
point  by  setting  n«g  =  1  g. 
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3.5  PRESSURIZATION  LOADS 

Pressurization  loads  occur  during  firing  of  a  solid  rocket  motor  and^ 

normally  act  for  a  short  duration  of  time.  In  conventional  geometries,  \ 

* 

.the  hoop  strain  at  the  inner  bore  is  the  cVitical  design  parameter, 
particularly  under  low  temperature  firings  vdiere  the  propellant  has  less 
elongation  capabilities  than  at -high  temperatures.  -^Thase  strains  are  most 
critical  when  low  modulus  materials,  such  as  fiber  reinforced  phenol ics, 
are  used  for  case  materials  since  pressurization  strains  are  Inversely 
proportional  to  the  case  modulus.  ; 
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Assuming  plane  strain  conditions  and  -treating  the  propellant  grain  as 

an  incompressible  material,  the  maximum  inner  bore  hoop  strain  due  to 

ri4]  • 

ignition  pressurization  is  given  by  “  J  * 


b  a2(1~v2} 

Vai  *  "i-  1 


(j.64 


A  \ 


where 


v  =  Poisson's  ratio  of  the  case, 
c 

p..  =  ignition  pressure. 


For  a  grain  with  free  ends  the  pressurization  strain  is  approximately 


given  by 


,  P3 


3,46 


r> 


*— • *  WO 


^'ZDI3 


Copy 


figure  10 


Truncated  Point  Geometry 


/  \/_x  _  3.4  b  A2 
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pi  •  • 


(3:65) 


Equations'  (3.64)  an^d,  3.65)  can  serve  Ho  bound  the  pressurization  strains 

.  '  « 

f  T>  A  v  ^ 

-in  a  finite  length  gWin. 

d  V  <5  ^  »  , 

*  4  "  *  » 

The  hoop  stress  at  the  inner-bore  is  most  easily  expressed  in  terms 

*'  •  ?  j 

of  the  ratio  of  the  case-grain- interfacial  pressure  P1  to  the  operating 

pressure  P^.  Undpr  plane  strain  conditions  a'hd  propellant  incompressi- 

•  .  [14] 

'bi-lily,  this  ratio  is  given  by  L 


(3.66) 


The  inner  bore  hoop  stress  is  then  given  by 


ae(a)-  = 


1  +  X2(l-2P  VP^ 


(3.57) 


It  can  be  sefen  that  for  a  very  stiffHr  thick  case,  (e.g.\  bEp/hEc«l) 
the  hoop  stress  is  approximately  equal  to  the' applied  pre$sbre^- 
It  is  also  seen  that  the..ratio  P‘/P^  decreases  as  the  case  modulus.  Ec 
decreases.  Hence  larger  bore  stresses  and  bore  strain's  are  obtained  for 
propellant  grains  with  low  modulus  case  Materials,*  such. as  fiberglas.. 


Q 


GRAIN 


Equations  (3.64^  and  (3.65)  can  &1sQ  be  used  for' determining  pressurl- 

z  ,ion  strains  in  star  perforated  grains  by  applying,  a  star  valley  stress/ 

;  •  , 

strain  concentration  factor.  -  '  .  . 

0> 

Alternatively,  empiral  relationships  derived  from  photoelastic  tests 

may  be  used  to  estimate  pressurization  stresses, tnd  strains  in  st^r  perfor- 

[99 '  sol  ‘  ’ 

ated  grades  *  .  These  resuUs  are  given  in  terms  of  the  meoclmun 

:  *  / 

hoop  stress  at  the  star  valley  cr*  to  the  applied  external  pressure  PQ; 

3.4ft  '  'A 


H  i  I’8(»)' 


where 


N  J/34/  1  +  X**  f,  ■.  2  /TTfl 
'  ,  WT  T  L1 '^2  >a^J  * 


o  D  «  n 

.  1  -  V 


(3.68) 


a  =  radius  to  star  valley, 

•  ,  * 

•  x  =  b/a, 

N  =  number  of  star  points,  (2<N<8), 

'O -a  star  valley  fillet  radius,  (a/p>4). 

For  an  internally  pressurized  grain  without  a  case,  the  hoop 

-  *  t> 

stress  at  the1  star  valley  is  related  to  (3.68)  by  the  relation 


«  1  +  .H  . 


. (3.69) 


P>  0 
o 


Denoting  by  P*  the  external  pressure  due  to ‘motor  case  restraint,  the 

,  ^  c 

'»  '  <  . 

bore  hoop. stress  is  finally  given  by  ’  i 


1  -  H  1  -  P'/P, 


(3.70) 


The  pressure  ratio  P'/P^  is  evaluated  using  equation  (3.66)  by  replacing 


the  radius  ratio  by  an. equivalent  ratio  X  defined  by 


(3.71) 


Where  the  subscript  w  indicates  equal  web  fraction  (a  thick  walled 
cylinder  with  web  Traction  equal  toy that  of  the  star  perforated  -grain) 

t 

and  the  subscript  A  indicates  equal  area  (a  4hick  walled  cylinder  with 

a  web  fraction  determined  such  that  the  cross-sectional  area  of  the 

cylinder  is  equal  to  that  of  the  star  perforated  grain).  A  further  • 

« 

discussion  on. the  expression  for  calculating  an  equivalent  cylinder, 
(eq.  (3.71))/  is  presented  in  section  3.7.7  of  this  chapter. 


v 


O  ’ 


The  strain  at  the  star  valley,  assuming  plane  strain  conditions 

v  ,  ' 

and  propellant  incompressibility',  is  given  by 
s 


‘8(a) 

pi 


^  h  { !  -  .  • 


(3.72) 


Comparison  off  the  stress  given  by  {3.70)  and  the  strain  given  by 
(3.72)  with  finite  element  computer  solutions  has  demonstrated  that 
these  expressions  are  adequate  for  predicting  pressurization  stresses 
and  strains  in  star  perforated  grains. 


3.6-  FINITE  LENGTH  END  CORRECTION  FACTOR 

The  results  presented  in  the  previous  sections  are  based  on  the 

assumption  of  plane  strain  conditions.  The  range  of  length  -  to  - 

*  ' 

diameter  ratios  and  grain  radius  ratios  for  which  this  assumption  ‘ 
yields  valid  results  has  been,  previously  shown  in  figure  2.  The 
corresponding  results  for  finite  length  grain  geometries  can  be  ob¬ 
tained  by  applying  numerically  obtained. end  correction  factors. 

4 

For  example,  the  hoop  strain  In  a  finite  length  hollow  cylinder  under 
uniform  thermal  cooling  can.be  written  in  the  form 

r 

'  .  (.3.73) 

where  is  the  flnltp  length  end  correction  factor  defined  as  the 

ratio  of  the  strain  (displacement)  at  the  center  o*  the  cylinder  of 

finite  length  to  the  strain  In  ah  equivalent  cylinder  of  Infinite  • 

length.  Curves  of  P  obtained  through  numerical  calculations  ard 

presented  in  “figure  11  as  a  function  of  length  -  to  -  diameter  ratio 

for  various  values  of  the  grain  radius  ratio  x  ,  figure  12  as 

[1,  4,  16  ] 

a  function  of  x  for  several  .length  -  to  -  diameter  ratiQS^ 

* 

3.50  '  ^ 
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In  a  similar  manner,  the  hoop  stress  at  the  inner  bore  can  be  written 
in  the  form 

o0(a)  *  ?.X2  aR  Ep  ?0  4T  ,  (3.74) 

and  the  radial  bond  stress  at  the  case  grain  interface  represented  by 

l 

°r{b)  s  °R  Ep  (x2'1}  Pr  AT  *  ■  ‘  (3-75) 

*  / 

Where  and  Pr  are  the  respective  finite  length  correction  factors. 

Curves  of  P  and  Pr  versus  x  are  shown  inffgures  13and  14  respectively 
for  several  values  of  the  length  -  to  -  diameter  ratio. 

v 

3.7  STRESS/STRAIN  CONCENTRATION  FACTORS  FOR  STAR  PERFORATED  GRAINS 
In  addition  to  correcting  for  finite  length  geometries  all  of  the 
previous  expressions  obtained  for  hoop  stresses  and  strains  or  the  f 

•i 

^  '  « 

inner  bore  of  a  hollow  cylindrical  grain  can  be  used  in  analyzing  star  ! 

.  / '  i 

perforated  grain  geometries  by  applying  a  star  valley  stress/strain 

f 

concentration  factor  K^.  Numerous  photoelastic  investigations  have  been  ? 

conducted  to  evaluate  K,  experimentally  for  numerous  geometries.  The  <=, 

[pg] 

studies  discussed  here  were  conducted  by  Fourney  and  Parmerter 

and  dealt  with  simple  slot  grain  geometries,  the  effect  of  slot  wfdth, 

positive  and  negative  wedge  angles  and  elliptical  slot  tips.  These 

results  have' been  parameterized  In  terms  of  the  number  of  star  points, 

web  fraction,  slot  width  ratio  and  fillet  radius  ratio.  Parametric 

curves  of  these  test  results  are  presented  in  appendix  D* 

In  the  present  section^  empirical  relationships  which  were  developed 

•  * 

during  the  course  of  the  aforementioned  photoelastic  studies  for  qultkly 
calculating  concentration  factors  are  discussed.  These  relations  have 
been  demonstrated  to  be  adequate  for  estimating  star  valley  concentration 


factors. 
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RADIUS  RATIO  %  x-b/a 

FIGURE  13  Tangential  Bore  Stress  Reduction  Factor  for 

Flat  End  Cylinders  of  Finite  Length  Verjus 
Radius  Ratio' 


In  the  course  of  conducting  experimental  photcelartic  grain  stress 
analyses  the  stress  concentration  parameter 


H  »  -  ae(a)/P0  '  •  *'  (3.76) 

is  directly  measured,  where 

3 

9(g)  *  star  valley  hoop  stress, 

p 

o  *  externally  applied  pressure. 

The  stress/strain  concentration  factor  used  in  performing  grain 
structural  analyses  is  related  to  the  photoelastic  parameter  H  through' 
the  following  relation: 


'1 


aM 

2a2 


H 


(3.77) 


The  behavior  of  the  normalizing  factor  {x2-l)/2x2  as  a  function  of  a  is 
shown  in  figure  15.  This  factor  approaches  an  asymptotic  value  of  Y2 
for  large  x* 

*> 

3.7.1  SIMPLE  SLOT  GRAIN  GEOMETRY 

One  quite  simple  relation  for  estimating  strain  concentrations 
in  simple  slotted  grain  configurations  makes  use  of  the  simple  geometric 

-v-  f  31  1 

relationship  L  J  4 


u  _  28?“0i 

Ki  ’ 


I 


(3.78) 


where  the  angles  8j  and  e2  are  definedijn  figure  16.  A  plot  of  yersus 

X 

the  ratio  of  ej/92  is  also  shown  in  figure  tin  Equation  (3.78)  is 
Unofficially  reported  to  produce  results  which  are  In  close  agreement  with 
actual  bore  strain  measurements  of  MINliTIMAN-WINS  II  and  POLARIS  A3  motors. 


1 
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The  results  of  fairly  extensive  testing  by  Fourney  and  Parmeter- 


have  shown  that  the  test  data  obtained  for  the  simple  slot  contigu^ation 

.  ,  '  ^  ■ 

(figure  17)  may^be  represented  by  the  einpiric^T^quation  (3.68),  which 


may  be  written  in  the  alternate  form, 


H  =  N 


-1/: 


.F-a 


1+2  ^a/p  '  j 


(3.79) 


where 


\ 


N  3  number  of  star  points,  ’  / 

a  =  radius  to. slot  tip, 

b‘=  outer  grain  radius,  _  • 

*  ,  £  /  ^ 

p  -  slot  tip  fillet  radius*  ‘  -  '  ’  .  \  1 

This  expression  has  been  shown  to  provide  ah  adequate  prediction  of 

*  ■  ,  »  '  *- 
,/ 

the  concentration  factor  for  geometries  with  two.  to  eight  "starpoint.s; 
except  near  the  limit  point  a/p  -*■  1.  For  any  value  of  N^a^.  implies 


a  circular  port  grain  in  which  K^=  1  or  H  =  2x2/(x2-l ), irrespective  of 


/ 


N.  The  validity  of  (3.79)  for  a  larger  number  of  star  points  has  not 
been  demonstrated,  however,  the  excellent  agreement  obtained  for  values  i 
of  N  between  two  and  eight  intuitively  indicates  that  this  expression 

r 

should  be  adequate  for  preliminary  design  analysis  purposes.  : 

Modifications  to  the  simple  slot  geometry  typically- introduced  by 
the  structural  analyst  to  reduce  star  valley  concentration  factors  include 
increasing  the  slot  width,  introducing  positive  or  negative  wedge  angles 
of  the  star  slot  or  introduction  of  an  elliptical  slot  tip.  Typical 
photoelas^ic  test  results  for  these  geometries  for  N  =  4  are "discussed 

>  1  r  ‘  \ 

in  the  following  paragraphs.  More  extensive  results  are  presented  and 
discussed  in  Appendix  D. 
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3.7.2  SLOT  WIDTH  EFFECT  .  • 

The  Influence  of  -the  slot  width  geometry  (figure  18)  on  the  photo- 

A 

elastic -parameter ‘H  is  shown  in  figures  19  and  20.  '  It  is  to  be  reted 
that" the  parameter  H  is  significantly  reduced  for  values  of  the  slot 

width  factor  d/2p>l.  This  result*  indicates  the  stijoog  desir-abi  1  fty  of 

?  ’  * 

f  avoiding  semi-circle  slot  tips  whenever  possible.  It  is  also  noticed 

'  «  j*  < 

that  a  minimum  value  of  is  obtained.  The  exact  value  of.  d/2p  where 

,  #  1  1 

this  minimum  occurs ^however,  if  seen  to  be  a  function  of  the  port- 

1  > 

fraction  ,a/b  and  the  fillet  radius  r#t1o  e/p. 


3.7.3  POSITIVE  WEDGE  ANGLE  GEOMETRY- 

'TypicalL  results  for  the  positive  wedge  angle  geometry  shown  in 
figure  21  are  presented  in  figure  22  as  a- function  .of  the  wedge  angle  & 
for  a  fixed  a/p  =  8  and  N  =  4.  The  limit  line  at  a  =  90° ’ corresponds “ 
to  a  circular  port  grain.  The  values  of  H  at  V?  0  correspond  # o  the 

*■  '  f  o 

.  ^  *  A  » 

simple  slot  geometry  (figure  ]7).;.  It  is  observed  that  for  moderate 

) 

positive,  wedget  angles  (e.g.,  OO*}  significant  decreases  in  the  stress  * 
(strain)  can  be  obtained. 


3.7.4  NEGATIVE  WEDGE  ANGLE  GEOMETRY 


N 


iypical  test  results  for  the  negative  wedge  angle  geometry  (figure 


1  ZZy  are  presented’ iri /igure  24  as  a  function  of  the  wedge  angle  s.  In 


^thiscase  the  limit  line  atj?  =  90°  corresponds  to  asquare  with  a, finite 

^  ,  +  J  '  A 

^  radius  of  ^curvature  p  at  the  corrrsrs.  The  limit  s  -  0  dgain  corresponds 

^  *  \  'I  \ 

to  the  simple  slot  configuration  (figure  17).  It  can  be  seen  from  th,j.s 

•  •  :  -  .  7  ]  .  ‘  .  - 

curve  that  the  variation  of  H  as  Wqpction  of  e  is  negligible  for  angles 
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up  to  45  degrees.  This  result  indicates  that  most  practical  star 
perforated  geometries  with  negative  wedge  angles  may  be  treated  as 
simple  slotted  grains. 

3.7.5  ELLIPTICAL  SLOT  TIP  GEOMETRY  _  _  . 

The  last  geometry  modification  studied  extensively  by  Fourney  and 
Pamarter  was  that  of  the  elliptical  slot  tip  shown  in  figure  25.  The 
parameter  e  in  these  tests  is  the  ratio  of  the  minor  axis  of  the  ellipse 
to  the  major  axis  of.  the  ellipse.  A  value  of  e  *  1  corresponds  to  a 
semi-circle  slot  tip  and  hence  a  particular  type  of  simple  slotted  con¬ 
figuration.  When  e  Is  small  (&+0)  the  slot  tip  resembles  the  type  used 
in  the  slot  wldtV^ffect  tests.  Since  the  semi-circle  slot  tip  has  one 
point  of  stress  concentration  and  the  geometry  used  in  the  slot  width 
effect  tests  has  two  points  of  .concentration,  it  Is  intuitively  felt 

that  at  some  interned! ate  value  of  e  a  transition  from  one  point  of 

.  .0 
*  \ 

concentration  to  t#o  points  of  concentration  must  occur,  and  that  at 

this' transition  the  stress  should  be  uniforaly  distributed  around  the 

tip.  One  also  feels  that  this  transition  will  represent  a  mininum  stress 

configuration.  Fourney  and  Parmerter  found  that  this  was  Indeed  the 

case.  A  configuration  of  minimum  stressj  occurs  for  a  value  of  e  in  the 

range  0.35  <  e<0.70,  and  at  a  value  of  e  where  the  transition  from  one 

% 

concentration  point  to  two  concentration  points  Is  occurring.  The  be¬ 
havior  of  the  stress  factor  H  as  a  function  of  e  is  shown  In  figure  26 
for  a  fixed  a/p  =  12  and  N  =  4.  The  shaded  region  In. this  figure  indi¬ 
cates  the  value  of  r  at  which  a  minimum  H  occurs. 
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V.3.7.£  ^TEMSiOM  OF  PHOTOSLASTIC  TEST. RESULTS  /  '  - 

i  "  <','r3rTr  •  »  •  i 

|  In  the  previous' paragraphs  only  the  photcelastic  test  results  for 

/  '•  ♦  /  *  . 

•  f opr- slotted  'grata  corn  uratidris  have,  beeh  presented.  These  results  - 

/  -  .  V  .*>  {  \  "  ’• 

can  be  extended  quite  easily,'  nowever,  tp  any  .reasonable  number  of  star 

points.  In-  the  experimental  investigations  it  ^a$  found  that  for  the 

five  geometric  configurations  defined  in  figures  17f,  21 ,  23  and  25,  ^he 

stress  parameter  H  was  Inversely  proportional  to' the  cube  root  of  the 

number  of  starpoi nts  (i.e.,  Half  ^3)  for  values  of  H  between  3  and  8. 

•  ••  .  \ 
This  fact  allows  th%  str  ,cpncentr anions  presented  in  figures  15,  20, 

22,  24  and  26  to  be  extended  to  grain  geometries  with  N  jf  4  by  nufl-tiply-v  • 

,  ^  4  i  3  .  ,3 

ing  the"  stress  factor  H  by'  A  and  dividing  by  ✓¥  far  the  particular 

•  .  *  •  N. 

,  x  •  . 

■  number | of  star  points  in  the  geometry  under  consideration.  This  extension 
is  vf^Vfor  values- of  N  between  S^and  8,  and  can  quite  likely  be  ex- 

.  '  •  f  r  '  -  *  • 

tended  to  higher  values  of  N  with  proper -engineering  judgment. 

Fourney  and  Parmerter's  -investigation  also  demonstrated  that  in  all 
cases  other  than  the  slot  width  test's  the' functional .  dependence  of  tW  .  , 
stress  factor  H  on  the  fillet  radius  is-  linear  with  a/p..  This  behavior 

*/  *  .  V 

is  illustrated  in  figures  27  through  29  for  the  positive  wedge  angle  tests, 

4 

tne  negative. wedge  angle  tests  and  .the  elliptical  slot  tip' tests.  These 
curves  ces^be  used  to  scale  the  previously  presented  results  irf&figures 

22,  24  and  26  to  the  particular  fillet  radius  ratio  a/p  being  analyzed. 

*  •  \ 

«  .-•  In  geometries  in  which  slot  width  is  important  in  reducing  the  ^ 

stress  concentrations/ the  result^pTrasented  in  figures  19  and  20  must 

i  •  .  ■*.  - 

be  used  in  scaling  the  dependence  of  H  on  a/p  for  the  particular  port  . 
fraction  a/b  and  slot  width  parameter  d/2p  for  the  grain  being  analyzed. 


\  O- 
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.  FIGURE  27.  VARIATION ;OF  PARAMETER  H  WITH  FILLET  RADIUS  RATIO  a/p  FOR  POSITIVE  WEDGE  ANGLE  TESTS 


.  FiGURE  28.  Variation  of  Parameter 


Variation  of  PaHa&i#r  K  With  Fillei  Radius  Ratio  a  i/p  For  Elliptical  Slot  Tip  Tests,  N  *  4,  e  *  0.8 


The  dependence  on  the  number  of  starpoints*  as  mentioned  above,  however, 

_  1  /  ,  '  X 

obeys  the  N  /3  rule.  . 

The  maximum  deviation  between- experimental  data  and  results  calcu- 

v  * 

plated  using  the, above  scaling  rules  was  found  to  be  less  than  7%  for  ‘ 

°  ,  «  X  .  ' 

* 

values  of  N  between  3  and  8.  This  deviation  Is,  of ‘course,  quite  accept¬ 
able  for  a  preliminary  design  grain  structural  analysis. 

3.  8  DESIGN  ANALYSIS  PROCEDURE  SUGARY 

Before  continulng  further  the  procedure  one  fallows  In  estimating 
'  1 

the  sthess/strain  concentration  factor  for  a  given  star  grain  geometry 
is  briefly  summarized.  The  most  rapid  technique  for  estimating  concen¬ 
tration  factors  Is,  of .course,  to  use  .the. simple  equation  (3. 78)  or 
f1gure(iT6.  this  method  Is  what  has  become  to  be  known  classically  as  a  v 
“back-of-the  envelope13  calculation*  and  Is  most  often  Carried  out.  {and 
inc1dehtaHy^^^ended)nf»hil|(  the  structural  analyst -is  peering  over 
the  shoulder  of  the  gr^h  de^gner  and  being  asked  to  comment  on  the 
sectoral  adequacy  of  _ajfo  tor  ^design  "r  ( 

-  -r-*  In  cases  where'mori more  sophisti¬ 
cated  .results  areyteslrsd  equations  (3. ?0),  and  (3 .??>,  and' the  results 

-  r  —  ~ '  (  , 

discussed  in  the  previous  sections  are  rksdBseended  for  estimating  concen.- 
tratlon  factors.  TH6  photoelastic  test  model,  which  corresponds  to  the 
given  grain  configuration  Is  selected  from  figures  17,  18,  21,  23  and  25. 

In  the  case  of  $  IsrpIVsT sttsdhgral *-  geometrJ  es'i  nd  geometries  with 
negative  wedga  angles  In  which  the  hal f~sngTe~1e  less  than  roughly  25  * 
degrees,  the  photoelastic  parameter  H  is  calculated  directly  using  / 
equation  (3.79)  and  the  str*ss,Vtrgin  concantratlon  factor  K<  calculated 

using  (3.77). 
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For  geometries  in  which  the  slot  has  been  widened  to  reduce 


concentrations,  the  port  fraction  a/'b,  the  fillet  radius  a/o  and  the  slot 
width  factor  d/ 2p  are  determined  for  the  particular  grain  geometry.  The 

i  t  ~~  » 

value  of  H  for  a/b  ■  7QX  for  the  particular  values  of  a/p  and  d/2p  is 
then  determined  frcm  figureJlGf.  This  value  of  H  is  then  .scaled  using 
figure  19  to  the  appropriate  port  fraction.  The  resulting  value  of  H  is 
*  next  scaled  for  geometries  in  which  N  f  4  by  multiplying  this  value  by 

3  <3  K 

-L — and  dividing  by  fTT  .  The  concentration  factor  K^  is  then  finally 
determined  frdn  ^guatiof^{3.77)  where  the  normal iztng  factor  (x2-l)/2x2 
may  be  determine^  directly  from  figure  15.  - 

In  geometries  which  have  positive  wedge  angles  (figure  21),  the 
pertinent  geometric  parameters  are  the  Included  wedge  angle  a,  the  port 
fraction  a/b,  the  fillet  radius  ratio  a/p  and  N,  the  number  of  star  points. 

Is  selected 

from  figure  27  for  ft  *  4  and  a  *  30°.  For  wedge  angles  which  are  other 
than  30°,  this  value  Is  scaled  using  figure  22  to  correct'  to  the  proper 
wedge  angle.  In  case  N  t  4  the  final  result  is  again  obtained  by  multi- 

3  3  f 

plying  this  last  value  of  H  by  A  ,  dividing  by  &  and  using  equation 

/ 

(3.7jS)  or  figure  15  to  determine 

The  identical  procedure  to  that  suggested  in  the  previous  para¬ 
graph  now  using  figures  28  and  24  Is  used  in  obtaining  the  concentration 
factors  for  grain  geometries  w'lth  negative  wedge  angles  in  which  the 
included  angle  Is  greater  than  50  degrees.  As  mentioned  above,  the  con¬ 
centration  factor  for  geometries  with  wedge  angles  less  than  50°  can.be 
calculated  directly  using  aquations  (3.79)  and  .(3.77). 


Knowing  a/b  and  a/p  for  the  given  grain  geometry,  a  value 

a 
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For  gecmet  -<es  with  elliptical  slot  tips,  a  similar  procedure  as 
that  in  the  previous,  paragraphs  Is  used,  with  figures  29  and 

■»  -i 

26  treaties  *»  the  ratio  of  the  minor  to; major  axis  of  the  ellipse  as 
the  variable  quantity.  When  It.  ls  ballfstlcally  feasible*  ft  Is 
recommended  that  the  val tie  of  e  L*  selected,  which  gives  the  minimum  H 
for  the  particular  port  fraction  a/b  required.  -  -7  ~ 

In  earlier  Investigations  Foumpy  and  Parmerter  also  studied  the 
Influence  of  the  Inverse  star  point  on  the  stress  factor  H 
Although  only  a  limited  number  of  tests-were xonducted, 4hjMr«uUs 
suggest -that  fdr  values  of~the' ratio ~a’7a  (see  figure  ^or- definition, 
of  a' )  up  to  60*  no  apparent  difference  from  the  results  obtained 
for  simple  Slot  configuration  Is- noted.  At  a  value  of  a' /a  *  89*,  how- 
'  ever,  significant  reductions  to  the  stress,  concentratl cn  H  are  obtained. 
T^se  results  Imply  that  for  grain  geometries  with  thick  webs  and  short 
starpolntsi  concentration -factors  obtained  by  the  methods  discussed  In 
the  preceding  paragraphs  will  lead  to  overly  conservative  predictions 
of  the  stresses  and  strains  In  the  grain. •  For  these  geometries,  the 
appropriate  stress/straln  concentration  factor  must  fee  obtained  from 

photoelastic  tests  of  the  actual  geometry. 

*  / 

■  ’  A 
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3,9  EQUIVALENT  HOLLOW  CYLINDER 

»» 

In  considering  problems  which  Involve  a  thickwalled  hollow  elastic 
cylinder  bonded  to  a  thin  elastic  casing  and  subjected  to  an  internal 
pressure  or  thewnal  load,  the  classical  Lame  solution  can’  be  used  by 
replacing  the  cas«a  by  an  equivalent  uniform  pressure  P* .  For  a  thick- 

i  .  ■ 

walled  infinite  length  cylindrical  grain  subjected  to  an  internal  pressure, 


the  interface  pressure  is.given  by 


^  s  Stgaaat  . 
yi \  p1 


[143 


TTT7T 


2v)a2  ♦ 

P 


(x2-l)  (Nv2)  bE 

W^jnc 


rr7 

f  5TT: 


,  (3.80) 
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where  allowance  has  been  made  for  a  compressible  grain. ,.„It  can  b  seen 
that  for-  an  incompressible  grain  (\hJ*)  and  ^  thin  case  (bEp/hEc  «1), 
the  interface  pressure  P*  is  approximately  equal  to  the  applied  Internal 

r 

pressure  P,.  The  maximum  inner  bore  hoop  stress  oa  (a)  and  hoop  strain 

P 

e.  (a)  are  then  given  in  terms  of  P'  by  the  relations 


(«) 


and 
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9p  , 

P1 


2*2  £ 
TA^Ty  P7 


.  X2*}]  2*2  Pp 

+  I*TJ  ~  w^l  P7 


(3.81) 


(3.82) 


The  problem  of  a  hollow  elastic  case  bonded  cylinder  subjected  to 
thermal  loads  also  admits  the  classical  Lame  solution  by  determing  the 
equivalent:  case-grain  Interfacial  pressure  P|  required  for  compatible  case 

and  grain  deflections.  For  uniform  cooling,  the  Interface  pressure  Pi  Is 

!  * 

given  by, j 

3.79 
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(1-v^)  bE  \ 
1  ♦  <l-2vp>X*  ♦  <xM>  ^4  RE* 

P  ^ 


(3.83) 


The  maximum  inner  bore  hoop  stress,  oa  (a),  hoop  strain  eft  (a)  and  case- 

,  eT  6t 

grain  Interface  bond  stress  ar^(b)  are  given  In  terms  of  P|  for  uniform 


cooling  by  the  relations 
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and. 
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(3.85) 


(3.86) 


These  expressions,  (3.80)  through  (3.86),  can  be  used  for  determin¬ 
ing  pressurization  and  thermal  stresses  and  strains  In  long  case-bonded 
bellow  cylindrical  grains.  The  end  correction  factors  discussed  In 
section  3.6  can  also  be  applied  to  account  for  finite  length  effects-. 

The  validity  of  the  above  equation  for  determining  the  interface  pressures 
in  star  perforated  grains,  however,  is  in  doubt  when  the  web^comes 
thin.  If  the  web  is  thin  the  external  pressure  will  not  be  uniform  and 

shear  transfer  between  the  case  and  grain  may  be  appreciable.  Equations 

%  ” 

(3.80)  and  (3.83)  may  still  be  used  to  determine  Pr  however,  by  choosing 
a  value  of  A  which  properly  represents  the  ;;tar  grain  as  an  ''equivalent 


3.80 


«.-»  -  ’.-*54$'.-  "■‘'f  ■ ; '  •-’ 

7:rx& -^x  ^  . 


t 


0 


thlckwalled  cylinder."  intuition  clearly  indicates  that  the  equivalent 
cylinder  lies' between  an  equal  web  fraction  grain  cylinder  and  an  equal 
area  cylinder.  Calculations  based  onVi  equal  web  fraction^ecjuivalence 
yield  a  lower  bound  to  the  stresses  while  an  equal  area^equi valence 
yields  a„  upper  bound. 

Recently  Fourney  and  Parmerter 

for  case-bonded  arid  free  star  grains  obtained  by  Becker  and  Brisbane 


[29] 


i-have  compared  computer  solutions 

[33] 


for  thermal  anji  pressure  loads  With  their  photoelastic  test -results. 

\  >» 

They  found  excellent  agreement  for  the  free  grain  for  both  stress  and 
strain.  For  the  case-bonded  grains  however,  the  maximum  stress  calcu¬ 
lations  showed  good  agreement  when  the  equivalent  pressure  P1  was  calcu¬ 
lated  using  an  equal  web  fraction  equivalent  whereas  appreciable  error* 
developed  In  the  strain  calculations,  particularly  for  large  values  of 
the  stress  concentration  parameter  H  and  values  of  v  *  0.5.  Using  the 
examples  reported  by  Becker  and  Brisbane  and  sample  numerical  calculations 
of  their  own,  Fourney  and  Parmerter  hav  derived  tentative  rules  for 
finding  a  better  equivalent  cylinder,  "she  comparisons  of  Fourney  and 
Parmerter  showed  that  the  correct  .equivalent  is  much  closer  to  equal  web 
fraction  than  to  equal  area,  indicating,  that  the  star  grain  material 
inside  an  equal  web  fraction  cylinder  is  not  effectively  utilized  in 
profiding  hoop  stiffness.  The  area  of  this  ineffective  material  is  pro¬ 
portional  to  C('lAw)2  -  (lA^)2]  where  refers  to  an  equal  "Web 
fraction  equivalent  and  refers  to  an  equal  area  equivalent.  The  re¬ 
sults  of  Fourney  and  Parmerter  indicated-  that  considering  th,fs  area  to 


This  thlckwalled  cylinder  is  equivalent  in  the  sense  that  the  pressure- 
P‘  calculated  using  (3.80)  or  (3.83)  with  t*e  chosen  value  of  x  Is  equal 
to  the  average  value  of  the  normal  stress  the  case  exerts  on  the  actual 
star  grain. 

3,81 
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>be  20*  effective  in  increasing  hoop  stiffness,  considerable  improvement 
In  the  accuracy  of  strain  calculations  is  obtained.  They  proposed  that 

for  the  purpose  of  calcinating  the  Interface  pressure  P',  an  equivalent 

/  '  / 

cylinder  be  calculated  using  equation  (3.71);  viz; 
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(i_)2  .  (i_)2 
W  ,  lxAJ 


(3.71) 


Based  on  comparative  examples  It  was  found  that  when  x  was  used  to 

d 

calculate  P' ,  the  maximum  error  In  stress  was  less  than  10*  and  the 
maximum  error  In  strain  was  less  than  15*.  These  results  are  adequate 
for  preliminary  analysis  purposes  and  represent  a  considerable  improver 
ment  over  results  obtained  using  xw  or  x^  for  calculating'?'. 

When  dealing  with  star  perforated  grains  the  Interface  pressures 
Pp  and  P|  are  calculated  directly  using. (3-80)  and  (3.8$)  with" the  equiva¬ 
lent  grain  radius  ratio  x_  defined  by  (3«71).  In  calcuTatiog^fefre 
appropriate  stresses  and  strains,  however,  expressions  (3.81)  and  (3.82), 
and  (3.84)  and  (3.85)  must  be  modified  to  Include  the  star  valley  stress/ 
strain  concentration  factor  or  equivalently  the  photoelastic  parameter 

H.  These  modifications  have  been  introduced  previously  for  pressure  load¬ 
ing  of  a  long  Incompressible  grain,  and  resulted  in  equations  (3.70)  and 
(3.72)  for  determining  pressurization  stresses  and  strains;  i.e., 

-  1  -  H(1  -  P'/Pp  ,  (3.70) 

_  \ 

«  —  H(1  -  P*/Pi)  .  (3.71) 
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and 
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Similar  results  for  uniform  cooling  of  an  incompressible  star* grain 

i_  -  '  •  C» 

are  easily  obtained  from  equations  (3.84)  and  (3.85) oby  applying  'the  * 
stress  concentration  H;  viz; 


and 
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o  (a) 
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(3.87) 


(3.88) 


These  results  are  equivalent  to  equation? ‘(3.5)  and1  (3.7)  when  these 

latter  equatio/fs  are  multiplied  by  the  factor  K.  =  2X?';/(;2-l ).  The  , 

radial  bond  stress  c..s(b)  Is  given  by  (3..%)  and  is  orfly  sensitive  to 

rT  *  . 

the  effective  radius  ratio  \p. 

It  can  be  seen  that  equations .13.70),  (3.71),  (3.87)  and  (3.88)- a,re 

•  • 

quite  sensitive  to  the  interface  pressure  P’and  hence  to  the  prcpellant 

, 

compressibility  and  case  stiffness.  It  has  already  been  pointed  out 
that  for  a  very  stiff  base  (bE  /hE  <<1),  P‘  -*■  Pf  as  v  -  For  stiff, 
but  not  rigid  cases,  and  nearly  incompressible  propellants  better  results 

(  *  .  ,  V 

r-  ,  / 

can  be  obtained  by  expanding  the  interface  pressures  Pp  or  Pj  in  a 
truncated  finite  series  expansion.  Noting  the  similarity  between  (3.80) 
and  (3.83)  and  defining,  '  • 

O-v^  bE. 
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.Carrying  *out  the  expansion  of  (3*90)  for  <S<1,  one  obtains, 

.  .  <j 

=1  -  6  +  62  -  S3’+  4  •  ; 


<3.91) 


Now  only  those  terms  which  are  significant  compared  to  unity^need 

to  be  retained  in  CcThwMating  and  hence  Pi  sor  Pi*  This  procedure 

:  “  4  ’  p 

Should  lead,  t^ja  better  estimate  of  the  stresses  and  strains  In  fi  solid 
propellant7  rocker  mdtor  grain.  The  influence  of  Poisson^ ratio  can  ^ 


also  be  considered  in  an  ad  r.oc  manner4  by  letting  v  =  %  -  A  w£ere 

>  /  .  • 


ijur 


_ 'h  <  <  } ,  and  retaining  only  first  or  second  orae ('""terms  in  a. 


Since, inn orjpore  hoop’ strains  are  usually, the  critical  design 


parameter  for  conventional  mo tbr  designs,  and  also  since  treating  the 


case  as"  being  rigid^and  the  propel!  ant  as  incompressible  leads  to  . 
conservatively  high  prediction  of  these  strains’,  the  modification  of 


the  previous  paragraph  need  not  be  considered  In  a  preliminary  design 


(  •>  «  v  ★ 

analysis  unless" the  design  is  found  to  be  marginally  safe  using  con- 


servative  analysis  techniques.  In  thes^.  cases,  however,  a  cautious 

,  %  f 

y  V  "  *'  * 

interpretation  of  the  improved  result  is  strongly  recommended  .In  view 

of  possible  variations  in  the  propellant  physical  property  or  environt; 

•  \  * 

mental  response.  > 


3.10  CLOSURE 


This  chapter  has  presented  a  summary  and  discussion  of  the  recom- 


V 


mended  techniques  cJaonly  employed  throughout,  the  sqlid  proDellant 


rocket  industry'ifor  conducting  preliminary  design  analyses  of  solid  pro¬ 
pellant  rocket  motors.  As  mentioned  In  the  ‘i  htro&icti  on  these  onalyses 
are  capvied  out  to  determine  only  if  a  particular  grain  design  has  merit 
and  to  obtain  qialdl 


itatv 


r--  recommendations,  for  structural  .improvements. 
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•  techniques  discussed  in  this  chapter  are  applicable  to  conven-  ' 
tional  grain  designs.  These  methods  are  not  directly  applicable  to, 
say,  full  H  otted  grains,  cartridgef  loaded  grains,  ^trip  bonded  grains 
•o^  grains  with  geometrical-  transitions  (e.g.,  star  geometry  to  circular 

„  »'  t 

port  transition),  .Techniques  for  analyzing  motors -in  a  spin  environment 

have  also  not  been  include!  • 

^  y  J 

The  influence  of  Poisson'1  s  ratio,  consideration  of  finite  deflections 

„  ‘  "  Rr  ' 

and  further  discussion  cn  the  app’l fcabi  1 1  ty  and  usefulness  of  e  Griineisen 

relation  are  also  presented  in  a  subsequent  chapter.  The  sensitivity  of 

/• 

analysis  results  to  Poissons  ratio  indicates  further  studies  on  the 

,  ,  fc 

effects  of  stress  state,  strain  and  time  on  .Poisson's  ratio  and  the  bulk 

-response  of  propellant  need  to  be  carried  out.  Introducing  a  Gruneisen 

#  * 

relation,  even  in  ad  hoc  manner,  serves- .fo  remove  the  sensitivity  of 

analysis  results  to  Poisson's  ratio,  however  ’a  much  better  chpracteriza- 

v  •  y  *  ' 

"tipn  of  ther-bulfc  response  of  propellants  is  reqijjred  for  universal  , 
acceptance  of  such  a  relation. 

.Finite  deflections  also  become  important  in  the  pressurization  of 


motors  with. low  modalus  case  materials,  such  as  fiberglas,  where  strains 

\  •  -  i 

on  the  drder  of  20%  are  not  uncommon.  *-• 

1  >  '  A  ' 

The  methods  presented  herejiave  all  been  SaSed  on  linear  elasticity 
theory  with'  indications  given  of  the  means  of  extending  these  result's  to  . 

,  J  * 

include  linear  viscoelastic  response.  It  is  generally  accepted.. th*t 
solid -propellants  are  not  1 .near  elastic  materials,  nor,  for' that 

'  i 

matter,  linear  viscoelastic  materials.  Unfortunately,  an  adequate 
nonlinear  constitutive  theory  has  not  yet  been  formulated.  Applicltion 
of  even  the  most  simple  nonlinear' constitutive  theory  suggested  to  date 
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-  introduces  significant  computational  difficulties  and  requires  extensive 
^  characterization  testing  for  the  particular  propellant. involved.  Because 
of  the  limited  objectives  of  a  preliminary  design  analysis,  these  con¬ 
siderations  ahe  ,not  required -and  one  Is  well  justified  in  using  linear 
theories  at  the  preliminary  design  stage.  A  discussion  of  nonlinear 
material  behavior  and  the  Inclusion  of  nonlinear  constitutive  theonses 
./•  in  more'  refined  final  design  analyses  is  presented  ln?’Cha»ter  11. 

*  '  *  .  -  -43 

In  presenting  analysis  methods,  oftef^morii  than  one  approach  has' 

*■  ■  (  \  ■ 

been  given.  In  general  the  al ternate; approaches  will  give  slightly 

i  5*  '  '  .  - 

better  results.  For  example,  equation  (3.27)  gives  the  approximate 
deflection  of  a  star  point  tip  subjected  to  a  lateral  acceleration  yhen 

*  a  • 

t|e  star  point  1?  treated,  as  a  canti lever  beam  of  uniform  thickness 
whereas  equation  (3.63)  gives  the  iame  result  treating  the  star  point 
li  a  fcantillvered  beam  with  a  truncated  triangular  cross-section.  , 
Pffessurization  strains  in  star  perforated  grains  may.be  obtained  by 
simply  applying  ^concentration  factors  to  equation  (3.S*)Wl  (3. 65)  or 
.  they  may  be  determined  from'  (3.72)  when  the  case-grain  Interfacial  : 

{Pressure  Is  determined  using  an  equivalent  hollow  cylinder.  Similarly, 

.  atar  valley  stress/strain  concentration  factors  may  be  determined  quite 
.simply  using  equations  <3.7©-)  on  (3.79),  or  the  results  in  flaure  18 
through  29  can  be'  used  te  give  a  footer  .estimate,  ^The  criteria  for  dey» 

.  ciding  which  of  the  alternate  approaches  should  be  used  Involves  con- 

*  V 

sideration  of  the- time  and  funds  given  the  structural  analyst  to  carry 
out  the  required  task-,  the  complexity  of  «bhe  grain  geometry  and  the 
severity  of  the  load  environment.  Another  significant  factor  In  making 
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this  decision  is  past  experience  with  similar  grain  geometries  under. 

t 

similar  loading  conditions.  .  ■ 

*-  Firally  it  should  be  mentioned  that  the  analyses  discussed' here 
need  not  be  carried  out  in  detail  in  every  preliminary  design  analysis. 
Clearly,  one-need  not. consider  dynmic  or  acceleration  loading  of  a  motor 
which  is  only  going  to  be  subjected  to  static  firing.  For- conventional 
geometries  with  typical  total  ass  environments  the  critical  design  para- 
meter  is  the  inner  bore  hodp  strain  under  combined  low  temperature 

storage  and  ignition  pressurization.  High  temperature  acceleration  and 

_  #  ' 

*  ,  * 

shock  loadings  only  become. the  controlling  design  factor  for  sophist,!- 

*  rt  v  *  # 

eated  high  acceleration  air  launched  attack  missiles  or  surface-to-air 

anti -ballistic  missiles.  Vibration  effects  will  also  be  insignificant 
*  *■  -** 

except  in  the  ease  of  a  star  perforated  grain  with  long  thin  star  .points,  ' 
or  highly  confined  high  mass  fraction  motorp  wherret the  volume  -expansion 
due  to  the  temperate  rises  associated  with  sustained  vibration  result-  4 

A 

,  •  « 
in  significant  caso-grain  interfscial  sheer  stresses.  Aerodynamic 

r  $ 

heating  effects  will  almost  always  be- negligible  when  the  motor  case  is.  """n 

-  r^-r  '  & 

externally  insulated. 
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3,11  NOMENCLATURE 

a.  ■  G»aLn  Inner  Radius  ‘ 

fe  ■*  Grain  Outer.  Radius 
D  *  Motor  Diameter 
E  =  Tensile  Modulus 
h  *  Case  TMckness'- 

,  H  *  Mean  Pressure  Function  v 

K-  =  Bulk  Modulus 

Ki  *  Stress/Strain  Concentration  Factor 
k  «  Spring  Constant  : 

kw  »,  Complex  Spring  Constant 
t  =  Motor  Length  ’ 
l  *  Length  of  Starpoin£ 

He  *  Effective  Mass 

N  “  Number  of^Starpoints 

*  *  Slope  of  Relaxation  Curve 
P  “  Pressure 

^  n  Finite  Length  Correction  Factor 

Tj  fv,  Zero  Stress/Strain  Temperature 
t  -  ,TiB* 

»  Displacement  * 

V  *  Volume 

a  »  Phase  Angle 

no  * ,  Coefficient  of  linear  Expansion 
a,&  *.  Constant  '  '  5 

8  •  *  Loss  Tangent  f 

8  n  Gruneisen  Parameter  { 
a  *  Deflection 

*  t 

«e  •*  Hoop  Strain 

y  ^  Radial  Strain 

c2  *  Axial  Strain 

x  »  fe/a  »  Grain  Radius  Ratio 

A  *  larr<e  Constant 

Si  *.  First  Stress  Invariant 

p  3  Propellant  Density 

p  *  .Star  Valley  Radius.  < 

e6  “  Hoop  Stress 

<>r  *  Radial  Stress 

°z  Stress  ^ 

t  *  Sheer  Stress 
y  *  laiss  Constant 
v  *  Poisson's  Ratio 

w  *  Circular  Frequency  3  gg 

fl  B  Normalized  Frequency 
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IV.  FINAL  DESIGN  ANALYSIS 
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4.1  INTRODUCTION 

The  final  stage  of  a  grain  structural  analysis  is  performed  after 
a  preliminary  design  analysis  has  Indicated  the  potential  adequacy  of 
a  given  grain  configuration.  Whereas  a  preliminary  design  analysis 
normally  Investigates  loads  and  regions  of  a  propellant  gralrv  generally 
thought  to  represent  critical. structural  Integrity  parameters,  under 
sfn$>!1fying  assumptions  and  approximations,  a  final  design  analysis 
usually  encompasses  the  total  loading  environment  and  the  entire  pro¬ 
pellant  grain,  normal!]'  under  Ijgss  restrictive  assumptions  and  approxi¬ 
mations. 

*  e  • 

The  level  of  sophistication' required  in  the  final  analysis  and 

^  *  *.  ,  ♦ 

design  stage  is  determined  by  the  complexity  of  the  grain  configuration 

and  the  severity  of  the  loading  environment.  Presently,  the  final 
stage  of  a  grain  structural,  analysis  involves  extensive  use  of  approxi¬ 
mate  numerical  techniques.  Fe#  closed-form  analytical  solutions  are 
obtained  during  the  final  analysis  stage  because  of  the  complexities 
of  the  problems  Involved  and  the  relative  ease  of  developing  numerical 

analysis  methods  for  obtaining  approximate  solutions.  A  brief  descrip- 

'  V 

tiers  of  the  nimierlcal  techniques  commonly  used  throughout  the  solffi 
propellant  Industry  Is  presented  here  alogcj  with  a  discussion  of 


4,1 


currant  Industry  practices.  A  detailed  summary  of  the  application  of 

numerical  methods  to  structural  integrity  problems  has  been  presented 
Cl  21  • 

kw  f)  ’  »*•  J  Ti,.  ri.Ji.  - 1 _ _  A. - -  l _ I 


by  Parr 


The  application  of  the  finite  element  method  to 


[3] 

grain  stress  analysis  problems  has  been  reviewed  oy  Andersorv  The 

4  t 

summary  of  the  finite  element  method  presented  below  is  supplemented 
by  a  more  thorough  development  in  Appendix  B. 

4.2  NUMERICAL  TECHNIQUES 

,  s, 

,  * 

The  first  applications  of  numerical  methods  to  the  structural. 

analysis  of  solid  p*t  pliant  grains  involved  use  of  finite  ^difference' 
techniques  The  finite  difference  method  requires  replacement 

*  f*  ''  '  . 

of  the  governing  field  equations  by  a  set  of  finite  diffe%ice  equations 

[9t  ‘ 

using  Gaussian  elimination  or  successive  over-relaxation* methods 
The.  finite  difference  technique  is  particularly  well  suited  for  solution 

'  *  i  ^ 

of  equations  of  Laplace  or  Poisson  type,  and  thus  finds  greatest  use  In 
the  solution  of  steady-state  heat  conduction  or  torsion  problems 1  The 

method  is  not  particularly  well  suited,  however.  For  problems  involving 

'  ^ 

several  materials.  Irregular  shaped  boundaries  or  mixed  boundary  con- 

[10]  •  -e  .  * 

ditlons  although  Steyer  has  proposed  a  more  flexible  theoretical 

development  of  the  finite  difference  approach  to* treat  these. situations. 

In  the  past  few  years  the  finite  element  method  has  almost 

entirely  replaced  finite  difference  routines  since  i  rregul  ar  shaped. 

boundaries  are  mor£  easily  handled, 'and  greater  freedom  in  material 

properties  is  allowed.  Materials  can  be  anisotropic  as  well  as  iso- 
*  '  ? 
tropic,  and  bodies  of  several  materials  can  be  analyzed  quite  easily. 

The  finite  element  method  is  a  numerical  discretization  procedure 

which  represents  an  extension  of  the  techniques  originally  used  in  the 


structural  'analysis  of  ordinary  trained  systems.  The  impetus  for  the 
use  of  finite  element  techniques  in  analyzing  'continuum  structures 
came  from  Turner,  Clough,  Martin  and  Topp  who  pointed  out  that  a 

r*  •  3  s 

continuum  structure  could  be  treated  as  a  collection  of  elements  such 
that  the  deformation  of  every  element  was  completely  determined  by  the 
node^s  bounding  it,. and  that  the  addition  of  element  stiffness  could 
be  reduced  to  a  routine  procedure  If  the  components  of  the  displace¬ 
ment  at  every  node  ware  referred  to  a  common  coordinate  system.  The 
method  offers  tremendous  versatility,  and  with  each  new' generation  of 
computers  increasingly  more  complex  and  more  sophisticated  analyses 
are  routinely  carried  out.  It  tr  --.ted  however  that  the  results  are 
subject  to  some  uncertainty,  as  will  become  apparent  in  subsequent  discus 

.sions.  The  accuracy  and  reliability  of  the  finite  element  method  is 

-  *  -  •»  * 

directly  proportional  to  the  Intelligent  use  of  the  method  and  inter-'^ 
pretation  of  the  results.  Caution  must  be  exercised  in  posing  the 


problems  to  be  solved  3nd  in  model-'  g  the  problems  for  computer 

.  „  ^  •  *  ;  ■ .  ■  a  / 

analysis.  Properly  usec^and  Interpret  ,  the  finitfe  element  method 

Is  as  satisfactory  an  analysis  tocUas  any  pther  analysis  method. 

Finite  element5 solutions  normally  begin  with  the  statement  of  a 
variational  principle.  A  functional  is  defined  which. has  the  relevant 
physical  variables  of  the  problem  as  its  arguments.  A  variational 
theorem  is  thejr  developed  which  shows  that  the  particular  functions 

•t  , 

from  a  certain  class  of  admissible  functions  whi ch'mtfvimi ze  the  func- 
tional  are  those  which. satisfy  the  governing  differential  equations  of 

<  j 

•the  problem.  The  displacement  formulation  of  the  finite  element  method, 
also  known  as  the  (direct)  stiffness  method, has  found  the  most  use  in  ' 
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linear  elasticity  problems  .  In  this  case  the  Theorem  of  Minimum 
[12]  '  • 

Potential  Energy  ,  which  states  that  the  potential  energy  assumes 

>  N 

'  c  - 

an  absolute  minimum  for  those^displacemsnts  satisfying  the  equilibria 

* 

equations,  provided. that  the  classes  of  admissible  displacement  func- 


■&- 


tions  are  restricted  to 'those  satisfying  compatibility  and  the  dis- 
*  -  *  1  ,  « 
placement  boundary  conditions,  Is  employed. 

'*  -  f  s 

The  above  minimization  process  is  systematized  by  noting  that 

.  <  v 

certain  features  of  the  direct  stiffness  finite  element  technique  may 

• '  ;  .  2 ' 

be  interpreted  as  applications  of  the  Rayleigh-Ritz  Method  .  The 
Rayleigh-Ritz  procedure  consists  of  assuming  a  trial  family  of  solutions, 
j^rich  depend  upon  a  number,  of  arbitrary  parameters.  The  unknown 
.parameters  are  determined  In  such  a  manner  as  to' mind ml ze  th*  functional 
(e'.g.,'  Potential  Energy).  In  this  procedure  the  best  solution  within* 

»  .  »  '  o 

tho  original  class  of  asinisslble  functions  Is  obtained;  and,  under 

’  r  C  .  v  »j, 

certain  ;;mpleteness  and  continuity  restrictions,  the  minimization 
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process  tends  monotonically  to  the  correct  answer  as  the  number  of 
elements  Increases.  The  finite  element  analysis  using  non- conforming 
elements  (i.e. ,  elements  for  which  some  or  all  -center,  ity  requirements 

v  _  „ 

are  violated  on  element  interfaces }\  is  not  a  simple  foos  of  the  Ritz 

.  /  *  \ 

♦  '  ’  J>  *  ‘  . 
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Variational  theorems  have  been  developed4 for  complementary  energy 
and  mixed  enevxiy  fermuUtiorrs;  -however,  these  are  not  extensively 
since  they  require  selection  of  element  stresses  satisfying  the 
equatTons-of^quilibrium.  ’Jn  addition,  the  flexibility  or  redundant 
force  methcd,vir!clr^5--eqylvalent  to  the  complementary  energy  formula¬ 
tion,  is  more  difficult  to^rogram^jnd^execute  on  a  ^esiputer  since 
•the  composite  fl6.dbiH.ty  matrix  is  not^for^d^bydirect  adult,  m  of 
the  cr  responding  components  of.  the  elemer-t  flexlltHty-jnatrices  as 
.  Is  the  Hi  tuition  In  the  xs»i' fries s  formulation.  '  — — 

2  i. 

-or  this  reason  the  finite  eleme.-t  method  Is  often  called  the 
extended.  Hits  Method 
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procedure  since  the  energy  density  on  element  Interfaces  Is  Infinite. 

\  c  / 

The  ana’ysls  is  usually- performed  by  evaluating  the  necessary  inte¬ 
grals  as  a  sum  .over  the  elements  Ignoring  the  interface  contributions. 
The  discretized  equations  do  not  define  a  minimum  but  a  stationary 
condition,  in  general,-  and  the  finite  element  solutions  generated  by 
element  subdivision  do  noc  constitute  a  minimizing  sequence  for  the 
energy. 

The  finite  element  method  requires  approximation  of  the  body 
being  analyzed  by  a  nisnber  of  subregions  or  elements.  These  elements 
are  usually  a, collection  of  triangles  which  are  combined  into  quadra- 
lateral  elements  during  execution  of  the  program  in  order  to  minimize 
stress  oscillations.  In  the  displacement  fpraiulatlon  dlsplace- 
aents  are  approximated  in  each,  element  by  a  function  which 

Introduces  the  nodal  point  displacements  *s  the  unknowns. 

The  potential  energy  is  minimized  over  each  element  yielding  a  system 
of  algebraic  equations  for  the  unknown  displacements.  The  solution  of 
this  system  is  the  displacement  field  from  which  che  stresses  are 
calculated.  The  displacement  functions  are  normally  assumed  to  be 
linear  within  each  triangular  element  in  order  to  guarantee  ir^er-  ' 
element  compatibility.  In  areas  where  the  actual  displacement  field 
is  linear,  a  linca*  pproximation  is  adequate  with  large  elements. 

In  areas  where  the  displacements  are  progressively  more  nonlinear, 

'such  as  case/grain  termination  points,  the  elements  must  be  made 
progressives  smaller  in  order  to  approximate  the  actual  displacements 
In  addition,  errors  ir  the  displacement  approximation  produce  even 


* 


larger  errors  in  stress  calculations  since  the  stresses  are  related 

'  *  **  •* 

to  the  derivatives  of  the  displacements.  •  ‘  ' 


i 


4  4.3  OUTLINE  OF  THE  FINITE’ ELEMENT  METHOD 

Present^  the  finite  element  method  is  commonly  used  for  two- 
dimensional  (i.e.,  plane  stress,  plane  strain,  axl  symmetric), 

J  * 

quasi-static  linear  elastic  stress  analysis.  Extensions  to  three- 
**  »  * 
dimensional  geometries,  linear  viscoelasticity  and  thermoviscoelasticity 


and  dynamic  phenomenon  in  .both  elasticity  and  viscoelasticity  have  been  _ 
made;  howeyer,  these- more  sophisticated  palyses  are  not  used  on  a 
routine  basis  as  yet  “in  the  structural  analysis  of  solid  rocket  motors, 
mainly  because  such  programs  are  quite  expensive  tu  run. 

The  approach  commonly  employed  throughout  the  rocket  industry  ' 
involves  modeling  three  dimensional  behavior  by  a  series  of  two- 

dimensional  problems.  Shell  elements  are  frequently  Introduced  to 

•  *  .  > 

model  the  motor  case.  Considerable  1  attitude  is  available  in  the 
specification  of  boundary  conditions  and  material  properties,  Forres 
or  displacements  may  be  prescribed  in  either  coordinate  direction  at 
boundary  nodal  points.  Distribuied^tres^and~4n^:raure.-4oads--along  any~  " 
portion  of  the  boundary  may  also  be  prescribed  with  the  programs 
internally  converting  these  to  concentrated  nodal  point  forces  as 
required.  Internal  generation  of  body  forces  such  as  centrifugal , 
forces  or  accelerations  is  also  allowed-  Provision  is  also  made  for 

*r 

different  element  temperatures.  The  internal  grid  network  Is  often 
automatically  generated  using  a  linear  interpolation  or  Laplacian 
scheme  to  simplify  computer  input. 


4.6 


As  mentioned  above  the  propellant  may  be  treated  as  an  orthotropic 

t 

*  * 

material  in  most  programs  if  desirea.  Nonlinear  propellant  behavior 

•  *  r  <*  , 

•is  also  handled  quite  easily  and  many-,  prog  rams 'a  re  routinely  equipped 
to  handle  bilinear  behavior.  * 


INCOMPRESSIBLE  REFORMULATION 

*  ** 

A  problem  arises' 4/sing  the  displacement  formulation  of  vhe  finite 

element. method  for  materials,  for  which  Poisson's  ratio,  v,  approaches  ' 

[ 

one-half  indicating  incompressibility  in  infinitesimal  deformation 
theory.  The  theorem  of  minimum  potential  energy  is  equivalent  to  the 
Navier  displacement  formulation  of  the  classical  elasticity  field  equations, 

1  K  V  ' 

and  it  is  w(  known  that  the  Navier  displacement  formulation  is  not  valid 
for  incompressible  materials.  Since  «rl id  propellants  exhibit  incom¬ 
pressible  or  nearly-incompressible  material  response  {v  >  0,49},-  the 
displacement- formulation  of  the  finite  element  method  does  not  give 
acceptable  solutions"  to  problems  involving  these  materials.  As 

5  ,  / 

•3 

Poisson's  ratio  approaches  one-half  si§nificant  errors  ere  introduced 
in  the  finite  element'solution  for  the  difcplaciri^nt  field  due  to  the 
appearance  of  the,  term  Of  l-2v  in  denominators  of  the  governing 
equations.  Even  more  serious  Inaccuracies  occur  in  the  stresses, 
since  the  stresses  are  related  to  the  strains  through  the  constitutive 
laws*  md  the  strains  must' be  obtained  from  msnerical  differentiation  . 

of  the  displacement  field.  This,  normal  Ill-conditioned  behayior_As _ _ _ _ 

reliever  cons|derably^us.ing tlerf^^r'-TTefonm/l ati on  -^3.14J  or  over_ 
'lapping  elements L"' *  J.  There  is  still  a  tendency  for  soifie  osci Hatton 


of  stresses  however,  in  problems  of  high  restraint  and  values  of 
Poisson's  ratio  near  one-half,.  There  is  some  indication  that  highly 


4.7 


constrained  problems  may  be  amenable  t,o  meaningful  solution  by 
introducing  the  Gruneisen  ratio  a?  an  independent  material  , 
property 

The  Incompressible  reformulation  most  in  use  throughout  the- solid 
propel'lant  industry  is  attributed  to  Herrmann  and  considers  only 

4 

mechanically.  Incompressible  materials.  These  are  materials  for  which 

%  i 

stress  produces  no  volume  changes,  but  temperature  indufced  volume  - 

t 

changes  are  allowed.  In  treating  mechanically  Incompressible  response. 


Herrmann  introduces  a  new  mean  pressure  function  H  as  an  additional 
.  ...  . .  .  -  _ _  .. _ _ «  -r _ [13]  , 


unknown.  In  the  earliest  reformulation  Herrmann  and  Toms 


related 


the  mean  pressure  function  H  to  the  mean  pressure  a  by  the  relationship 


(4-1) 


Later,  in  connection  witfiV modi  fled  Relssner  Variational  principle 
Herrmann  took  this  relationship  to  be  In  the  non-dimensional  form  Ll 


u  -  3q 


(4-2X 


In  the  development  of  a  variational  theorem  for  incompressible 

i  '  -  *  r-\gi 

Orthotropic  elasticity  Taylor,  Pister  and  Hermann L  took  the 
mean  pressure  function  H  to  be  simply  the  mean 'pressure  o - -independent 
of  PoiSscn’s- ratio.  'Key  !’1'S^  has  proposed  a  reformulation  for  aniso- 
tn>pie  elasticity  which  appears  to  be  less 'sensitive  to  numerical 
Inaccuracies  since  the  volume  strain  occurs  only  in  the  common  consti- 
tutive  law  relating  the  mean  pressure  and  the  volune  strain.  His 
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y  **  -.t^wcwe^ 


*****  **  ’ 


equations  of  equilibrium  involve  only  tbr  deviatoMc  components  of 

.  -  M,  j 

strain' and  the  gradient  of  the  mean  pressure.  A  comparison  of  seme 
of  the  reformulations  for  Incompressible  elasticity  has  been  presented 

i  r  Vfttt  J  1  3  Vi  rtf  LI  ^  Mn/li  i^A/l 


by  Yeh 


For  definiteness,  thp  later  definition  o*  H  introduced 


by  Herrmann  and  given -by  (l)  will  fce  used  in  the  following 

discussion,  Jn  this  form  H  is  the  mean  pressure  o  in  the.  limit  of 
Poisson's  ratio  equal  to  one-half.  Completely  equivalent  results  can 

(i 

be  ootafned  using  any  of*$evera!  definitions  for  H.. 

The  classical' theory  6f  coupled  thermoelasticity  requires  the 

•  /r  ran 

solution  of  the  16  equations  1  ■* 


T(j,J  +  f,  ■  pS,  ■  . 


c(j  *  j(u(.j  +  Uj.i) 


T.J  =  \«i}  *  2m,  j  -  S4T  6, 


KT,^.  =  pcyT  +  6eT 


for  the  16  unknowns  u^,'eO,  and  the  temperature  T,  for  small 

excursions  from  the  reference  temperature  T*  such  that  the  material 

o 

response  functions  are  essentially  constant,  independent  of  temperature 
Using  (1)  as  a  definition  for  H.  it  is  observed  from  4  that 


a  =  =  (3A+2p)(e-3aAT) 


4.9 


<3 


e_3aAT '  tr^rl^0  =o-2--)i 


Thus,  using  (6),  (4)  may  be  written 


ru  *  + 


* 

The  reformulated  displacement. equilibrium  equations  .'then  have  the 
form  * 


H.,;  +  u  u,| , jj  +  f.+  oyT^  =  0 


Equations  (6)- (8;  are  now  valid  for  all  adnissible  values  of  Poisson's. 

ratio  (0  <  v  <  Jj),  and  (6)  and  (8)  form  a  system  of  four  simultaneous 

• 

equations  from  which  the  unknown  displacements  U1  and  the  mean  pres¬ 
sure  function  H  are  determined. 
v> 

Following  this  reformulation,  Herrmann  developed  a  variational 

[j4] 

principle  to  be  used  in  conjunction  with  the  Ritz  method  and  the 

v 

finite  element  formulation. The  displacements  u,  are  assuned  to  be 
linear  within  each  element  and  hence  continuous  across  element  boun¬ 
daries,  and  the  mean  pressure  function  H  is  assumed  to  be  constant 
within  each  element.  The  nodal  point  displacements  and  element  values 
of  H  are  treateo  as  unknowns.  Hughes  and  Allik  ^  nave  conducted  a 
study  which  indicates  computational  efficiency  may  be  improved  by 


k‘*  *'*^V»*i * 


assuming  a  linear  variation  of  the  mean  pressure  function  H  across 
each  element.  Anderson  ^  further  discusses  this  ref ormul ati on . 
v  ’  In  Herrmann's  reformulation, and  in  the  ^rformance  of  thermal 
stress  analysis  of  elastic  materials  in  general,  the  elastic  modulus 

«i  ♦ 

E,  Poisson's  ratio  v  and  the  linear  thermal  expansion  coefficient  a 
are  tacitly  Assumed  to  be  independent  of  each  other.  For  supposedly 
incompressible  materials  this  assumed  Independency  leads  to  a  physical 
inconsistency.  Focusing  our  attention  on  (6)  it  is  normally  assumed 

'  .  V.  '  / 

that  v  -*■  %  while  X  -*•  »  ;  however,  the  quantity  p  e  X(l-2v)/2u  remains 
finite  such  that  e  =  3aAT.  This  inconsistency  can  be  removed  if  one 
considers  that  the  three  constants  E,  a  and  v  are  not  independent 
but  are  related  through  the  Gnineisen  relation. 


8  -  pCyY  =  (3X+2p )  a 


(4-9) 


The  Grineisen  ratio  y  may  be  defined  through  statistical  argu- 
F231 

ments->_J  or,  as  a  thermodynamic  derivative  which  can  be  expressed 


in  terms  of  other  thermodynamic  quantities 


For  many  solid 


propellants  it  may  be  adequate  to  assume -0  to  be  a  constant  since  the 

product  pCy  is  essentially  constant.  Surland's  compressibility 
r25  261 

experiments  L  ’  ,  although  limited  In  number,  suggest  that  y  should 

be  reasonably  constant. 

Typical  composite  solid  propellant  data  indicate  that  6  should 
range  between  68  ahd  100  psi/°F.  Although  this  variation  appears  to 
large,  it  should  be  noted  that  this  variation  is  inherent  in  any  pro¬ 
pellant  grain  stress  analysis  because  of  the  difficulties  associated 


-  — 


with  precise  experimental  determination  of  the  bulk  propellant  physical 

.  .  & 

and  thermal. properties  required  for  a  grairv  stress' analysis.  The 
particular  form  of  the  parameter  8  given  here  by  (9)  was  first  sugges¬ 
ted  by  freudpnthai  in  connection  with  thermal  stress  analyst 

of  metals  with  inelastic  stress-strain  behavior.  The  potential 
usefulness  of  such  a  relation  in  conducting  solid  propellant  grain 
-  stress  analyses  was  pointed  out  by  Fitzgerald  in  reference  29.  The 

*  j  *• 

theoretical  foundations  and  physical  interpretations  of  the  Gruneisen 

fl  7  *1 

ratio  have  been  explored  by  Fitzgerald  and  Hufferd  Lw-'.  . 

'  ’  1 

Using  (9),  equation  (6)  can  be  written  in  the  form 


(4.10) 


From  (10)  it  is  seen  that  as  v  *s  ,  (3X+2p)  ■+  and  now  e  =  0,  * 
rather  than  e  =  3oAT. .  It.  is  also  noted  that  the  factors  associated 
'  with  one-dimensional  restraint,  a£  =  8 ( 1 - 2 v ) ,  and  two-dimensional 
restraint,  aE/(l-v)  =  B(1-2v)/(1-v),  vanish  for  v  =  h  while  the 
factor  associated  with  three-dimensional  restraint,  (3X+2y')  =vC£/0-2v)-  =  8, 
remains  bounded  instead  of  becoming  infinite.  Thus  the  usual 

r  i' 

inconsistencies  encountered  in  the  conventional  formulation  of  incom¬ 
pressible  thermoelasticity  are  removed  when  8  is  introduced  as  an 

'  ■  •  -e 

•  independent  constant  rather  than  a.  Although  Herrmann's  reformulation 

4. 

''considers  only  mechanical  incompressibility,  the  introduction  of  a 
Gruneisen,  parameter  8  allows  consideration  of  true  isochoric  response  in 
what  appears  to  he  a  logically  consistent  manner.  The  assumption  of  incom¬ 
pressibility  is  now  clearly  associated  with  the  vanishing  of  thermal  stresses 
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*?*'  %  f  r^,  '*  v*-/*  *  t* 


except  in  Che  limiting  case  of  complete  three-dimensional  restraint. 

The  parameter  s  represents  the  hydrostatic  stress  associated  with  a 
temperature  change  of  1°F  under  conditions  of  three-dimensvonal 
restraint..  This-  result  is  physically  appealing.  Many  materials, 
including  solid  prope’ laritsf  have  a  v*alue  for  Poisson's  ratio  Which  is  , 
very  nearly  equa>  to  one-half,  although  these  materials  dp  not  have  a 
vanishing  thermal  expansion  coefficient,  nor  for  that 'matter,  an 
Infinite  bulk  modulus.  As  a  res cl v  these  materials  are  typically  • 
idealized  as ‘mechanically  incompressible  materials  with  the  embarrassing 
result  that  the  predicted  infinite  stresses  do  .not  develop  for  even 
finite- temperature  chariges  of -a  completely  restrained  body*-'  Thfe  .para-' 
meter  b  allows  for  the  more  reasonable  development  of  finite  stresses 
under  these  conditions. 

Anderson  nas  explored  the  use  of  overlapping  tension  2nd  shear 
elements  which  avoid  the  necessity  of  reformulation  for  v  =  1/2. 
Alternating  elements  carry  normal  and  shear  stresses  respectively 

and  overlap  to  cover  the  complete  structure.  Using  these  elements  no 

*  s 

displacement  constraint  effect  occurs  for  nearly  Incompressible. 

materials,  and  experience  has  also  indicated  *he  absence  of  stress 

r  . 

oscillation.  Continuity  of  displacements  along  element. boundaries  is 

not  obtained  with  these  elements;  however,  exp^ience  has  shown  that  .  - 

finite  element  analysis' using  nonconforming  or  incompatible  eiemerits 

may  give  good  results  in -some  cases  Apparently  completeness  of 

the  assumed  displacement  functions  is  more  important  than  continuity 

in  demonstrating  convergence  of  the  solutiorM^-^.  however f  the  con-  4 
,  ’  :  ‘  i  '  ’  ‘ 

vergence  will  not  necessarily  be  mcnotonic.  Lack  of  completeness 

destroys  convergence. 


i 


DEVELOPMENT  Of  BASIC  EQUATIONS 


i  - 


The  essential  equations  for  the  determination  of  any  element 


stiffness  are 

- 

V' 

(e)  =  [B-3  (uf) 

(4.11) 

and 

* 

, 

(0)  *  [D}'({e>  -  {e^})  • 

* 

(4.12) 

in  which 

«  .  .  a  . 

. 

© 

<e}  »  colusm  matrix *of  strains  at  a  point  in  the  element, 
{ej}  «  column  matrix  of  Initial  strains  due  to  temperature 


changes^' chemical  shrinkage,  crystal  growth,  etc.; 


^5*  a  matrix  of  nodal  displacements; 

[B]  «  transformation  matrix  relating  strains  and  di  spl  acemer  ts ; 

{p>  3  col urm  matrix  of  stresses.  -  .* . 
and  •  , 

.  [D]  =  material  property  matrix.  ■ 

For  an  IsotrOpic  material. 


CD] 


X+2u  A  A  0 

X  A+2y  y  0 

X  X  A+2y O’ 

.o  *  •  e  o  *  m 

0  0  '  .0  0 

0  '0  o'  0 


0 

p 

0 

0 

u 

0 


d 

o 

•v  0 

0 

.  -o' 

y 


’  / 
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General-Ty  *  polynomial  displacement  function  is  assumed  so  that 
the  displacements,  (u}>  at  a  point  in  the  element  are  by 


(u>  =  CM]  (a) 


(4.13) 


in  which 


{a}  =  matrix  of  the  coefficients  of  the  polynomial  (i.e.,  the 
generalized  disolacements); 


[M]  =  transformation  matrix  relating  [u]  and  (a).  • 

The  relationship  between  strain  and  displacement  at  a  point 


.(e)  =  [A]  {u} 


(4.14) 


where  [A]  is  a  maftrix  of  differential  operators.  The  relationship 
<  • 

between  strain  ar.d  displacement  is  therefore  '  ,  , 


{e}  =  [a].  [M]  {aL 


(4.15) 


The  nodal  point  displacements  follow  from  (13)  as 


{^1  =  CM,]  (a) 


(4.16) 


<  *  4 

*  ? 


\  * 


r 


-*■  -  &**rm*V**r-  -  **jj**i,  *?  r-*-  Vx+’  ^  w-  r  . 


t 


in  which  [M.]  is  obtained  from  [M]  by  substituting  the  coordinates 
of  the  nodes.  Summarizing. 


{a}  =  [M. ]—1 (U1 }  •  • 

{u}  =  CM][Mi  j"1  {ui } 

(e>  -  [A][M3[M1]’1{ui) 

.  » 

from  which  the  matrix  [B]  of  (11)  is  determined  to  be 
[B]  =  [AlMEH^r1 


(4.17) 

(4.18) 

(4.19) 


o 


(4.20) 


This  procedure  works  well  for  simple  elements.  However,  for 
complex  elements  it  is  desireable  to  avoid  inverting  [Mf],  by. 
obtaining  the  interpolation  relation  (18)  directly  as 

Cu)  =  [4-1  (V  (4.21) 

in  which  [if]  is  a  matrix  of  interpolation  functions  from  which  the 
displacements,  Cu),  at  any  point  can  be  found  directly  from  the  nodal 
displacements,  (u^).  These  interpolation  functions  can-  be  written 
down  directly  for  quite  complex  cases  provided  a  coordinate  system 
which  i£  natural  to  the  element  being  considered  is  used. 

As  mentioned  before  the  governing  equations  can  be  developed  using 
the  principle  of  minimum  potential  energy.  Letting  U  represent  the 
strain  energy  of  a  structure  subjected  to  the  surface  tractions 
and  body  forces  f i ,  the  potential'  energy  V  may  be  written 


4.16 


where 


«  u.t.riV 

j  i  1 
V 


/  /> 


(4.23; 


in  .which  W  is  the  strain  energy  density.  For  an  .elastic  material 


<^1  (4.24] 

with  ^  is  given  /in  matrix  fafm  by  (12).  Using  matrix  negation, 

(22)  may  be  written. 

V  =  \  J(fe)T-!cT)T)[0]({e}.{et})  dV 

■  f  {u}T(T!ds  -  f{ u)TifJ  0»  (4-25) 

•V  *^1/ 


Substituting' (11 )  into  (25),  and  regarding  the  modal  displacements 

v 

as  constants  with  respect  to  integration  over  the  element  volume 

1  |^i)T[fvEB3TcD]t'Bld\]{ui} 


-  2{Ui  }T  [B]T[D]{eT}dV  +  /v_{eT}T[D3{eT}dV 

-  (U1>T  f  Cc  j7  {T>  ds  -  (u.  }Tf  0]T{f)  dV  (4.26) 

»  S  .»  >  I  . . 
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Now  applying  the  theorem  of  minimum  potential  energy ; 


0  »  6lui)T|[K]{ui}  -  {F}^ 


(4.27) 


in  which  [K]  denotes  the  element  stiffness 


[K]  =  /[ B]T[D]  [B]dV 


(4.28) 


and  {F}  denotes  the  load  vector 


{F}  "  J^BJT[D}{e T}  dV 

+  f  U]T{T}  dS 

*/C 

•  "'a 


f  U]T(f)  dV 

•'V 


(4.29) 


The  first  Integral  in  \d)  represents  the  nodal  forces  arising 
from  temperature  changes  or  chemical  shrinkage;  the  remaining  integrals 
represent  nodal  forces  arising  from  surface  tractions  and  body  forces 
respectively.  For  (27)  to  hold  for  arbitrary  {t^}  itTis  both 
necessary  and  sufficient  that 


{F}  =  [k]  {u^} 


(4.30) 


The  analogy  between  the  finite  element  analysis  of  continua  ■ 

.and  the  stiffness  method  of  analysis  of  structures  is  evident  from  (30). 

In  order  to  consider  incompressible  and  nearly-incompressible 
material  behavior,  (12)  is  rewritten  in  terns  of  the  mean  pressure 
function  H. 


4.13 


I 


{a}  =  [6]  ({e>  -  fetJ)  +  {Q >  H 


(4.31) 


wnere 


[D]  - 


F2u  0  0  0  0  0 

0  2u  0  0  0  0 

0  0  2u  0  0  0 

0  C  0  y  0  0 

0  0  0  0  y  0 

0  0  0  0  0  m 


and 


o 


{Q>*  -  2mv{1  11 000} 

for  an  isotropic  elastic  material.  UsiRg  (31),  Herrmann's  variational 
functional,  I(u**H)9  may  be  written 

I(U,.K)  *  7  j ;«(]  dvj{u,} 

-  Cui)TJ[B]T[D]{eT)  dV 

V 

+  i  Jv{eT)TC D]{eT)  dV  +  {u.}T  J  [B]T{Q)H  dV 

-  j*  {eT}T{Q)H  dV  -  f  pv(l-2v)  h2  JV 

Jv  ■ 

-  lu-: >T  f  0]T{T}  ds  -  {u.)J  f  dV  (4.323 

'  J  S  1  j  V 
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■i  .**; 


ri 
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Treating  H  as  a  constant  over  the  element  and  setting  the  first 


variation  of  (32)  with  respect  to  the  nodal  point  displacements 
and  the  mean  pressure  function  H  equal  to  zero  leads  to  the  result 


I  =  6{u.}1  ([1C]  (ui }  -  (?)  +  {k}  H) 


+' 6H({u. )  (k)  -  f'  +  k*  H)  =  0 


where 


[K]  =  f  [8]T[0][B]  dV 


!f)  =  J  [B]T[t>]{eT}  dV  +  J  WT<n  ds 


+  I  UiJ{f)  dy 

J  V 


(k)  *  f  [B]T{Q} 


F"J„leTlT 


(Q)  dV 


t'  =  -f  2yv(l-2 
J\j 


v)  dV 


(4.33) 


m 


.Yl 


■m 


Equation  (33)  wi i i  hold  for  arbitrary  6  u.  and  6H  only  if 


[K]{ui }-{?}  +  {k}H  =  0 


(4.34) 


ul'UcJ  -  f'  +  k"  H  =  0 


(4.35) 


Equations  (34)  and  (35)  represent  a  system  of  four  equations  to  be 
solved  for  the  unknown  displacements  uf  and  the  mean  pressure  function  H. 
The  strains  are  then  determined  from  Hi)  and  (21),  and  the  stresses 
calculated  using  (31).  In  practice,  the  above  stiffness  matrix,  nodal 
point  displacement  and  force  vector's, den ved  here  for  one  element,  are 
directly  combined  for  all  nodes  in  the  body. 

*4  variatidnal  principle  is  readily  developed  using  the  Gruneisen 

r 

ratio;  however,  such  a  principle  has  not  been  incorporated  as  yet  into 
existing  finite  element  computer  routines.  A  difference  in  behavior  is 


expected  for  incompressible  or  nearly  incompressible  materials  using 
the  Gruneisen  parameter  formulation,  since  the  dilatation  vanishes  in 
this  approach,  as  required  physically,  instead  of  becoming  equal  to  the 

p 

volume  thermal  strain  3  e-p 

The  application  of  the  equations  developed  in  this  section  to  the 
element  configurations  most  used  throughout  the  solid  propellant  industry 
is  discussed  in  a  subsequent  section  cf  this  chapter. 
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SOtifTION  OF  EQUATIONS 

/ 

The  basic  equations  for,  the  finite  element  analysis  of  conti nua 
have  been  sumnarized  in  the  previous  section.  The  composite  stiffness 
matrix  is  formed  directly  by  combining  the  element  stiffness  matrices 
requiring  continuity  of  displacements  between  elements  and  equilibrium 
of  nodal- point  forces: 


[K]{r}  »  {R} 


(4.36) 


in  which  {r}here  denotes  thf  unknown  nodal  point  d. placements  (and 
the  element  mean  stresses  in  Herrmann's  reformulation)  and  [R> 
denotes  the  nodal  point  forces.  This  set  of  linear  algebraic  equations 
must  be  soli'd  for  computation  of  the  element  stresses. 

The  total  number  of  equations  is  twice  the  number  of  nodal  points 
for  plane  and  axisymmetrlc  problems,  and  three  times  the  nunber  of 
nodal  points  for  a  general  three-dimensional  structure^>ll{s  the 
number  of  elements  when  considering  an  Incompressible  bocty<foittf~a-^  <0 
constant  value  of  the  mean  pressure  function  H  for  each  element.  Foj* 
most  problems,  which  require  the  use  of  a  large  number  of  elements, 
direct  matrix  inversion  is  not  practical.  Since  some  of  the  diagonal 
terms  are  zero  for  incompressible  materials,  the  system  is  also 
unsuitable  for  the  usual  Gauss-Seidel  iteration  scheme. 

Various  solution  schemes  which  take  advantage  of  special 
characteristics  of  the  st1ffness  coefficient  matrix  have  been  success¬ 
fully  used  in  finite  element  computer  codes.  For  example,  the  ban  led 

> 

character  of  the  coefficient  matrix  has  been  exploited  by  thf 
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application  of  modified  elimination  techniques,  and  likewise,  the 
sparseness  of  the  coeffi cl - « . t  matrix.  „  ‘  - 

The  choice  of  the  solution  method  is  arbitrary  to  some  extent, 
however,  the  choice  of  the  solution  scheme  must  be  made  during  develop- 

rnran f"  a 'f  rftmnnf  or  Hi  f  fa t«on+  k  -i 
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require  th^t  th-.  ’arge  amount  of  information  that  represents  the 

system  of  equations  be  organized  and  stored  in  different  forms.  The 

arrangement  of  nodal  points,  and  hence  elements,  in  a  regular  way 

\  ^ 

,ihr'Ouyn  the  body  15  Of  5 Teat  aSS  *.  5  tafiCc  ru  five  efficient  utilization 

of  any  sollj£i^''sche^  and  also  reduces  the  amount  of  information 
which  must  be  input  stored  and- processed  by  the  computer. 

Several  solution  techniques  have  been  used  throughout  the  solid 
rocket  industry-  The  more  popular  methods  have  included  straightfor- 
ward  Gaussian  elimination,  tridi  agonal  izatf  oh  partition,  and  Grout 
(or  Cholesky)  reduction. 

Once  the  stiffness  matrix  has  been  computed  for  all  elements 
and  added  to  the  total  stiffness  matrix,  the  stiffness  is  complete 
Consequently,  the  equations  can  be  modified  for  all  of  the  nodal 
displacements  which  are  known  (at  least  one  axial  displacement  must  be 
specified  for  axisynmetric  problems  and  three  displacements,  not 
col  linear,  for  plane  problems  so  that  rigid  body  motion  of  the  entire 
structure  is  prevented).  Proper  ordering  then  produces  a  banded 
stiffness  matrix. _ 

The  solution  of  the  modified  banded  matrix  is  efficiently 

"'“-anpti >*■-?»  fer  "sa^y  pTblems  using  the  Gauss  cl imincticn  method 

* 

without  pivots  or  equilibration  of  the  matrix.  If  the  standard 
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displacement  method  is  used  in  the  formulation,  the  "resulting  stiffness 
matrix  after  modification  for  boundary  conditions  is  symmetric  and 

,  ^  '  o 

positive  definite,  for  tin's  situation  it  is  not  necessary  to  use 
pivots  or  scale  the  matrix  prior  to  beginning  the  elimination  procedure. 
For  an  incompressible  problem  the  resulting  stiffness  matrix  is 

l  \  ' 

i * 

symmetric  but  not  .positive  definite.  With  proper  ordering  of  the- 
equations  numerical  difficulties  usually  do-  not  resitl.t  when  using 
the  Gaussian  elimination  procedure  without  pivots.  The  elimination 
or  reduction  procedure  leads  to  an.  upper  triangular  rpfctrix  from  which 
the  solution  is  affected  by  back  substitution. 

When  the  stiffness  matrix  is  not  so  well -conditioned  (e.g.,  a  long 
cantilever  beam  subjected  to  transverse  leading  in  which,  most  of  the 
displacement^ of  each  node  produces  only  rigid  body  element  translation 
while  a  small  fraction  produces  deformation),  round-off  errors  can) be 
reduced  by  pivoting..  Pivoting  involves  interchanging  rows  and  columns 
so  that  the  largest- numbers. -are  on  the  diagonal.  If  only  row  inter¬ 
changes  are  made,  the  method  is  known  as  partial  pivoting. 

Gauss  elimination  is  performed  on  the  stiffness  matrix  by  blocks.. 

*  In  this  process  only  the  stiffness  matrix  of  part  Of  the  structure  is 

^  ^  ■ 

required  ac  each  stage  of  computation.  In  the^tridiagonalizatlon 

*v 

technique,,  a  banded  matrix  is  reduced  to  tri diagonal  form  by  Gauss 
elimination  and  the  solution-  obtained  by  back  substitution.  The 
application  of  the  tri di agonal izati on  method  to  structural  systems' 
involves  operating  upon  each  nodal  point  consecutively  beginning  with 
the  first  nodal  point.  "Handling  the  nodal  points  serially  allows  the 
operations  to  be  performed  over  a  specified  narrow  band  with  a  width 
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much  less- than  the  rank  of  [Kj.  This  results  in  an  upper  triangular 
banded  system  of  equations  which  may  be  solved  by  back  substitution.^ 
The  Chotesky  or  Grout  reduction  is  still  another  vari ant  of  the' 
Gauss  -elimination' method.  The  symmetrical  stiffness  matrix  is 
decomposed  into''TTTs.  product  of  a  lower  and  upper  triangular  matrix. 

A  feature  of  this  iethod  is  "that  it  yields  smaller  round-off  errors  • 
•and  economization  of  storage  space.  *  Slightly  more  computation  time 
is  required  with  the  Cholesky  Variant,  however,  due  to  the  square 
root  evaluations  required. 

The  direct  methods  discussed  above  have  serious  limitations  which 
restrict,  their  application  to  three- dimension  problems.  For 
example,  Gaussian  elimination  for  symmetric  band  matrices  is  res •. -i ctecl 
to  relatively  sma' 1  band  widths  (on  the  order  of  400  on  a  32,000  word 
computer).  .Thus,  iterative  methods  have  been  explored. 

n  **  , 

An  important  feature  distinguishing  iterative  methods  from 

elimination  methods  is  that,  the  former  tend  to  be  self-correcting  due 

to  their  repetitive  structure.  This  feature  is  often  credited  with 

minimizing  rcund-off  'errors?.  The'magnitude  and  effectiveness  of  ' 

tMs  self-correction  is'jstrongly  dependent  on  the  conditioning  o^ 

.  / 
the^ystefn  being  solved.  •  For  very  ill-conditioned  problems  a 

•  ,  i 

meaningful  solution  by  direct  or  iterative  techniques  may  be 
unattainable. 

Iterative  schemes. involve  the  application  of  a  simple  algorithm 

■  that  consists  mainly  of  the  accunulation  of  inner  products  and  the 

\ 

subsequent  multiplication  by  the  inverse  of  a  single  nunber  or  of  a 

t\ 

small  matrix.  Round-off  error  may  be  introduced,  howover.  during. the 
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accumulation  Of  dinner  products  and  i.i.  the  subsequent  matrix- division. 
Block  iterative  methods  are  generally  more  susceptible  to  round-off 
error  than  are  point  iterative- methods  since  they  involve  the  direct 

solution  (by  elimination  or  by 'matrix 'inversion)  of  lower-order 

\  *• 

systems.  Block  iterative  methods,  for  positive  definite  symmetrifc 

*  *  A.  • 

matrices*  on  the  ether  hand*  converge,  much  faster  than  poire  methods. 

e  ;  > 

The  convergence  of  Sauss-^ef  del  and  over- re  taxation  (accelerated 
?  ... 

Gauss-Seidel),  methqds  can  be  hopelessly  slow  for<large  systems' 

of  equations.  ,In  general  it  is  found  that  round-off' problems  are 

not  the  decisive  factor  in  choosing  between  point  and  block  methods. 

T3S-3&1 

Present ‘three-dimensional  finite  element  compiler  programs  u 

»  ’  *  ^  r  ’  *  * 

•  .  ■  '  »  *  ,  a 

employ  the  alternating  component  iterative  method  developed  by. 

Rashid  k7»38J  This  solution  scheme  belongs  in  principle  tp  the 

general  class  of  block  iterative  methods  in  the  sense  that  one 'deals'* 

With  iteration  oh  subvectors  and  the  direct  solution  <j*  lower  order 

systems,  although  it  differs  in  certain  basic  ideas.  'The  application  . 

of  the' method  involves ’the,  direct  solution  of  blotk-trldfagonal 

’*  v  "«*  •  .  » 
systems  of  order  (!/m)th  of  the  tojtal  system.  In  practice  the  order 

of- these  subsystems  may  exceed  5000,  and  round-off  .errors  jri  11  be 

present..  Rashid ^ 37*380  f,as  discussed,  convergence  of  the  method 

f  1  ?  i 

and  a  correction  procedure  for  reducing  rounding  errors. 
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4.4  INDUSTRY  PRACTICES 

The  approach  commonly  employed  throughout  the  rocket  industry, 
involves* modeling  three-d'itaensional  behavic.*  by  a  series  of  two- 
dfmensional  problems.  Shell  elements  are  frequently  introduced  to 
model  thte  motor  case  behavior.  Current  analyses  make  use  of  the  programs 
developed  in  references  39  through  43  or  some  variant  thereof  for  the 
most  part.  '  .  * 

Several  refinements  are  Introduced  into  the  normal  analysis 
procedure  as  the  need  requires.  Specialized  computer  codes  have  been 
developed  tor  analyzing  axi symmetric  geometries  subjected  to  nonaxyi sym¬ 
metric  loadings  and  transverse  accelerations  df  solid  . rocket 

motors,  three-dimensional  analyses  may  be  required- Vo,*  particular  : 
problems  with  complex  geometries-,  however,  these  analyses  are  used  Infre¬ 
quently  due  to  the  relatively  high  costs  involved.  Transient  heat 

("48  agT 


conduction  analyses 


may  be  conducted  to  determihe  temperature 


distributions  in  a  solid  rocket  motor  during  thermal  cooling  or  aero¬ 
dynamic  heating.  Temperature  dependent  material  properties  may  then 
be  input  and  analyses  conducted  at  various,  time  intervals  to  obtain  an 
indication  of  propellant  viscoelastic  response.  More  direct  visco¬ 
elastic  £'50“533  and  thermovisqoelastic  analyses'  are  performed 

*  ‘  ‘  . 

using  programs  with  internal  time*  marching  schemes  assuming  linear, 

$ 

thermorheologically  simple  propellant  behavior.  Additional  programs 
have  been  developed  to  handle  dynamic  analyses  I29>55»56 ,60,61.]^  an£i 
some  progress  is  being  made  in  the  development  of  computer  codes  to 
model  observed  kinematic  and  material  noniinearities  £6^-66]^ 


•The  above  refinements  are  normally  introduced,  in  the  final  design 
and  analysis  progess  to  supplement  results  obtained  frcm  two  dimensional 
analyses  only  when  the  grain  geometry  is  quite  complicated  and  there  is 
insufficient. experience  on  which  to  base  design  decisions.  In  this 
situation  it  is  necessary  to  also  supplement  more  refined  analyses  with 
experimental  confirmation  using  full  size  motors  or  SIV's  inasmuch  'as 
many  of  the  recently  developed  computer  codes  are  still  open  to  some 
questions  regarding  the  range  of  applicability  and  accuracy. 


4.5  FUTURE  DEVELOPMENTS  . 

•Although  the  rocket  industry  has  the  capability  for  performing 
rather  sophisticated  stress  analyses  several  inadequacies  throughout  the 

-TA 

C» 

industry  are  reflected  in  the  results  of  Current  nunerical  analyses.  Of 
primary  importance  is  the  determination  of  meaningful  descriptions  of 

y 

propellant  behavior.  There  is  Industry  wide  recognition  that  the 
current  descriptions  of  propellant  behavior  are  inadequate.  The 
development  of  highly  solids  loaded  propellants  in  the  past  few  years 
for  the  more  sophisticated  high  performance,  high  mass  fraction  solid 
npcket  motors  has-  resulted  in  significant  errors  between  observed  re- 
sponse  and  the  response  predicted  by  ccrmon  analysis  methods  due  to  the 

j 

marked  nqnlinear  behavior  of  highly  solids  loaded  propel! ah ts.  This 
nonlinear  behavior  is  most  significant  under  combined  mechanical  and 
thermal  loads.  It  has  been  observed  .that  for  the  two  leading  conditions 
of  primary  importance,  pressurization  and  thermal.cooling,  deflections  . 
and  strains  throughout  a  propellant  ^rain  are  usually  weakly  Influenced 

.  «.  -  *  * 
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«.  fyy  the  response  characteristics  of  propellant  so  that  seemingly  crude 

viscoelastic  approximations  are. usually  adequate  for  predictions  of 

strains  and  displacements,  whereas,  the  marked  nonlinear  yiscoelastic 
\ 

behavior  of  most  modem  propellants  results  in  meaningless  linear 

i  ' 

viscoelastic  predictions  for  stcasses.  This  result  has,  of  course, 
given  rise  to  almost  universal  adoption  of.  the  STV  a  means  of  experi 
mental  determination  of  grain  structural  integrity. 

Other  refinements  being  developed  involve  introduction  of  newly 

developed  elements  into  existing  finite  element  computer  programs, 

/  -  * 

determination  cf  optimun  time  steps  in  routines  which  handle  visco¬ 
elastic  behavior  using  a  tine  marching  procedure,  and  consideration  of 
the  non-deterministic  nature  of  the  statistical  variations  in  material 
properties  and  the  loading  environment  history  in  stress  analysis 
routines.  Development  of  codes  more  highly  user  oriented  is  also 
deemed  necessary  to  reduce  Input  errors. 


4.6  NOMENCLATURE 


B  3  Transfer  to  Matrix  Relating  Strains  and  Displacenents 
ey  =  Specific  Heat 
D  =  Material  Property  Matrix 
£  3  Modulus 

6  “  ell  +  e22  +  e33 
e  =  Strain 

PT  3  Thermal  Strain 

»  Body  Force 

v 

H  *  Mean  Pressure  Function 

k  »  Thermal  Conductivity 
k  3  Stiffness 
T  *  Temperature 


u  »  Olsplacesnent  . 

V  =  Potential  Energy 

w  3  Strain  tnergy  Density 

a  3  Coefficient  of  Linear  Expansion 
n  _  3ct£ 

e  wm 


iOronecker  Delta 


1  .  1  -  j 


e^j  3  Strain 
X  *  Lame  Constant 
Y  3  GruneJsen  Ratio 


p  *  Density 


c  B  T11  +  t2?  +  t33 
t  .  j  3  Stress 


v  *  Poisson's  Ratio 


Lame  Constant 
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V.  SPECIAL  DESIGN  CONSIDERATIONS 
* 

✓ 

5.1  INTRODUCTION 

Several  areas  of  grain'S^uctural  integrity  analyses  require  special 
consideration-  Particular  theoretical  ?nH  experimental  investigations 
have  been  carried  out  for  <=\ 

.  TRANSITION  REGIONS 

.  GRAIN  TEffti  I  NATIONS 

* 

The  results  of  some  of  these  studies  are  suroiarized'  in  this  chapter.  In  .  * 
so«e  cases  the  results  are  quite  qualitative  and.^at  best,  are  only  suited 
for  preliminary  jdesign  analysis  efforts  when  coupled  with  competent 
engineering  judgment.  Considerable  detail  is  presented  to  illustrate  ' 
design  and  analysis  procedures. 

5.?  TRANSITION  REGIONS  .  ‘  \ 

Or  * 

A  propellant  grain  with  a  transition  from  a  star  perforated  to 
circular  port  geometry  is  often  used  to  obtain  a  particular  ballistic  trait 

desired.  Certain  combinations  of  cylindrical  port  grains,  which  bum 

*  *  \ 
progressively,  and  stjir  grains, normally  regressive,  give  rise  to  neutral  — > 

burning.  Such  grain  geometries  are  frequently  employed  in  sounding 

rockets  and  rocket  motors  for  sled  track  use.  Other  combinations  result 

in  geometries  used  in  tactical  applications  requiring  pulse  or  boost 

and  sustain  phases,  '  . 

The  transition  from  a  star  to  circular  port  geometry  is  a  complex  three 

dimensional  boundary  value  problem  for  which  few,  if  any,  results  are 

available  from  three  dimensional  analyses.  In  the  absence  of  theoretical 

or  experimental  analyses,  some  indication  of  the  expected  response  can  be 

obtained  under  simplifying  assumptions  to  gain  insight  into  the  design 
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Bceke.]  and  S‘chapery[l3have  used  Sampson's  rigidity  coefficient!^] 

1  ' 

to  obtain  an  approximate  design  too].  Alternatively,  one  can  use 

•  -  *  '  *“  '  o. 

Parineter  and  Tourney's  relations  given' in  Chapter  3;  however,  .  ; 

♦  »  f> i 

the  resulting  expressions  are  more  complicated.-  Assuming  . 


40 
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X3  »  X2  -  A'+  1  . 


■  and  requiring  jthe  product 

•  •  .  a  ST 


io.be' a  constant,  Hoekel  and  Schapery  suggested  using  the  approximate  i 

1  *  ‘  (5.1)' 


relation 

f 


T  2 

<¥> 


as  an  approximate  design  tool  for  the  transition  region.  As  the  radius 

to  the  sto *  point/  a,  becomes  smaller,  the  fillet  radius  p  increases 
*  *  * 

as.  the  square  of  the  ^reciprocal  of  a.  Thus,  the  slot  width  must  widen 


throuah  the  transition  rt  ion  as  indicated  in  Fig.  1.  This  result 


requires  that  the  mandrel  fof  this -region  must  be  equipped,  with  some 

collapsible  feature,,  For.lnany  applications  with  only  limited  temperature 

extremes,  such  as  sounding  rockets1  or  Sled  rocket  motors,  experience 

indicates  acceptable  transition  regions  can  be  designed,  however,  without 

recourse  to  collapsible  mandrels.  In  such  in&tances',  the  curvature1-  ' : 
*  /  ■  v,  • 
through  the  transition  zone  is  mdintainedat  as  pear  a  full  radiUs  as, 

*  '  «  (  >  ■ 
ballistically  allowed,  and  the  fillet  radius  of  the  star  valley  Is  kept 


c 


constant  or  slightly  decreasing  to  facilitate  easier  mandrel  removal. 
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The  above  design  guidelines  are  only  qualitative  and  under  normal 
circumstances  will  lead  to  Reasonable  design  ..configurations  for  pre¬ 
liminary  design  purposes.  For  motors  subjected  to  extreme  temperature 
and/or  pressure. env'^nn*ntsrwd--at‘ all  times  during  a  final  design 
analysis  phase,  such  practices  are  not  recommended.'  In  these  situations 
acceptable  solutions  to  the  problem  at  hand  can  only  be  obtained  through 
three  dimensional  cemputeV  analyses  pr  three  dimensional  photoelasticity 

investigations  followed  by  verification  testing  of  structural  test 

4.  .  *•  '  ' 

vehicles.  —  * 

5.3  GRAIht  TERMINATIONS  ' 

The  problem  of  tlre^desigiLOf  the  configuration  of  the  case-grain 
end  termination  of  a  case-bonded  solid  propellant  rocket  motor  "in  order 
to  minimize  stress  concentrations  «tv the  propel! ant- case  interface  has 

4.  *  -  - 

received  considerable  attention  in  recent  years. 

'  .  *  * 

It  Is  well  known  that  very  high  local  stresses  occur  at  the  case-, 
grain  junction  and  in  a  number  of  instances  have  been  responsible  for 
•motor  failures.  These  hidh  stres$es\ arise  because  of  the  order-of- 
magnitude  difference  bet**»kn  th^  coefficients  of  expansion  of  the  case 
and  grain  which  acts  as  a  loading  or  forcing  function  during  low  tempera-  . 

s 

ture  cycTTdgand  because  qf  geometric  discontinuities  which  may  exist  in 

-  \ 

v 

the  grain  design.  When  the  included  angle  of  the  case-grain  termination 
is  less  than  135°.  as  illustrated  In  Fig.  2.  the  elastic  solution  has  a 
mathematical  singularity  -and  the  stresses- become  infinite.  , 

The  problem  of  grain  unbending  is  of  most  concern  for  large  diameter 

solid  racket  motors  under  1-g  axiVl  storage-  (sluiapf conditions,  certain 

"*  *  ' 

*  >  {  ^  '  v  v 

■  s  " 

•  •  ■  '■  •  /. 
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high  acceleration  motors  and  thermal  cycling  of  moderate  to  high 'Web 
fraction  motors  (WF>50%)  with  length  to  radius  ratio  greater  than  about  3. 
The  action  of  gravity  during  storage  or  acceleration  causes  the  propellant 
near  the  forward-end  to  "slump  downward  as  well  as  inward  (Fig.  3).  Excessive 
inward  displacement  changes  the  contour  of  the  inner  bore  which  may 
adversely  affect  ballistic  performance.  Opening  of  a  crack  between  the 
motor  case  and  grain  may  allow  burning  there,  leading  to  failure  of  the  - 
case,  and  the  inertiairloads  during  firing  may  cause  the  initial  crack  to 
propagate,  also  leading  to  case^ilure  or  nozzle  ejection.  Low  tempera¬ 
ture  cycling  produces  similar  effects.  . 

The  mathematically  Infinite  stresses  occurring  at  case-grain  termina¬ 
tion  points  may  be  re  11  eyed  by  introducing  elastomeric  relief  “flaps'5  or 
“boots",  or  by  contouring  the  grain-end  configuration,  pesign  guidelines 
for  these  two  methods  of  mirvimizfng  bond  stresses  at  case-grain  termina¬ 
tions  are  discussed  In  the  following  paragraphs.  The  discussions  are"  pre¬ 
sented  in  some  detail  in  the  hope  that  such  infonnation  will  aid  the 
designer  In  making  appropriate  design  decisions.. 

5.3.  r  RELIEF  FLAPS 


Relief  flaps  (Figs.  4  and5  )  allow  the  propellant  to  deform  as  it 

•-  \ 

*  ,  -i  a  , 

would  otherwise  while  allowing  the  designer  to  control  the  length  of  the 

-  y 

crack  unbond.  Relief  flaps..are~jCoa$)osed  of  materials  which  have  higher 
strength  and  elongation  than  the  propellant  throughout  the 


•total  use  environment  of  the  niotor;  and 'insulation  characteristics  com¬ 


patible  with  ballistic  requirements.  Silica  or  silica-asbestos  ffiled 
buna- a  rubbers  typically  fulfill  these  requirements. .  Occasionally^ 
particularly  in  the  case  of  large  solid  rocket  motors,  the  head-end  flap 
is  backfilled  with  rubber  iAulattan,  as  indicated  in  Fig.  5  ,  as  added 


insurance  against  possible  burning  within  the  flap. 


RELIEF  FLAP 


FIGURE  5. 
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-CURRENT  DESIGN  PROCEDURE  FOR  LARGE  DICE'S ER  SOLID  HOT€M?S[43 
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Basically,  a  relief  flap  removes  the  mathematical  singularity  and 
resultant  high  local  stresses  from  a  region  of  low  stress  capability  {the 
propellant  or  propel  lent* liner  case  interface)  to  a  region  of  higher 
compliance  and  strength  characteristics  (the  rubber  flap).  Caution  must 
be  exercised  in  designing  the  relief. flap  to  ensure  that  the  rubbery 
mate?lal  of  the  flap, absorbs  and  dissipates  the  high  local  stresses.  If 
too  thin  a  flap  or  a  flap  with  insufficient  filler  radius  or  material  is 
used,  high  local  bond  stresses  may  still  occur  at  the  propellant  flap  inter¬ 
face  near  the  point  of  highest  concentration  In  the  flap,  leading  to  unbond 
,  • 

cracking  away  from  the  end  of  the  grain. 

SIMPLE  PRELIMINARY  DESIGN . PROCEDURE 


A  simple  procedure  for  the  design  of  stress  relief  flaps  which  has 

proven  adequate  for  large  solid  motors  and  preliminary  design  purpoSfes  in 
* 

other  situations  has  been  presented  by  Lockheed  Propulsion  Company[3] 
based  on  observed  grain  end  unbonding  in  motors  without  release  flaps 
ranging  In  size  from  4  to  120  inches  in  diameter. 

Observed  grain  end  unbonding  during  thermal  cooling  of  motors  without 
relief  flaps  has  suggested  that  the  depth  of  the  unbond  Is  proportional  to 
the  motor  web  fraction,  fgcweb  fractions  In  excess  of  about  SOX,  motor 
diameter,  and  to  a  lesser  extent,  motor  length- to- diameter  ratio.-  An 
empirical  curve  derived  from  actual  failures  of  ire  tors  with  web  fractions 
near  50*  and  L/D  ratios  between  one  and  three  is  shown  In  Fig.  6. 

The  procedure  recommended  for  using  Fig. 6  in  designing  an  end  relief 
flap  is  to  estimate  the  depth  to  which  an  end  unbond  will  propagate,  and 

.  t 

then  to  Introduce  a  stress  relief  fiap  equal  to  twice  this  depth.  This 
technique  has  been^used  with  a  high  degree  of  success  at  LPC  for  motors 
ranging  in  size  from  4  Inches  to  156  Inches. 
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It  Must  b t  jns cognized,  of  course,  that  the  aboye  technique  is  only 
a  “rul 8  ' of" thumb’*  which  experience  indicates  is  adequate  for  large  solid 
motors  and  preliminaryvdesign  purposes.  The  final  design  analysis  of 

stress  relief  flaps  for  tactical  motors  and  ABM's  which  experience  con-  _ 

siderably  more  severe  thermal  and  acceleration  environments  requires  a 
more  quantitative  approach.  Numerical  and  analytical  solutions  have  been 
obtained  by  Dill,  Dnlfc  and  Schmidt[4l  -.nd  Noel  and  Webb [5-7]  have  obtained 
design  guidelines  using. fracture  mechanics  considerations. 

SINGULAR  BEHAVIOR  OF  CASE-GRAIN  TERMINATIONS  * 

Dill,  et  al[4]  investigated  the  nature  of  the  singularity  at  the  case 
grain  termination  assuming  a  circular  Inner  bore. and  a  rigid  case.  The 
solution  away  from  the  termination  was' obtained  numerically.  The  axially 
symmetric  stress  distribution  near  the  point  A  in  Fig.  f  was  determined 
analytically  introducing  local  polar  coordinates  as  shown  in  Fig.  7.  If 
the  case  is  regarded  as  rigid  then  the  stress  distribution  near  the  point 
A  (l.e.,  for  small  o)  is  the  same  as  that  for  plane  strain  since  the, 
circumferential  displacement  and  strain  ace  zero  at  point  A.  For  a  state 
of  plane  .strain,  the  solution  near  the  corner  yields  stresses  and  dis¬ 
placements  that  have  the  form 

Jr 

a  ,  Oq,  Tre  proportional  to  r 
u,  v,  proportional  to  r**' 


where 


-  1  <  k  <  0  . 


That  is,  the  displacements  are  finite,  but  the  stresses  are  infinite. 
The  fact  that  Infinite  .stresses  are  predicted  by  infinitesimal  linear 
theory  is  normally  Inte1  preted  to  mean  that  a  nonlinear  theory  would  give 
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high  stresses  at-  that  point.  The  parameter  k»  which  characterizes  the 
behavior  of  the  singularity,  depends  upon  the  boundary  conditions  along 
the  edges  near  the  corner  (Point  A),  upon  Poisson's  ratio,  and  upon  the 
angle  fcatwean  the  propellant  surface  and  the  case.  ' 

The  particular  solution  is  interpreted  in  the  following  manner.  It 
is  supposed  that  the  actual  solution  to  the  complete  problem  could  be 
expressed  in  a  series  of  terms  r^n,  n  ®  1,  2,  ....  The  coefficients  of 
the  series  and  the  parameters  are  chosen  so  as  to  satisfy  the  differential 
equations  and  the  boundary  conditions  on  the  edges.  Away  from  the  corner 
this  solution  would  agree  with  that  determined  numerically;  sufficiently 
near  the  comer,  all  of  the  terms  in  the  series  solution  would  be  negli¬ 
gible  except  that  term  giving  rise  to  infinite  stresses.  Thus,  the  solu¬ 
tion  obtained  by  Oil!  at  al[4]  is  presumed  to  apply  sufficiently  close  to 
the  comer. 

If  the  case  is  rigid  and  the  propellant  surface  Is  not  restrained, 
there  will  generally  be  a  singularity*  in  the  stress  as  is  evident  in 
Figure  fc.  The  angle  &  is  defined  in  Fig.  7. 

The  extent  of  the  singularity  can  only  be  determined  by  solving  the 

complete  boundary  value  problem.  This  was  done  for  the  plane  stress 

problem  using  photoelasticity.  It  was  found  that  the  singularity  is  of 

a  very  localized  nature  and  in  all  cases  the  stress .concentration  was 

i 

negligible  beyond  0.25  inches  from  the  comer. 

"rTHe"dl  mens  ions  of  the  Hysol  4485  models  used  in  this  investigation  were 
approximately  2"  by  4"  by  1/4"  thick. 


It  is  noted  that  for  each  value  of  Poisson's  ratio,  u,  there  is 
a  particular  angle  8Q  tych  that  no  singularity  exists  if  the  juncture 

angle  is  less'  than  0  .  For  plane  strain  conditions  B  is  determined 

0  X  *  , .  ,,  o 

from  the  relation  5 


.sfn‘8  -  1  -  v  (5.2) 

O'  *  v 


Some  of  these  values  are  shown  below: 
+ 

Plane  Strain 
•  "v  T 


0.50  -  45° 

0.40  .  51 c . 

<  0.30  57* 


Dill,  Dea'k- and  Schmidtl4]  also  considered ’the  si tuati on  .correspond- 

\  ,  \ 

ing  to  the  use  of  a  membrane 'bonded  tp  t{<e  surface  as  reinforcing  - 

.  .  #  K  '  • 

(Fig.  -9}.  The  -membrane  is  regarded  as  allowing  no  tangential"  displace- 

-  '  *> .  *■ 

✓  "  r 

•  ment  (i.e.:  inextensible)  while  offering  no  resistance  to  bending.  The 

r  t  . 

results  are  shewn ‘in  Fig.  10.  •  ■'  . 

,  '■  o  \  - 

v  There  albo eKis^  singular  stftutjions  for  certain  angles  3  and 

certain  values  of  Poisson’s  ratio.  The  critical  angle  is,  however, 

*  -  •  ,  .  / 
much  larger  than  for  the= preceeding  problem,  and  in  fact,  there  is  no 

singularity  if  8  <  tt/2..  .  ..  ’  • 

l  c 

f 

An  ideal  design  acu,eved  by  the  cylindrical  bore  ^cylindrical  case  , 
with  ah  .inextensible  membrane  bonded  to  the  flat  end  is  shown  in-FYgtll. 

£  "  .  ,  -  4 

For  this  design,  the  stress  State  “under  an  axial'  load  is  pure  shear  and 

*  'the  displacement  is  axiah  The  singularity  at  point  A  does  not  occur, 

,  /  ,  ' 

,  and,  moreover,  the  shc?r  stress  is-  uniform  along  the  case  and  therefore 
the  smal iest  possible. 
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FIGURE  10.  REAL  ROOTS  GF  THE  CHARACTERISTIC  EQUATION 'FOR  A  MEMBRANE-FIXED  WSDG 


/Two  possible  uses. of  reinforcing  for  a  curved  case* grain  termina¬ 
tion  areshown  in  Fig.  12.  A  membrane  bonded  to  the  end  will  inhibit 
Inward  displacement  (Fig.  12 *A).  There  will,  however,  be  a  stress 

singularity  at  point  A  because  the  included  angle  6  Is  greater  than  90°. 

*  •  1  ’ 

Thus,  unbending  may  occur  between  the  membrane  and  the  case  at  A.  This 
singularity  can  be  avoided  by  imbedding  the  reinforcing  along  a  cone  which 

i  '  •  jl.  -  .  - 

is  normal  to  the  case  (rig.  12-B).  Although  this  situation  was  not  analyzed 
the  included  angle  $  is  less  than  90°  and  finite  stresses  are  expected  at  A; 
1  In  effect,  the  reinforcing  Is  aetiifcj  more  efficiently  by  preventing  dls- 

X  .  %  - 7 

placement  normal  to  the  case  and  by  relieving  the  normal  stress  on  the 
boundary.  Hence  design  (B)1s  ednsiderad  superior  to  design  (A). 


ENERGY  BALANCE  APPROACH  . 

/  * 

.  '  Fracture  mechanics  considerations  haye  also  teen  applied  to  the 

problem  of  designing  case-grain  terminations  [4-11],  While  the  details 

* 

of  the  fracture  mechanics  approach  Is  delayed  until  the  discussion  of 

*"  failure  theories  in  Chapter  7,  the -taste  features  of  the  approach  as 

"  * 

applied  to  the  problas^of  grain-case  unbop.cing  are  presented  here. 

The  fracture  mechanics  approach  Is  based  on  the  exchange  between  the 

» 

energy  stored  in  a  strained  body  and  the  energy  expended  in^the  formation 
of  new  surface  area.  When,  the  rate  of  change  of  stored  energy  is  greater 
than  the  pate  at  which  energy  is  used  in  forming  new  surface  area  frac- 
type  ensues.  This  approach  has  bean  applied  to  both1  adhesive  and 

cohesive  failure.  These  failures  are  similar  from  the  fracture  mechanics 

*  *► 

point  of  view;  the  essential  difference  being  the  interpretation  of  the  ’ 
energy  required  to  create  new  surface.  °  For  the  particular  problem  at  " 
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hand  the  Interfacial  surface  energy,  ya>  Ascribes  the  amount  of  energy 

6 

*\  ♦ 

released  by  the  grain  a  crack  extends  along  the  case-grain  interface. 
The  surface  energy  y„  Is  a  material  property  which  Is  deterRinjrd  f rm 
laboratory  tests  such  as  the- blister  p»«l  test  described  in  »  Is ter 
section  of  this  handbook  and  In  references  3  end  10.  Although,  the, 
adhesive  fracture  energy,  y.,  as  well  as  the  cohesive  fracture  energy,  y  , 
are  both  tlae  and  temperature  dependent,  cor  Ida  rabies  Insight  into  the 
problem  can  be  gained  through  consideration  of  the  llfss&riy  elastic 
problem  discussed  herein.  Extensions  to  v1scoeifc$ttcJ3$h«y1or  have 
been  suggested  etsewhar®.  [10,111*  ~  _  ■ 


For  linearly  elastic  systems,  the  balance  between  the  change  In 
"strain  energy  and  the  energy  required  for  fracture  provides  the  relation¬ 
ship  for  metrically  predicting  the  Cthset  of  bond  separation: 

1-  <-]£/ 

>.  "J  -v-  (5.3) 

u 

where  r  ' 


U  «  Strain  energy  ^ 

A  »  Fracture  surface  area  \ 

..  c  »  The  current  value  of  the  varying  crack  dimension. 

.  The  subscript  »j  implies  hat  tne  derivatiye-Ts  to  ba  evaluated  with 
boundary  displacements  specified.  'The  term  orr  tjfife  left  will  increase 
until  it  equals  yft,  at  which  time  fracture  occurs. 

From  Appendix  A  the  strain  energy  U  Is  given  by 

,  *  '  j _ 

\ 

U  -  / .  w  dvcl 
•'vol 
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where 


id  *  strain  energy  density 


*  v  -  (3A+2y}ct{T-Tfi)a 


and 


e  *  first  strain  Invariant  *  e 


ii 
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e2  *  second. strain  invariant  *  hr  <S_  e_  eu> 

2!  Pq  pi  Pj 


vE 


A  «  Lame  Constant  * 


V  *  Laae  Constant  * 

. _  .  *  .  r 

Parametric  corves  have  been  generated  in  references  S  to  11  for 

*  * 

several  solid  rocket  motor  configurations.  These  results  may  be  used 
to  obtain  comparative  information  on  the  susceptibility  of  interfaces 
to  debond '’by  comparing  the  rates  of  energy  release.  The  greater  the 
numerical  value  of  3U/3AI  ,  the  more  susceptible  the  grain  is  to  bond 

|  U 

failure. 

Finite  element  stiffness  programs  were  usejt  to  evaluate  the  rate  of 
energy  change  with  Isothermal  tempera ture_cb£nges  .  The  procedure^ v$o_ 
calculate  the  strain  energy  density  for  each  element,  multiply  by  the 
©latent  volsme  and  theili  sim  to  find  the  total  enep^yT 


Although  this  discussion  is  concerned  only  with  taqper^ture  changes, 
a  similar  approach  readily  applies  to  pressure  and  acceleration  loadings. 


Considering  tsotheml  temperature  changes,  Eq.  (5,3)  may  be 
.londlmens  1  orss  1i  zed  by  dividing  the -lengths  by  the  outside  grain  radius  b 

1/ » 

and  the  strain  energy  density  by  the  combination  of  parameters  E(oAT)a, 
so  that  the  total  energy  may  be  expressed  as 


U  *  E(cAT)2  h2U 


(5.4) 


where  the  superior  bar  Indicates  a  normalized  total  energy.  Similarly* 
by  mplaclno  A  ay-  h23L  f«:  (5,3)  m*y  be  rewritten  as 


(f)|  >T, 

u 


(5.5) 


This  equation  relates  the  critical  temperature  drop  (i.e. ,  Incipient 

craving)  to  the  surface  energy  amt  th®  released  surface  area,  Compare- 

✓ 

tive  results  can  b©  obtained  by  solving  (5.5)  for  T t 

/-  .  V* 


?cr1  Ya 


s>  J.m\  V 


(5.6) 


Here,  the*term  ATcr  is  Interpreted  as  the  maximum  temperature  drop  that 
car.  be  imposed  without  failure. 

As  remarked  earlier.,  the  modulus  E  arrd  the  fracture  energy  y  of 
solid  propellants  are  both  "tins©  and  temperature  dependent.  However, 
there  is  Increasing  evidence  that  *h'P  time  and  temperature  dependent 
behavior  of  E  and  y  are  essentially  similar.  Jr  this  situation  It  may 
turn  out  that  although  E  end  y  individually  vary  substantially  with 
loading  rata  and  temperature*  the  ratio  (E/y),  is  essentially  constant 

i 

over  much  of  the  temperature  range  of  Interest.  Thus,  (5.6)  provides  a 
valid  means  for  estimating  quasi-viscoelastic  fracture. 
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Equation  (5.6)  also  indicates  that  the  critical  .temper*.  urs  is 

•  r 

dependent  upon  the  size  of  the  motor.  More  specifically,  &Tcr  varies 
as  the  inverse  square  root  of  the  grain  radius  b.  Thus,  a  larger 
diameter  motor  can  withstand  a  smaller  temperature  decrement  before  the 
onset  of  failure  than  can  a  smaller  motor  of  similar  geometry  with  the 
same  material  properties  and  energy  release  rate. 

Parametric  curves  have  been  generated  bv  Noel  [6911]„  The  model  of 
the  grain  used  in  reference  6  is  shown  In  fig.  13.  The  outside  radius, 
modulus  of  elasticity,  coefficient  of  thermal  expansion  and  the  t.  perature 
change  were  all  normalized  to  unity.  The  base  value  used  for  Poisson's 
ratio  was  0.485.  *  Incremental  values  of  the  bond  separation  length 
{measured  as  shown* In  Fig,  13),  s,  were  input  defining  a  region  of  stress 
free  boundary.  Zero  di sp] : cements  ware  prescribed  for  the  portion  of 
the  boundary  remaining  bonded.  The  axially  symmetric  model  was  given  a 
'plane  of  symmetry  at  the  midpoint  of  its  length.  The  progressive  s^para-1 
tion,  as  programmed,  simultaneously  enlarged  at  both  ends;  first  along 
the  radius  until  s=b  and  then  along  the  outer  surface  toward  the  plane  of 
symmetry. 

The  computer  results  provided  the  ordinates  for  the  plot,  of  strain 
energy  -  versus  -  released  areas  shown  in  Fig.  14-A.  The  individually 
computed  ordinates  were  then  used  as  pivotal  points  for  nunerical  compu¬ 
tation  of  the  derivatives  of  the  energy  with  respect  to  released  area 
shown  1<.‘  Fig.  14-B.  An  iibrupt  discontinuity  of  the  slope  was  always 
found  as  s/b  *  1.0,  reflecting  a  difference  in  the  rate  of  change  of 
strain  energy  between  the  crack  approaching  the  corner  of  the  cylinder 
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and  leaving  the  corner.  The  reciprocal  of  the  square  root  of  the 

1  ;  „ 

absolute  .value  of  this  rate,  th'en,  provides  the  ordinates  for  a  plot  of  . 
(5.6)  against  the  released  length  s/b.  ' 

The  results  of  computations  for  three  different  grain  designs  '  c’ 

I  -  ;  ■ 

with  web  fractions  of  60%,  BOi,  and  100%,  are  shoi  n  in  Fig.’  15.-  Each  ’ 

i  *  k.  j 

was  assigned  a  length-to-radiijis  ratio,  L/b,  of  12  and  a  Poisson's  ratio, 

I  1  .  *  ! 

v,  of  0.485,  Generally,  the  allowable  drop  in  temperature,  AT  ,  is" 

.  I  ‘  </  cr 

i  .  ,  •  -  A,  ■ 

found  to  be  smaller  for  the  higher  web  fractions.  However, /as  the  bond 
separation,  s,  approaches  zero,  the  maximim  temperature  drop  prior  to 

«•  *  *  *  .  *  r  ‘ 

bond  failure  for  the  solid  cylinder  becomes  very  large. f  This  Is  explain¬ 
ed  by,  the  lack  of  a  stress  singularity  is  a  fully  bonded  solid  cylinder 
since  the  stresses  are  everywhere  uniform  and  hydrostatic.  III. fully  ' 

bonded  circular  port  grains  on  the  other  hand,  large  stresses  develop 

J  ", 

near  the  inner  bore-case  intersection  for  any  temperature  drop,  however 

*  m  >  4  .  '  ' 

small.  This  Is  .eflected  by  the  finite  AT  indicated  when  no  bonded 

cr  »  ,  • 

surface  Is  released.  *  ~  . 

Valleys  or  mlninyms  are  in  evidence  at  two  locations  on  each  curve  , 

i  ’  ^  *  * 

of  Fig.  15,  one  in  the  region  where  ~  <  b  and  the  other  where  s  >  b. 
These  mlnlmums  Indicate  that  for.  the  given  geometry  there  may  be  pplsts- 
of  instability.  That  Is,  there  may  exist  configurations  such  that  when 
the  maximum  (critical)  temperature  drop  is  felt -then  a  separation  will 
grow  In  an  unstable  manner  across  the  valley  of  the  curve.  , 

„  A  shorter  cylinder  with  a  leng».h-to- radius  ratio  of  4  andean  80%  ,  ’ 
web  fraction  was  used  to  investigate  the  influence  of  L/b  on  ATcr.  The 
results  are  compared  with  the  cylinder  whose  L/b  is  ]2  in  Fig.  ,16.’  The- 
bshavior  in  the  region  where  s  <  b  is  only  slightly  changed;  however.,  as 
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the  bond  separation  proceeds  down  the  sides  of  the  cylinder,  end  effects 

apparently  become  dominant,  resulting  in  a  curve  without  the  minimur? 

/  *  ■  • 
evident  in  the \l^>nger  grain.  ‘ 

,  The  significance  of  a  change' in  the  Poisson's  ratio  used  for  the 
calculations  is  indicated  in  Fig.  17.  The  maximign  allowable  temperature 
drop  decreases  as -Poisson's  ratio  increases;  however,  the  general  curve 
/"shape  is  relative!  unchanged.  '  •  ” 

i  if  ■  J 

The  influence  of  a  curved  end  dome  and  relief  grgoveg  and^conicyls 

'  .  V 

*>  •  ISf 

was  also  considered  by  Neel.  The  shape  of  the  dome  and  the  resulting 
,  AT_  ’s  are  shown  in  Fig.  IS.  • 

I  . 

1  .  f 

The  two^relief  groove  geometries,  considered  are^shown  in  Fig.  19 

t  ‘  ..  •  c 

along  with  durves  of  ATty..  ,0ns  configuration  has  a  shallow  conicyl  or 

toroidal  indentation  on  the  inner  bore  next  to  the  fixed  head  and  the 

-  •  -  >  - 

*  .  ^ 

other  has  a  valley  in  the  flat  free  end  ne"xt  to  the.  cylindrical  case. ,  ' 

The  web  fraction  was  8Q£  and  the  L/b  ratio  12  for -both  geometries.  It  is 
-  -  *■  •  *■  *"  •  ~ 
seen  that  nearby  cohicyls  or  valleys  in  the  propellant  free  surface  are 

■  ■  •  •  .  .  •.  r ' 

quite  significant  in  their  ability  to  reduce  the  critical  temperatures. 

J  ,  —  * 

In  addition” to  influencing  the  initiation  of  fracture  they  also  greatly 

reduce  the  tendency  for  fracture  to  propagate,  once' it  is  initiated. 

A  third  configuration  consisting  of  a  -deep  conicyl  at  the  longi¬ 
tudinal  centerline  was  also  studied  by  Noel.  This  design  was  fount  to 


have  little  effect  on  cleaving  near  the  ends.  It  w^s  concluded  that. 

conicyls  lose  their  effectiveness  in  Increasing  the  critical 'temperatures  - 

* 

as  they  are  moved  ^way  from  the  locale  of  the  cleaving. 

t 

Neel  [11]  has  also  Investigated  grain  case  unbonding  of  the  specific  . 
motor  designs  in  the  Air  Force  sponsored  STV  program.  In  this  investigation-;. 


the  rate  of  change  of  energy  were  £io«Tia11i?d’wl ^/respect  to  E  Ja  £T)3b 

*  *.  4  9  9 

where  the  subscripts  g  refer  to  the  grain.  Numerical  values  were  Input 

for  the  ratios  E./E  •,  a/at  tjb  and  the  web  fraction  where  t*  denotes 
c  g  c  g  c-.  .  c  • 

the  motor-case  thickness!"  The  crack  dimension  s  Is  measured  from  the 

*  /  * 

■  a 

end  of  the  grain  for  axially  synnetric  unbonding  and  'from  the  axial 
‘  center  of  the  grain  for  .radial  cracks!  .Thus,  tliere  Is  no  crack  until  s 
becomes  larger  than  the  inne^  bore  radius  a.- 
•  *  In  order, to  use  the  energy  balance  ..approach  for  geometries  not 
initially  prepacked. requires  assumptions  to  be  made"  concerning  the  ' 
flaws  Inherent  In  the  material.  Over  the  spectrum  of  rates  and  tempera¬ 
ture  covered  by  the  LPC  [11 j  tests  for  y  and  the  cumulative  damage  tests 
for  ra/«0»  It  appeared  that  the  size  of  the  inherent  flaw  was  approxi¬ 
mately  0.02  inches  In  radius  for  the  STV  propellant.  With  sQ  *  0.02 

and  normalized. on  the  STV  case  radii,  then  . 

*  ■  •  > 

? 

7-inch*' STV‘s,  s0/b  -  0.006 
-4-1neh  STVs*  s./b  -  0.01 

i  U  -  ,  c 

.the  results  for  the  4-1nch  STV  are  shown  in  F1g.c20.and  results  for  . 
the  7-inch  STiMn  Fig.  21. 

.J' 

Comparison  of  the  unbonding  curves  suggests  that  the  concentric- type 

* 

unbond  will  cause  the  Inltiatfbn  of  adhesive- type  failures  for  both  the 

» 

4-1nch  and  7-1pch  STV's,  but  that  the  shape  will  soon  degenerate  Into 
the  circumferential  'type.  This  effect  has  also  ,been  observed  In  tests 
of  polyvinyl  chloride  In  glass  beakerS  [7], 
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Figure  a.  '  Axially  Syunetrie 
Unbond 


Figure  b. .  Plane  Strain 

"New  Moon"  Unfcond 


;FIGURE  20.  CRITICAL  TEMPERATURE  CURVES  FOR  4-INCH  STV’S  BASED 
ON  ENERGY  BALANCE  (t/b  *  0.1875)[n] 
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Figure  a.  Axially  Symmetric 
Unbond 
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Figure  b.  Plane  Strain 

"New  Moon"  Unbosd 


.  K 


,  FIGURE  21.  CRITICAL  TEMPERATURE  CURVES  FOR  7-INCH  STV’S  BASED  ON 
ENERGY  BALANCE  (t/b  «  0.107)  [11] 


5.3.2  GRAIN  END  CONTOURING  , 

* 

In  addition  to  employing  stress  relief  flaps,  local  stress  concentrations 

-  v  t  ,  a 

may  be  minimized  by  contouring  tlie  grain  end  configuration.  This  approach 
offers  some  advantages  over  the  use  of  stress  relief  flaps.  The  most 
1  important  one  is  Increased  overall  grain  reliability  due  to  elimination  of. 

b  » 

the  bonded  Interfaces  between  the  propellant,  flap  and  case.  Removal  of 
this  bond  substrate  reduces  the  probability  of  failure  due  to  manufacturing 
anamolles  and  uncertainties  in  the  anticipated  loads  environment. 

i  •  s 

One  example  of  grain  end  contouring  has  been  presented  in  Fig.  19 
and  discussed  In  connection  with  the  use  of  energy  balance  concepts  for 
designing  case- grain  terminations. 

Dill,  et  al[4j,  investigated  the  use  of  a  fITlet  at  the  grain  end  to 
prevent  cracking.  The  tensile  reaction  corresponding  to  the  inward  motion 
M  in  Fig.  3  can  be  distributed  by  a  fillet,  reducing  the  tensile  stress  to 
an  allowable  level.  Their  analysis  Indicated  that  the. stress  will  be 
finite  if  the  fillet  angle  0  shown  be! on  Is  less  than  45°. 
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Durelll  end  co-workers  [12-22jhave  conducted  extensive  studies  of 

» 

the  stress  concentrations  at  the  ends  of  solid  propellant  grains  using 
•  two-and- three  photoelasticity.  Sane  of  the  more  recent  of  these  studies 
have  been  reported  by  Robinson,  Graham  and  Moore[23j  Some  of  the  results 
reported  in  references  12,  13,  15  aind  23  will  be  summarized  herein.  These 

o  _  *>* 

♦ 

results  provide  guidelines  for  rocket  motor  design. 

Durelll,  et  alD2j,  conducted  a  study  on  the  propellant  grain 
geometry  shown  in  Fig.  22.  The  grain  was  assumed  to  be  subjected  to  a 
uniform  shrinkage  while  bonded  partipliy  or  totally  to  a  rigid  shell. 


Although  both  two-  and  th»e- dimensional  photoelastic  analyses  were 
carried  out  for  the  models  shown  In  Fig.  22  *and,  on  models  designed. with 
various  modifications,  only  those  results  applicable  to  the  design  of  case- 
grain  terarf nations  will  be  discussed  here,  (Their  results  for  investigations 
of  the  effect  of  the  $lot  geometry  are  presented  in  Appendix  D.)- 

j*  «  ' 

The  two-dimensional  results  reported  here  are  given  in  terms  of  a 

♦  * 

normalized  shear  stress  concentration  factor  K.  defined  as 


where 


max  (t  ) 

K-  - .  *  •  *  . 

— ts — 


nax  (-t _ )  «  ma.imun  shear  stress 

nkS  a 

F  *  Young's  Modulus 


(5.7) 


'  a  *  Shrinkage  that  would  have  occurred  if 
*  the  model  were  not  bonded  (free  shrinkage). 

The  factor  K  also_gives  the  shear  strain  since 


Tmax  „  Ymax 


(5.8) 


f  THE  ESSENTIAL  FEATURES  OF  THE  GRAIN 
MUTATED  IN  tfe  MODELSEKJ 


Thus, 


max  {y  )  *  2(Hv)Ka 
max  • 

On  free  boundaries,  th&  shear  stress  Is  one-half  the  normal  stress 

^  t  * 

.tangent  to  the  boundary,  and  so 


(5.9) 


max  (o^m)  a  2K£a 

Also,  on  a  free  boundary,  the  tangential  strain -can  be  written  in 


terms  of  K; 


max  (e>a?j)  *  2Ka 


(5/10) 


(5.11) 


The  concentration  factor  for  the  ^ime-dimens^onal  models  is  defined 
45  V  .  maxJW)  , 


(5.12) 


^'IFsKouT?  be -noted  that  care  exist  be  exercised  in  applying  the  two- 
*  dimensional  Results  to  the  three-dimensional  counterparts.  The  stresses 
-  at  any  point  in  plane  stress  or  plane  strain  models  can  be  described  by 


dx>  CTy,  T^,  add  az  and. the  strains  by  eJ(,  cy  y^,  and  e2.  In  the  plane 


stress  iwdels-  subjected.  to  .restrained  shrinkage,  the  boundary  condition  Is 
e  *  e  »  a*.  It  follows  from  these/ boundary  conditions  that  the  shear  st 

•  m  ,  } 


stress 


in' the  central  region  of  the  plane  stress  models  bonded  on  one  side  Is 
1/2  E<*»  whereas  the  shear  stress  in  the  Qprrespondlng- region  of  the  plane 
strain  model  is  ZO-vjEof'  (or  Eof*  for  v  ■  1/2).  .Thus,  the  normalized  shear 

stress  reported  for  the  plane  stress  model  is  T^„/Ea  *  1/2,  but  for  the  , 

plane  strain  model,  the  corresponding  normalized  shear  Is  tfflax/E«*  *  1. 


i 


Where 


4* 


max  (Tmax)  3  maximum  shear  In  the  plane  containing  the. 
particular  slice  under  analysis. 

a**  longitudinal  strain  in  the  model,  at  the 

interface  of  the  model  and  shell  at  the  grain 
»  mi  dpi  arse,  (origin  of  coordinate  system).  ■ 

The  variation  of  the  peripheries!  groove  length  around  thg  head  end  dome 

‘  i  .  , 

was  one  of  the  factors  studied*  A  series  of  ^“dimensional  . 

v  ,  i 

models  of  the  pridian  cro ss-sacticn  which  ware  bonded / everywhere 
at  the”  boundary  except.,  for  &  region  between  the  axis  of  .thr 

•  *  ,  '  t, 

model  .and  2  given  angle  ±  $  M&sured  from  the  axis  as  shown  In 
Fig.  23..  The  stress  concentration  factor  associated  with  the  geometric 
corresponding  to  angles  from  0°  to  8 4°  is  also  shown  In  Fig.  23.  The  curve 

•  „  r 

has  been  extrapolated  to  SO3  since  there  is  little  variation  at  84°.  it 
is  seen  that  K  is  smallest  for  small  values  of  8;  .  /  * 

The  variation  of  radius  at  the 'end  of  the  dome  unbonded  boundary  was  • 

'  *’  i  *  &  a  , 

staled  using  a  meridian  model  made  with  an  unbonded  boundary  in  the.  dome 

•  -  .  .  4.  '  •  > 

section,,  terminated  at  each,  knuckle  point  (90°  from  the  axis)  by  a  hole  ■ 

with  a  dlamet&r  i/20  of  the'  modal  width.  Assuming  that  the  slot' width  is 

'  *  .  .  '  •* 

not  significant,  except  as  It  determines  the  radius  at  .the  end' of. the  bond, 

.  .  -i 

0  ,  '  /*  / 

tnen  the'  K  factors  as  a  function  of  the’  ratio  of  the  radius  at  the  end  of 

*  "  „  . 

the  bond  to  model  width  were  determined  as  shown  in  Fla.  24.  It. can  be 
seen  that,  decreasing,  the  radisis  at  .the  end  of  the  slot  or  groove  increases 
the  concentration  factor  «  in  an  Asymptotic  manner. 

A  meridian  model  with  a  completely  unbonded  dome  area  was  built  with  ~ 

5  *  c 

an  elliptical  hole  at  the  junction  of  the  dome  and  the  straight  part  of  the 
plate  as  shown  in  Fig.  25.  The  concentration  factor  K  Is *j?« 6.  . 
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FIGURE  23, 


STRESS  CONCENTRATION  AT  THE  END  0?  A  PER  I PNi*R  I CAL  GROOVE 
^ABATING  THE  BONDED  FRQ$  THE  UNBONDED  BOUNDARY  OF  A 
PLATE  PARTIALLY  RESTRAINED  FROM  SHRINK  AGE  [123  ' 


FIGURE  24. 

’  3 

STRESS  CONCENIR$TION  IN  PUTES  WITH  DIFFERENT  END  CON 
FIGURATION,  BONDED  ON  TWO  .S I DES,  AND  SUBJECTED  TO 
3IAXIAV  RESTRAINED  SKR tNr'AGE ET23 
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FIGURE  25.  0 

ELLIPTICAL  HOLE  AT  THE  POINT OF  DISCONTINUITY  BETWEEN 
BONDED  AND  UNBONDED. BOUNDARIES,  IN  A  PLATE  PARTIALLY 
RESTRAINED  FROM  SHRINKAGE 


•  ELLIPSE 
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ELLIPTICAL  HOLT  CLOSE  TO  THE  APEX  OF  THE  SEMICIRCULAR 
END  OF  A  PLATE  SUBJECTED  TO  RESTRAINED  SHRINKAGES 
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Another  model  was  bujlt  with  an  elliptical  hole  near  the  apex  of 
the  dome.  Fig.  26  shows  the  geometry  and  a  stress. Concentration  factor 
of  2.2  •  • 

c  '  ' 

To  estimate  the  influence  of  length  of  the  concentration  factor  K 

b 

two  models  which  had  an  original  Tlngth  of  six  times  the  width  were  both 
reduced  £o  three  times  the  width  and  two  times  the  width  successively. 

The  length  is  measured  from  the  apex  of  the  dome  to  the  Other  end  in  each 
model.  One  models  was  similar  to  that  shown  in  Fig.  23  with  8  *  84°’  and 

i 

-  the  ether  was  one  of  those  depicted  ir-  Fig.  '24  with  R/D  *  0-, 025,  The  K 
factors  for  the  original  length  as  well  as  the  two  shortened  lengths  are 
'  stated  below.  It  *s  seen  that  the  K  values  decrease  only  slightly  as  the 
^  length- to-width  ratio  is  reduced. 


P1  ate  Length-  to- 
Wldth  Ratio 

/ 

6 
3 

2  / 

The  geometry  of  the  model  used  by  Durdlli,  at  sl[T£K^1ft  part  of  the 
.three-dimensional  studies  is  shown  in  Fig.  27.  The  concentration  factors 

,  •  *  _  j 

for  the  fiieridlanal  slices  as  defined  by  (5.12)  are  given  In  Fig.  28. 

A  second  throe 'dimensional  mode  V, ’ s  hown  i'n  Fig.  29,  was  also 
investigated.  The  plan  '*  slicing  for  th8  three-dimensional  photoeiasti city- 
tests  is  shown  in  Fig.  30.  The  stress,  concentration  factors  as  defined 
by  (5.12)  are  shown  in  Fig.  31. 
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•  PISURE  31.  •  •' 

STRESS  CONCENTRATION  FACTORS  FOR  THE  MODIFIED 
GEOMETRY  OF  THE  RpCKET  GRAIN  [123 

MS'  , 
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o  . 


Comparing  Figs.  28  apd  31,  It  1«;seen  that  the  stresses  In  the 

model  depicted  In  Fig.  29  are  considerably  lower  than -those  of  the 
«  .  —  ■■  •  . 

.  model  In  Fig.  27.  The.  essential  features  of/ these  two  design's  which  are 
,  ■  ••  «  -  . 
chiefly  responsible* for  the  difference  ip  stress  levelsdf  the  two- models  * 

-  /  *  t  J  • 

are  shown  in  Fig.  32  forillustratlve^purposes,:  Deslgrr  A^has  a  square 

*"  *  -  ,  f\  *  t  ,  zsr  .  *  '  t*’ 

/  comer  along  one  edge  and  a,  reentrant  corner  along  the  Other  edge  of  the 
\  bonded  interface^ as  shown, in. the  figure.  Although:  analysis  of  both  theo 
square  and  reentrant.oomer  are  limited  by  the  same  difficulties  discussed 

j  ,  i  •*  i 

In  the  following  chapter  for  the  analyses  of  erachs'lin  two-dimensions, 
it  Is  clear  thai  both  comers  show  high  s tres ses »vah.d  at  the  (Junction  of 
the  two  edges,  the  stresses. will  be  s^me  combinatidnof  these  two  high 
stresses,  '  *"v  .  ; 

Design  B  1$  characterized  by  outward  comers  at  the  Interface  edges 
as  shown ,ln  Fig.  32.  These  comers  show  lower  stresses  than  the  square 
reentrant  corner.  Besides  this  *  since  the  maximum  stresses  of  <the . 

f  ;■  **  -  * 

outward  comers  do  not  occur  on  the  edges,  tberjtiftction  of  the  edges  .... 

f  ■  '  / 

Incomes  less, critical.  -  *  -r 

The  above  discussion  and  limited  parametric  data  present  sojne  of 

% 

-the  considerations  that  a  designer  may  put  to  use  to  minimize  high'  local 
stresses  at  case-grain  terminations,  .  '  :  .  '■ 

Tha/esults  of. several  other  experliflental  Investigations  by  Durelli 
and  his  co-workers  are  afso  available  for  use  In  making  design  declslqps 
relating  to  case-grain  terminations.  In  other  studies,  Durqlll ,  et  al 
[13-15,18,19,22,23],  Investigations  involved  the  use  of  two-  and  three- 
dimensional  modal  analyses.  The  two-dimensional  models  were  of  two  types: 
.  (i)  strips  bonded  oq  one  side,  and  (11)  rectangular,  plates  bonded  on  poth 


t 


\ 


J 


longitudinal  sides.  The  first  type  simulates  the  meridian  plane  In 

' .  | 

thin  web  grains**  and  the  second  type  simulates  the  meridian  plane 
near  the  interface  of  thick  wfeb  grains  *  The  three? dimensional  models 
were  alsdf of  two  types:  (1)  an  Idealised  slab  bonded  on  one  fare,  - 
and  (if)  hollow  cylinders  bonded  to  shells.  The  central  ajoss-rsect^on 

of  the  first  type  of  specimen  has:  a  central  region  which  simulates 

•*.  . *  - ...  -  ,  . 

the  meridian  cross-section  in  axl symmetric  thin  web  grains.  The  seedttd 

'  *•  .  ^  ■' 

type  of  'specimen  reproduces  closely  ,the  geometry ’of.  simole  rocket 

t. 

motors.  Hg.  33  illustrates  both  the  two-  and  three-dimensional  simu- 

<•  ’  . 

latlons.  The  loading  Is  nroduced  by  restrained  shrinkage  of  tpe 

& 

stress.  •* 

<  '  i  ' 

Fig.  34  present^  the  stress  concentration  factors  in  plates 

\  ' 

bonded  along  one  edge  with  different  fillet  configurations.  This 
figure  shows  that  an  increase  in  the  radius  of  curvature  of  ?n  end 

»  i  v 

fillet,  decreases  the  stress  concentration;  however,  little  is  gained 
if  the  radius  is  larger  than  one-half  the  height  of  the ‘strip  (or 
web  of  the  grain). 

In  another  study [15],  the  three  models  shown  in  Fig.  .j&were  useo  to 


'analyze  the  stress  distributions  associated  with  seven  different  geometries 
of  junctions  of  bonded  and  free  boundaries.  The  length-t-o-width  ratio 
was  about  six,  however,  from  a  previous  table,  (page  5.40)  the  conceo?trati otis 
.  'Detained  are  expected  to  vary  little  for  different  length-to-height  ratios. 


l 


1  ) 


DIMENSIONS  OF  THE  THREE  MODELS  USED  TO  ANALIZE  THE 
STRAINS  ASSOCIATED  WITH  7  DIFFERENT  GEOMETRIES  OF 
JUNCTIONS  OF  BONDED  AND  FREE  60UNDAR1ES[15] 


5.51 


Two  types  of  shrinkage  loading  conditions  were  analyzed.  In  one 
type  of  test  the  long  edges  of  the  plates  were  restrained  longitudinally, 
but  allowed  to  move  freely,  one  toward  the  other.  Ihis  restraint  is  called 
" lnngi tmHi nai  rps trai nt."  hpre.  In  the  other  type  of  test,  the  two  long 
boundaries  were  held  apart  so  that  there  was  restraint  both  along  ahd' 
between  the  boundaries.  This  situation  is  called  "biaxial  restraint". 

The  restraint  between  the  boundaries  does  not  have  the  same  value  as  the 
restraint  along  the  boundaries. 

Figure  36  shows  schematically  the  two  loading  conditions  studied. 

This  figure  also  shows  the  loading  obtained  by  subtracting  those  two 
loading  conditions  from  one  another.  In  this  figure  u  and  v  denote  the 
components  of  displacement  in  the  x  and  y  directions,  respectively;  a  bar 
is  added  to  specify  a  displacement  applied  to  a  boundary. 

The  subtraction  (in  a  tensorial  sense)  of  the  two  loading  conditions 
used  in  the  tests  permits  the  determination  of  stresses  associated  with 


*The  "b-taxality  ratio",  k,  is  determined  in  the  following  manner.  If 
the  stresses  along  the  transverse  axis  obtained  from  tl^  shear  difference 
method  are  put  in  the  form  of  Oy/Ea  and  oy/Ea,  then  from  Hooke's  Law  the 
normalized  strain  eja.  can  be  obtained  all  along  the  transverse  axis. 

The  average  value  of  Cy/a  times  the  height  is  the  displacement  of  the 
top  edge  with  respect  to  the  bottom,  i he  average  value  of  £y/a  along 
the  transverse  axis  is  then  the  biaxiality  ratio  k.  For  the  three 
models  shown  in  Figure  35,  k  was  found  to  be 


MODEL  BIAXIAL  RESTRAINT  RATIO  k 


1 

2 

3 


0.73 

0.80 

0.73 


t 


\ 


a  variety  of  other  biaxial  conditions:  The  difference  itself  (labeled 
transverse  restraint  in  the  figure)  corresponds  to  the  loading  of  a 
plate  bonded  to  two  rigid  edges  without  shrinkage  and  then  subjected  to 
an  applied  displacement  normal  to  the  two  edges.  If  this  third  loading 
condition  (transverse  restraint)  is  combined  with  the  ionnitudinal 


restraint  in  different  proportions,  any  ratio  of  biaxial  restraint  can  be 
produced.  Figure  36  shows  the  procedure  used  to  obtain  a  loading  condition 
with  a  biaxial  restraint  ratio  k'.  Stresses  and  strains  can  be  combined 
following  the  same  procedure.  For  example,  the  tangential  stress  along 
the  free  boundary  for  a^alue  of  biaxial  restraint  of,  say,  k1  can  be 
obtained  by  multiplying  the  value  of  the  tangential  stress  associated 
with  the  transverse  restraint  by  (k'+v)/(k+v)  and  adding  the  result  to 
the  value  of  the  longitudinal  stresses  associated  with  the  longitudinal 
restraint.  Durelli,  et  al ,  [13]  present  several  representative  examples 
of  transverse  restraint  for  the  models  shown  in  Fig.  35. 

Peak  values  of  *r  v  and  x  ...  are  given  in  Figures  37  and  38.  In  the 

ITlaX  Xj 

case  of  five  of  the  corners,  the  peak  value  of  x„  did  not  appear  on  the 

max 

interface,  but  occurred  instead  on  the  free  boundary.  These  figures 
indicate  that  concave  and  outward  corners  are  associated  with  more  favor¬ 
able  stress  conditions  than  convex,  square  or  reentrant  corners. 

Stress  concentrations  were  determined  in  another  study  [19]  for 
slabs  with  different  edge  geometries  bonded  on  one  face  and.  shrunk  using 
three-dimensional  phdtoelasticity.  The  results  for  five  different 
geometries  are  presented  in  Fig.  39.  These  results  supplement  the  earlier 
discussion  of  the  analytical  results  of  Dill,  et  al.  [4]. 
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9. 

($  IN  THE  CENTRAL  CROSS- 


DED  ON  ONE  SIDE  AND  SHRUNK 


*\ 


The  stress  concentration  factors  in  th*'se  cv^ index's  o f  ^evolution 
bonded  to  shells  and  shrunk  are  shown  in  Fig.  40  [22j.  The  shells  were 
made  of  fiberglass  reinforced  epoxy,  and  three  dimensional  photoelasticfty 
and  the  Moire  method  were  used  in  the  analysis.  The  results  of  this 
investigation  indicated  that  the  flexibility  and  anisotropy  of  the  rocket 

*i ntftv*  r'Tica,  mav/  hawo  a  cx-f-farf  th£*  ctrocc  H**  C  t  ri  hllti  fin  in 

-  ~  -  - j  -  w  •  . . .  •  ^  -  - - -  -  -  — .  . 

the  propellant  grain  models. 

# 

Complementing  their  earlier  studies-,  Durelli  and  co-workers  determined 
the  stress  concentration  associated  with  the  end  of  a  strip  bonded  on  rne 
si de, when  the  end  has  the  shape  of  a  wedge  and  the  anqle  of  the  tip  is 
varied  from  0  to  180  degrees,  under  a  subcontract  to^Atlantic  Research 
Corporation  [23].  Stress  concentration  factors  for  the  end  angles  are 
showr  in  Fig.  41  for  corner  radii  of  0.125,  0.03125,  and  <  0.0001  inches. 

The  peaks  of  stress  concentration  occur  at  approximately  4)  =  S0°  as 
well  as  4>  =  0.  The  optimum  acute  angle  appears  to  be  in  the  neighborhood 
of  50°.  For  reasonably  controlled  radii,  it  is  seen  that  the  stress  does  - 
not  change  significantly  for  angles  below  90°.  It  is  also  noted  that  the 
position  of  maximum  stress  is  not  located  at  the  interface,  Jbut  somewhere 
above.  This  position  changes  as  the  angle  4>  changes;  however,  the  location 
is  essentially  constant  for  angles  below  120°  as  , Fig.  42  shows  for 
R  =  0.125  inches. 

Under  the  same  subcontract  long  plates  having  a  semi-circular  end 
were  bonded  both  partially  and  totally  to  rigid  frames,  and  elliptical 
holes  were  located  near  the  boundary  either  at  the  apex  or  at  the 
transition  between  the  straight  and  circular  boundaries.  The  stress 
concentrations  around  the  elliptical  holes  were  determined  when  the  plate 
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was  subjected  to  restrained  shrinkage.  'These  concentration  factors  are 
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associated  with  the  ellipse  which  has  its  major  axis  parallel  to  the 
,  longitudinal  directions  are  smaller  than  the  stresses  associated  with  the 
ellipse  which  has  its  major  axis  parallel  to  the  transverse  direction, 
in  both  cases  the  peak  values  of  the  stress  concentration  factor  takes 
pi  ace  at  a/D  =0.3. 

In  the  case  of  the  elliptical  holes  located  at  the  point  of  discon- 

4 

tinuity  between  bonded  and  unbonded  boundaries,  (fig.  44)  the  relative 
value  of  stress  concentration  factors  for  the  two  positions  of  the  ellipses 
is  opposite  to  the  previously  mentioned  result.  The  maximisn  stresses  in 
the  elliptical  hole  with  its  major  axis  in  the  transverse  axis  was  found 
to  be  smaller  than  those  at  the  hole  with  its  major  axis  in  the  lonji- 
tudinal  direction. 

By  plotting  stress  concentration  factors  against  the  dimensionless 

area  of  the  hole,  another  set  of  curves  cap  be  obtained.  Those  are  shown 

in  Figures  45  and  46,'  respectively,  for  the  case  of  various  elliptical 

holes  tangent  at. the  apex,  and  the  case  of  various  elliptical  holes  tangent 

at  the  discontinuity  of  bond.  The  stress  concentration  decreases  in  both 

cases  when  the  elliptical  hole  becomes  a  circular  hole.  This  may  also  be 

observed  from  a  family  of  curves  obtained  by  expressing  concentration 

factors  in  terms  of  the  ratio  of  the  ratio  of  major  to  minor  axis  of  the 
9 

ellipse  as  given  in  Fig.  47,  All  curves  have  minimum  values  as  a/b 
approaches  unity. 
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FIGURE  43. 


PARAMETRIC  STRESS  CONCENTRAT  I  ON  FACTOR  SFOR  VAR  I OUS 
ELLIPTICAL  HOLES  TANGENT  AT  THE  APEX,  IN  THE  PLATE.  SUBJECTED 
TO  RESTRAINED  SHRINKAGE  [23] 
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FIGURE  45. 

PARAMETRIC  STRESS  CONCENTRATION  FACTORS  FOR  VARIOUS 
ELLIPTICAL  HOLES  TANGENT  ATTHE  APEX,  IN  THE  PLATE  SUBJECTED 
TO  RESTRAINED  SHRINKAGE  [23] 
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FIGURE  46. 

PARAMETRIC  STRESS  CONCENTRATION  FACTORS  FOR  VARIOUS 
ELLIPTICAL  HOLES  TANGENT  ATTHE  DISCONTINUITY  OF  BOND, 
IN  THE  PLATE  SUBJECTED  TO  RESTRAINED  SHRINKAGES] 
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FIGURE  47. 


PARAMETRIC  STRESS  CONCENTRATION  FACTORS  FOR  VARIOUS 
RATIO  OF  ELLIPTICAL  PERFORATIONS  IN  THE  PLATES  SUBJECTED 
TO  RESTRAINED  SHRINKAGES 
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Additional  two-dimensional  studies  were  conducted  to  evaluate  the 
effects  of  multiple  notches  (in  the  form  of  circular  holes)  along  the 

case-propellant  interface  in  the  vicinity  of  the  grain  ends.  The  results 

\ 

obtained  indicate  that  additional  stress  relief  notches  beyond  the  first 
one  do  not  offer  any  significant  advantage  over  the  single  circular  fillet 
.as  may  be  seen  from  Fig.  48. 

Based  on  available  photoelastic  data,  Atlantic  Research  Corporation  [23] 
conducted  an  experimental  evaluation  program  using  analogue  motors  with 
the  aft-end  grain  shapes  shown  in  Fig.  49.  The  square  corner  was  selected 
as  a  reference. 

A  parametric  stress  analysis  was  first  conducted  for  circular 
fillets  in  order  to  better  evaluate  the  effect  of  various  parameters 
upon  the  state  of  stress  at  the  propellant  grain  end  termination.  The 
geometry  of  the  fillet  is  shown  In  Fig.  50.  The  numerical  solutions 
obtained  for  three  web  fractions  and  three  fillet  radii  at  each  web  are 
presented  in  Figures  51  through  56.  The  quantity  5  is  the  differential 
linear  thermal  strain  between  the  case  and  the  propellant  and  E  is  the 
equivalent  elastic  modulus  of  the  propellant.  The  other  quantities  in 
the  figures  are  defined  as 


of*  =  Maximum  Effective  Fillet  Stress 
ob*  =  Plane  Strain  Effective  Bore  Stress 
ot  =  Tangential  Fillet  Stress 
ar  -  Radial  Stress  at  Grain-Case  Interface 
Trz  =  Shear  Stress  at  Grain-Case  Interface 
Kp  =  Op*/ab*  =  Stress  Ratio  at  Fillet. 
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FIGURE  48. 


STRESS  CONCENTRATION  IN  RECTANGULAR  PLATES  WITH  ROWS 
OF  HOLES  ALONG  P.VO  BONDED  BOUNDARIES,  SUBJECTED  TO 
RESTRAINED  SHRINKAGES] 
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FIGURE  49.  SHAPES  FOR  PROPELLANT  MODEL  STUDIES  BASED  ON 
PHOTOELASTIC  STUDY[23] 
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FIGURE  50.  TYPICAL  FILLET  GE0M£TRY[23] 
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FIGURE  52.  TANGENTIAL  STRESS  AT  THE  CONICAL  FILL ET[23 j 
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FIGURE  55.  MAXIMUM  EFFECTIVE  STRESS  AT  THE  CIRCULAR  FIllET[23] 
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The  effective  stress  in  this  study  was  used  to  compare  the  state  of 
stress  in  the  motor  with  uniaxial  tensile  data,  and  is  given  by 


^  tV°e>J  *  <V°2,J  +  (oz-°r)!  +  6VzJj!l 


The  results  show  that  the  stress  ratio,  K^,  increases  with  decreasing 
fillet  radius  and/or  decreasing  web  fraction.  To  have  failure  at  the 
fillet  rather  than  at  the  inner  bore,  the  stress  ratio  must  be  greater 
than  one.  Although  decreasing  the.  web  fraction  increases  the  probability 
of  failure  at  the  fillet,  it  is  observed  that  the  actual  stress  magnitude 
is  lowered,  and  hence,  a  lower  temperature  is  required  for  failure. 

Besides  the  circular  fillet  analogue  motors,  three  conical  end 
terminations  and  a  square  end  reference  motor  were  made  and  tested.  The 
analysis  parametric  curves  for  these  geometries  are  shown  in  Fig.  57  through 
59.  The  45°  partial  cone  or  partial  ramp  results  presented  are  for  an 
end  configuration  designed  to  displace  the  same  propellant  volume  as  the 
0.20  inch  fillet  radius. 

Analogue  motor  tests  were  also  conducted  by  Robinson,  et  al ,  to 
compare  actual  failure  data  with  photoelastic  and  analytical  investi¬ 
gations.  The  motors  consisted  of  ten-ir.ch  long,  fifty  percent  web 
fraction  grains,  case-bonded  in  four-inch  diameter,  heavy  wall  aluninum 
tubes.  A  P8AN  propellant  formulation  (ARCADENE  212)  was  selected.  The 
motor  configurations  are  shown  in  Fig.  60.  Several  motors  were  made 
with  each  configurations  and  thermally  cooled  until  failure  was  observed 
by  radiograohic  inspection.  Failure  data  are  shown  in  Fig.  61.  All 
failures  occurred  at  the  contoured  end  in  the  form  of  circumferential 
cracks.  The  predicted  failure  temperatures  shown  in  Fig.  61  were 
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FIGURE  57.  CASE  BOND  SHEAR  STRESS  FOR  CONICAL  END  TERMINATIONS!^] 
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FIGURE  60.  CROSS  SECTION  VIEW  OF  END  GRAIN  CONFIGURATIONS^] 
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FIGURE  59.  EFFECTIVE  STRESS  DISTRIBUTION  AT  THE  CONICAL  END 

TERMINATIONS^] 


determined  using  linear  thermoviscoelasticity  theory  assuming  thermo- 
rheological  ly  simple  material  behavior.  Reference  temperatures  for 
thermal  cooling  were  obtained  from  thermocouples  embedded  in  similar 
analog  motors. 

The  values  of  the  stress  ratio  Kp  presented  in  Fig.  61  were  found  to 
be  in  excellent  agreement  with  the  results  of  three-dimensional  photo¬ 
elasticity  investigations  of  models  having  exactly  the  same  dimensions 
as  the  propellant  analogue  motors. ano  end  configurations  in  the  form  of  a 
45°  inclined  plane  and  a  square  corner.  Three-dimensional  photoelasticity 
tests  were  also  attempted  on  the  model  with  a  natural  meniscus;  however 
the  results  were  inconclusive. 

* 

Several  interesting  features  of  the  failure  data  presented  in  Fig.  61 
are  worth  noting.  It  is  first  observed  that  the  data  for  a  given  grain 
end  configuration  exhibit  g ood  reproducibility  and  good  agreement  with 
analytical  predictions,  even  though  the  method  of  analysis  may  be  open  to 
some  question.  Considering  all  of  these  tests  as  a  group  suggests  that 
there  is  really  little  difference  in  behavior  between  any  of  these  end 
configurations.  Of  the  differences  observed,  the  tup  45°  inclined  plane 
configurations  failed  at  temperatures  consistently  below  the  others. 

The  relati vely  narrow  spread  in  the  analogue  motor  failure  tempera¬ 
tures  may  be  explained  in  a  qualitative  manner.  The  data  from  the  two- 
dimensional  photoelastic  models  indicate  that  the  stress  concentration 

v  4 

factor  for  the  45°  inclined  plane  is  almost  a  factor  of  two  greater  than 
that  for  the  circular  fillet.  It  may  be  expected  that  these  shapes  in 
the  three-dimensional  analogue  motors  not  only  produce  higher  concen¬ 
tration  factors  but  also  tend  to  be  closer  together.  This  result  is  mainly 


attribute  a  tQ<.the  increased,  dimensionality  of  the  analogue  motors. 

<.  '  *  *  *  *  “  ^ 

Secondly,  the  failure'properties  of  the  propellant  exhibit  significantly 
increased  temperature  sensitivity  at  lower  temperatures.  Cqjnbining 

9  -  .  ’  • 

these  two  effects  .may ,  lii  part,  explain  the  closeness  of  the  observed 

i  \  ■  \  '  Jv  '  * 

fad  lure  temperatures, 

. Final  1  y , ‘4 the  behavior  of  the  square  corner' reference  configuration, 

i  * 

,  althougn  i..  grsefnent  with  the  analytical  calculations  still  suggests  ^  v— 

;  ,  y  -N 

•  C*  -  f  '  b 

.  somewhat  abnormal  behavior.  This  may  be 'attributed  tb  apbroximations 

*<  ?  i  f  ^ 

ih, Produced  in  the  analysis  and  inability  of  X-rays  to  defect  relatively' 

/•  ^  *  v  J 

smaW’^'ectsJifimediately  adjacent  to  the  case  wall .'Whereas  failure  was 

•  observed  in  the  propellant'  away-  f£om  the  Case  wall  ’in.  the  other  motors, 
failure  in  the  sGuare  cor/fdr\vfer<Snce  motor  was ’observed"  to  nave  occurred 

•  very  clbs^to  and,extended  along  the  case  wall.  In  this  region  the 

resolution  of  ^he  radiographic:  inspection  ^equipment  is  suspect.  Also,)  t. 

analytical  ly  this  configuration  results  in  a  stress  singularity  and  (l  '  * 

* . 

«'  •  .  «>  *  * 

infinite  stresses.  In  analytically  calculating  the  predicted  failure 

temperature^  Robinson,  et  al,  [23],  used  a  stress-conceptratfon  factor 

*'  "  *  r*  j, 

at  a  point  near  the  grain  end.  Thus,  it  is  likely,  that  the  stresses 

T~*  '  a 

^  ^  t/ 

were  higher  than  analytically  predicted. 


5.3.3  SUMMARY  AND  DESIGN  GUIDELINES 

Before  concluding  this  lengthy  section  on  the  design  of  terminations 
it  is  worthwhile  to  summarize  some  of  the  important  aspects  of  the  design 

r  , 

of  grain  termi nations,  and.-ib  point  out  some  of  the  limitations  of  the 

analyses  presented  in  the  proceeding  paragraphs. 

The  design  and  analysis  of  grain  terminations  represents  one  of  the 

more  difficult  problem 'areas  currently  feeing  the  design  .r-analyst.  For 

th^s  reason  the  previous  presentation  contained  rather  in  depth  discus- 
♦  < 

sions  of  the  parametric  and  specific  motor  design  information  presented, 

including  infcerpretatibns  of  seme  of  the  .research  programs.  It  is  taped 

...  . 

that  such  information  will  provide  the  designer  with  some  insight  into 

°  ,'v  <•  .  . 

the  thinking  processes 'that  go  into  the  design  of  grain  ^emrinatipns  and 

provide  basic  guidelines  for  making  rational'  desi’gn  decisions. 

*  «  »  * 

1  The  disepssions  .or.  stress  relief  flaps  contains  a  simple  design 

-  ^  *  ■  '  » 

.curve  (Figure  6}  which  expeVience  has  proven  to  be  adequate  for  large 

diameter  solid  rocket  motors.  This  curve  may  also  be  used  f«.r  other 

•  *■  . 

motor  designs  if  some  experience  With  a  similar  motor  design  is  available. 

•» 

For  W  temperature  and/pr  high  acceleration  applications,  the  parametric 
curves  obtained  from -energy  balance  considerations  and  grain  end  contouring 
studies  are  better  suited. 

The  use  of  membrane  reinforcing  may  prove  to  be  a  good  means  for 
reducing  concentrations  at  grain  terminations.  However,  this  approach  is 
not  highly  recommended  at  this  time. -To  the  authors'  knowledge,., such  ar. 

.  '  '  V 

approach  has  not  &eqn  investigated  in-  full  scale  or  analogue  motor  tests; 
and  in  ylew  of  the  probable  manufacturing  difficulties  introduced,  this 
technique  should  be  considered 'to  be  only  in  the  research  stage  at  th.is 
time. 
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It  has  been  observed  that  concave  and  outward  corners  are. associated 

/ 

with  more  favorable  stress  conditions  than  convex,  square  or  reentrant 
corners.  An  included  angle  less  than  45°  leads  to  finite  stresses  at 
the  grain  termination. 

Stress  concentrations  are  also  decreased  as  the  radius  of  curvature 
of  an  end  fillet  is  increased,  however  little  is  gained, if  fhe  radius 

4  •  .  A  ‘ 

k  larger  than  one-half  of  the  grain  v*eb. 

Length-to-diameter  ratio  apparently  has  little  effect  on  the  stress 

f 

concentration  for  L/D  ratios  in  excess  of  about  2;  and  as  Poisson's 
ratio  approaches  one-half  the  critical  temperature  for  grain  debonding 
is  raised. 

The  analyses  discussed  above  are  subject  to  the  usual  limitations 
o*  linear  elasticity  theory,  furthermore,  divact  application  6f  experi-' 
mental  stress  analysis  to  propellant  failure  u  difficult.  Hence,  It  is 
recommended  that  design  decisions  based  on  the  types  of  analyses  presented 
herein  be  corroborated  with  failure  tests  of  Structural  Test  Vehicles. 
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5.4  NOMENCLATURE 

A  •  Fracture  Surface  Area 

*  •  6ra1n  Inner  Radius 

b  ■  j^Sraln  Outer  Radius 

c  ■  Crack  Dimension 

„<  * 

c  *  Subscript  Referring  to  Case  Properties 

£  *  Young's  Modulus 

e  -  ■  First  Strain  Invariant 

e^  *  Second  Strain  Invariant 

g  •  *  Subscript  Referring  to  Grain  Properties 

K  «  Stress  Concentration  Factor 

k  *  Blaxiality  Ratio 

k  ■  Character  of  Singularity 

Kp  *  Stress  Ratio  * 

l  »  Grain  Length 

R  «  Fillet  Radius 

s  «  Bond  Separation  Length 

T  ■  Temperature 

T0  »  Reference  Temperature 

U  «  Strain  Kiergy 

u,  v  *  Displacements 

W  «  Strain  Energy  Density 

xty,z  «  Cartesian  Coordinates 

»• 

r,8  «,  Polar  Coordinates 

a,6,s,a  *  Angles 

a  ■  Free  Shrinkage 

c  *  Linear  Coefficient  of  Expansion 

■y  *  Shear  Strain 

*  Adhesive  Fracture  Energy 

^  •  «  Cohesive  Fracture  Energy 

c  <*  .  Normal  Strain 

X  *  b/a  •  Grain  Radius  Ratio 

X  «  vE 

,  TT+7)n-2v) 

*n  «  Eigenvalues 

v  ■  Poisson's  Ratio 

w  ■  E  . 

rn^- 

p  ■  ■  §tar  Va.llty  Fillet  Radius 

o  ■  Normal  St.-ess 

t  *  Shear  Stress 
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VI.  EXPERIMENTAL  ANALYSIS  METHODS 


6  1  INTRODUCTION 

Experimental  stress  analyses  may  serve  as  the  primary  analysis  tool 
or  confirmatory  experimentation  of  other  analysis  techniques.  Experimental 
methods  are  frequently  used  as  the  main  analysis  tool  for  complex  grain 
configurations  when  the  validity  of  the  results  of  analytical  and  numerical 
analyses  is  seriously  questioned.  Experimental  methods  are  also  employed 
for  confirmation  of  analysis  and  failure  predictions  with  subscale  and 
prototype  motor  tests  used  as  ultimate  verification  of  grain  structural 
integrity.  Properly  used,  experimental  stress  analyses  represent  powerful 
tools  for  the  designer-analyst,  complementing  analytical  and  approximate 
numerical  analysis  techniques[1-5] • 

Presently,  experimental  methods  make  considerable  use  of  photo¬ 
elasticity,  displacement  measuring  devices  and  Structural  Test  Vehicles 
(STV's)  which  model  the  essential  features  of  production  delivery  motors. 

6.2  PHOTOELASTICITY 

Photoelasticity  is  an  experimental  stress  analysis  method  which  takes 
advantage  of  the  birefringence  (double  refraction  property)  exhibited  by 
certain  Isotropic  transparent  materials  when  subjected  to  stress  or 
strain  [1-5].  When  such  a  transparent  material  is  viewed  in  a  field  of 
polarized  monochromatic  light,  this  optical  phenomenon  is  manifest  as 
interference  fringes  or  alternate  dark  and  light  bands  known  as  isochromatics. 
These  fringes  are  ordered  according  to  the  number  of  darkness-brightness 
cycles  that  occur  at  any  given  point  as  the  load  is  increased  from  zero  to 
its  final  value.  The  difference  of  the  principal  stresses  acting  on  planes 
<b:itaining  the  axis  of  light  propagation  is  related  to  the  fringe  order  at 
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a  given  point  and  the  thickness  of  the  material  ir.  the  direction  of 
light  propagation  through  the  fundamental  stress-optic  law: 


oi  -  Oz 

2  Tmax 


n  f 
_ o 

t 


where 

n  =  fringe  order 
t  =  model  thickness 
oita?  =  principal  stresses 
t  =  maximum  shear  stress 

iflaX 

f  =  material  fringe  constant. 


(6.1) 


The  observed  birefringence  is  not  affected  by  the  stress  In  the 
direction  of  light  propagation.  To  obtain  stresses  with  this  method  of 
analysis,  a  model  is  fabricated  from  a  transparent  plastic  known  to 
possess  the  required  photoelastic  properties.  The  model  Is  machined  so 
that  it  is  geometrical ly  similar  to  the  prototype  and  loading.  In  two- 
dimensional  problems,  the  loaded  model  Is  examined  in  a  field  of  polarized 
light.  The  isochromatic  pattern  gives  the  shear  stress  distribution,  and 
direct  visual  observation  can  ordinarily  be  used  to  locate  regions  of 
high  and  low  normal  and  shear  stresses. 

Essentially,  two  patterns  can  be  obtained.  If  the  polar! scope  is 
set  to  produce  maximum  darkness  in  the  background  outside  the  model 
(dark  field),  then  the  fringes  are  ordered  n  =  0J,2,3,,*“.  If  the  polar- 
scope  is  arranged  to  produce  maximun  light  In  the  field  outside  the 
model  (light  field),  then  the  fringes  have  the  values  of  the  intermediate 
orders  n  =  1/2,  3/2,  5/2,  8y  the  simple  process  of  counting  fringes 
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and  multiplying  their  order  by  the  calibration  constant,  f  the  maximun 
shear  stress  distributions  can  be  determined  throughout  the  bod,,  of  the 
model.  The  model  shear  stress  distribution  can  then  be  converted  by  the 
use  of  appropriate  scaling  laws  to  the  shear  stress  distribution  in  the 
prototype.  When  the  stress  field  is  uniaxial,  as  on  free  boundaries,  one 
of  the  principal  stresses  is  zero  and  the  other  can  be  directly  from  the 
photoelastic  data.  At  interior  points  of  the  model,  additional  informa¬ 
tion  is  required  for  determining  principal  stresses  and  the  evaluation 
becomes  appreciably  more  complicated. 

6.2.1  THREE-DIMENSIONAL  PHOTOELASTICITY 

For  the  photoelasticity  solution  of  three-dimensional  problems,  a 
somewhat  more  involved  technique  is  necessary,  since  the  observations  of 
the  loaded  model  in  a  field  of  polarized  light  does  not  result  in  a 
fringe  pattern  which  can  be  r  idily  Interpreted.  Current  techniques  / 

involve  constructing  a  three-dimensional  model  and  determining  the  stress 
state  by  a  "frozen  stress"[3-5],"scattered  light"[6-20] or  "embedded  polariscope" 
photoelastic  method.  The  frozen  stress  or  stress  freezing  technique  in 
which  the  isochromatic  fringe  pattern  is  i'ocked-in  "or  frozen  into  the 
model  by  temperature  excursions  and  thin  slices  then  removed  wherever  the 
stress  distribution  is  required  and  viewed  in  polarized  light  is  probably 
the  most  common  technique^  although  the  development  of  the  laser  has  given 
considerable  impetus  to  scattered,  light  techniques  which  al.low  non¬ 
destructive  time  varying  measurements  without  disturbing  the  model. 

Embedded  polarisccpe  techniques  have  not  found  extensive  use  in  solid 
rocket  motor  applications  and  will  not  be  discussed  here. 
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STRESS  FREEZING  TECHNIQUE  '  * 

In  the  frozen  stress  techniques [3-5]the  stress  distribution  in  the 
three-dimensional  model  at  the  time  of  stress  freezing  is  obtained.  The 
birefringence  is  frozen  into  the  model  by  utilizing  certain  plastics 
which  behave  as  if  they  were  composed  of  a  mixture  nf  two  materials, 
with  different  rates  of  changes  in  their  physical  properties  under 
temperature  variation.  When  a  model  made  of  such  material  is  heated  to 
a  certain  "critical"  temperature,  one  component  or  "phase"  becomes  soft, 
while  the  other  is  still  relatively  hard  and  perfectly  elastic.  When 
loaded  in  this  condition  and  slowly  cooled  under  load,  the  softened  phase 
rehardens,  locking-in  or  "freezing"  the  deformation  and  corresponding 
fringe  pattern  permanently  into  all  parts  of  the  model.  The  load  can 
be  removed  and  slices  taken  from  the  model.  The  removal  of  slices  does 
not  distort  or  alter  the  fringe  pattern  in  any  manner  if.  the  machining 
operation  is  carefully  performed.  This  process  gives  rise  to  a  material 
with  a  value  of  Poisson's  ratio  very  nearly  equal  to  one-half.  Ir  other 
applications  this  is  a  serious  limitation;  howeyer,  in  solid  propellant 
applications  this  is  usually  a  desirable  trait. 

The  isochromatic  patterns  obtained  from  the  slices  can  be  Interpreted 

in  much  the  same  manner  as  the  patterns  obtained  from  a  two-dimensional 

\ 

mbdel.  Shear  stress  distributions  throughout  the  slice  and  boundary 
stress  distributions  along  tree  boundaries  and  along  surfaces  to  uniform 
pressure- type  loadings  can  be  determined  directly  from  the  patterns.  At 
interior  points  of  the  slice,  the  problem  of  determining  the  principal 
stresses  is  considerably  more  difficult.  In  general,  the  experimental 
techniques  available  for  providing  the  additional  information  required  to 
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solve  completely  a  two-dimensional  problem,  are  difficult  to  apply  to  the 
three-dimensional  case.  As  a  result,  a  method  which  utilizes  photoelastic 
data  and  an  integration  procedure  based  on  the  equations  of  equilibrium  - 

has  been  developed.  The  procedure  is  cumbersome  and  subject  to  considerable  ^ 

\ 

inaccuracies  unless  it  is'  aDplied  with  extreme  care  and  skilT.  Fortunately, 
a  complete  knowledge  of  interior  stresses  is  not  always  required,  and  a 
knowledge  of  boundary  stress  distributions  is  sufficient  for  many  design 
problems.  * 

SCATTERED  LIGHT  TECHNIQUE 

Scattered  light  photoelasticity[6-20]has  several  advantages  over  the 
technique  of  transmission  photoelasticity  discussed  above.  Firstly,  not  * 

all  photoelastic  materials  are  amenable  to  stress  freezing  and  hire- 
fringent  materials  more  representative  of  propellant  binders  cannot  be 
stress  frozen.  Scattered  light  photoelasticity  does  not  require  the 
stress  freezing  process.  This  method  of  analysis  is  nondestructive. 

Different  lead  conditions  can  be  applied  to  the  same  model.  This  can  be 
a  considerable  advantage  for  models  with  a  complex  geometry. 

The  essential  data  used  in  the  numerical  integration  cf  the  equations 
of  equilibrium  for  transmitted  light  and  scattered  light  are  .he  same, 
the  principal  difference  being  the  direction  of  observations.  Observa¬ 
tions  using  the  scattered  light  polariscope  are  made  ip  the  plane  trans¬ 
verse  to  the  patn  of  the  light.  Furthermore,  in  a  transmission  polari-'  -• 
scope,  the  direction  of  the  incident  lignc  relative  to  the  point  of 
•interest  is  generally  constant.  However,  when  using  scattered  light 
it  is  necessary  to  make  observations  in  different  directions.  This  is. 
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usually  accomplished  by  rotating  the  model  relative  to  the  light  . 

t 

The  stress  optic  law  for  scattered- light  is  obtained  from  the 

basic  relation  between  the  fringe  order  and  the  secondary  principal 

4 

stress  ^  ^ 


•  \  / 
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where,  s  i*.  the  distance  the  light  travels  through  the  stressed  mediums, 

^ .  •  r 

(ax'-  o2'),is  the- difference  in' the  secondary  principal  stresses  and  C  is 
the  stress  optic  coefficient. 

The  direction  of  the  secondary  .principal  axei  may  be  found  by 

)  V./ 

rotating  the  t.io^el  until  the  intensity  of  the  scattered  light  is  constant. 

'  *  '  a 

With  the  model  in  this  position  the'direction  of  observation  is  parallel 
to  one  of  the  secondary  principal  directions,  and  the  intensity  of  the  \ 
scattered  light,  I,  is  directly  proporti°nal  to  the  square  of  the  maximum 

w  -  *  ,  • 

'  t  '  •  v  , 

amplitude  of  polarized  light.  A,  with  proportionality  constant  v  —  a 
scattering  constant  (i.e.,  I  -  vA2}.  -  . 

The  basic  components  of  a  scattered  light  pclariscope  are  an 

■  s  i 

it..ensive  monochromatic  light  source,  an  optical  system,  amount  for  theh-1' 

-*  •  / 

photoelastic  model,  and  an  immersion  tur<k.  A  common  light  source  is  a 

hel/f  tin-neon  continuous  wave  gas  laser.’  The  immersion  fl‘uid  is  frequently 

/  —  • 

""paraffin  oil.  It  isc  chosen  to  have  the  same  index  of  refraction  as  the 


Cheng  [15]  has  described  a  dual-observation  method  which  Joes  not 
require  rotation  of  the  beam  or  the  moqel.  Only  three-dimensional 
translation  of  the  node!  is  recessafy*.  The  method  consists  of  recording 
sinultanebysly^he  intensities  of  scattered  light  aiongstwo  directions 
of  observations  making  an  angle^of-450  in  a. plane  normal  to  the  beam. 
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model  material  and  "is  used  to  eliminate  refraction  and  reflection  at  the 
surface  of  the  model. 

6.2.2  LIMITATIONS  OF  PHOTOELASTICITY 

Although  photoelasticity  represents  ar.  extremely  powerful  experimental 

<  i 

stress  analysis  tool,  some  caution  must  be  exercised  in  applying .-'t  to 
solid  propellant  structural  investigations. 

f 

The  analyses  discussed  above  are  subject,  to  the  usual  limitations 

of  linear  elasticity  theory.  That  is,  the  photoelastie  material  is 

assumed  to  be  isotropic  and  homogeneous.  Deformations 'are  assuned  to  be 
j  *  '  - 

small  and  a  linear  relation  between  stress, strain  and  birefringence  is 
also  assuned 

.  ^  The  first  two  limitations  are  probably  not  too  severe.  Furthermore, 

Sampson  [21]  has  recently  postulated  a  stress-optic  law  *or  orthotropic 

composites  based  on  a  Mohi -circl-e  relationship  among  bi refringence  com- 

* 

ponents.  Although  not  completely  verified  at  the  present  time,  these 

v 

results  may  prove  useful  in  future  studies  of  solid  propellants. '  Large 
deformations 'complicates  the  experimental  procedure,  but  offers  no 

V  <  £?r> 

insurmountable  difficulties.  \ 

The  most  significant  difficulty  is  associated  with  high  levels  of 
stress  in^crack-like  geometries.  In  such  geometries  as  the  radius  of 
the  slot  or  crack 'tip  becomes  smaller,-  the  same  load  produces  higher  < 
stress  becoming  unbonded  in  the  case  of  a  crack  and  at  some' point  the 
assumption  of  a  linear  relatipnj>etween  stress,  strain,  an,J  birefringence 
breaks  down.  This  nonlinear  reponse  can  be  avoide'd  to  some  extent  by 
reducing  the  load,  and  in  the  case  of  cracks  it  is  necessary  to  view 
the  stress  distribution  with  approximately  one  crack  width  in  order  to 
obtain  an  estimate  of  the  stresses  .at  the  tip. 


Th'is  nonlinear  behavior  may  also  be  used  advantageously.  .  Some  o 
the  same  nonlinear  factors  ev'^t  in  the  photoelastic  model  also  exl 
in  the  rocket  motor  prototype.  Thus,  if  one  is  able  to /natch  the  nonlinear 
features,  an  estimate  of  the  nonlinear  stresses  and  strains  in  the  prqpel- 
lant  grain  could  be  made.  To  the  authors'  knowledge,  this  matching  has 
i-ot  been  attempted.  Quantitative  determination  of  the  nonlinear  stresses 
and  strains  requires  a  nonlinear  stress  optic  law  —  presently  nonexistent. 

The  stress  state  of  the  photoelastic  model  is  also  complicated  in 
studies  ofnarrow  slots  or  cracks.  In  this  situation,  the  thickness  of 
the  model  is  an  order  of  magnitude  or  larger  than  the  slot  tip 
radius.  The  surfaces  of  the  model  are  in  a  condition  of  plane  stress. 

The  central  portion  of  the  model  through  the  thickness  approaches  plane 

strain.  The  photoelastic  analysis  gives  the  result  of  an  integral 

/*  .  > 

effect  a^ong.the  path  of  light.  This  too',  may  not  be  too  serious  an 

j 

1  V 

effect,  however,  there  is  some  evider.'a  indicating  that  *the  difference 

between  th£  two  extremes  of  plane  stress  and  plane  strain  may  not  be  too 
"  *  ♦  , 

large. 

Most  blrefringeht  materials  exhibit  time  dependent  or  viscoelastic 
effects.'  These  effects  are  usually  discounted  by  workingxin  the  equili¬ 
brium  range  of  the  master  relaxation  curve.  Stress  freezing  procedures, 
for  example,  require  the  dwell  time  under  load  to  be  long  enough  to  obtain 

equilibria  response  .and  the  cooling  rate  during  "freezing"  be  sufficiently 

/ 

slow  to  prevent  any  appreciable  thermal- gradient  in  the  material*  1 

Dynamic  investigations,  of  course,  require  consideration  of  the 
viscoelastic  behavior  of  the' photoelastic  model.  Photoviscoelasticity 
constitutive  theory  describes  this  behaviqfH  For  linear  materials ,  this 


theory  is  completely  analogous  to  linear  viscoelasticity  theory.  Just  as 

s 

time- depen dent  stresses  and  strains  in  viscoelastic  materials  are  related 
to  the  variation  of  the  birefringence  in  a  photoviscoelastic  material 
through  the  time-dependent  stress-optic  coefficients  -  the  relaxation 
birefringence-stress  and  creep  birefringence  -  strain  coefficients. 

Th>.  theoretical  developments  are  formally  identical  to  those  of  linear 
viscoelasticity  theory  including  time- temperature  superposition  and 
power  law  representations  of  material  behavior  [22-31]. 


6.2.3  APPLICATIONS  OF  PHOTOELASTICITY  TO  PROBLEMS  OF  GRAIN  STRUCTURAL 
INTEGRITY  1 

Two-dimensional  photoelastic  models  have  .been  extensively  used  for 
determining  stress  and  strain  concentration  factors  in  star  shaped  pro¬ 
pellant  grains  for  pressure  ^nd  thermal  loadings[32-4‘i]-  These  models  are 
normally  subjected  to  an  external  boundary  pressure  and  superposition 

is  used  to  obtain  the  stress  and  strain  distribution  resulting  from 
2  i 

‘  internal  pressure  .  Concentration  factors -determined  from  external 

r 

^pressurd\  loading  are  also  normally  applied  to  the  problem  of  thermal 
cooling3.  The  stress  state  in  these  models  is  plane  stress.  In  the 
absence  of  body  forces  the  governing  field  equations  for  plane  stress 


This  is  only  true  for  relatively  thick  webs.  If  the  web  is  thin,  the 
r  external  pressure  will  not  be  uniform  and  shear  transfer  between  ttje 
r  case  and  grai^'may  be  appreciable.  'N--' f 

3  ‘  / 

Comparisons  of  the-  stress  concentration  factors  determined  from  plane 
stress^rodels  subjected  to  external  pressure  and  plane  strain  and  plane 
stress' models  subjected  to  uniform  temperature  changes  has  indicated 
>  that  the  concentration  factor  for  plane  stress  models  subjected  to 
*  external  pressure  is  6  percent  lower  than  the  plane  stress  uniform 

temperature  factor  and  Is  /  percent  higher  than  the  plane  strain  uniform 
temperature  change  factor  [42].  Thus,  within  acceptable  engineering 
accuracy  it  is  conservati ve  to  use  the  plane  stress  concentration  factor 
determined  from  external  pressure  for  uni  font;  temperature  changes  unde  re¬ 
condition 'of  ,p  lane  strain.  For*  thick  webs  the  concentration  factors  for 
plane  str&rf  external  pressur#  and  uniform  temperature  changes  should  be 
-in  even  better  agreement. 
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and  plane  strain  are  identical,  and  the  stress  distribution  is  independent 
of  material  properties.  Thus  the  results  of  two-dimensional  photo¬ 
elastic  tests  are  directly  applicable  to  a  linearly  elastic  propellant 
grain  in  a -state  of  plane  strain.  For  essentially  stress  determined 
boundary  conditions  the  results  are  also  valid  for  thermorheologic&lly 
simple,  linearly  viscoelastic  grains. 

A  large  number  of  parametric  phctoelastic  investigations  have  been 
conducted  for  numerous  internal  port  shapes [32-41 ]•  The  results  of  these  studies 
have  been  reported  and  their  application  to  preliminary  design  analysis 
discussed  elsewhere  in  this  handbook.  These  investigations  have  considered 
simple  slot  g^ain  geometries,  the  effect  of  the  slot  width  and  the 
inverse  star  points  positive  and  negative  wedge  angles  and  elliptical 
slot  tips.  As  a  general  rule-of-thumb,  it  has  been  found  that  an  elliptical 
slot  tip  with  an  ellipticity  radius  ratio  of  about  2:1  is  the  optimum 
star  slot  tip  configuration. 

Two’ dimensional  photoelastic  tests  have  also  been  recently  applied  . 

r,  < 

to  the  problem  of  solid  propellant  motors  under  transverse  body  force 

loadings[43,44]-  Pseudo  two-dimensional  photoelastic  models  have  been  developed 

* 

for  axisymmetric  grain  geonvetrias[45,46]ari^  two  ar>t!  three  dimensional  photo¬ 
elasticity  has  been  applied  ip  studies  related  to  the  design  of  optimum 
grain  end  termination  configurations[47-58]*  The  results  of  these  studies 
are  also  discussed  elsewhereMn  this  report. 

Three  dimensional  piiotoe]asticity  has  been  applied  to  the  analysis 
of  complicated  grain  -geometries  and  experimental  confirmation  of  three- 
dimensional  finite  element  computer  analyses.  For  the  most  part,  the 
finite-element  analysis  yielded  stresses  and  strains  20-25  percent  higher 
than  those  measured  in  photoelasticity  tests[59]- 
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6.3  INSTRUMENTATION 

/ 

Considerable  attention  in  recent  years  has  been  directed  toward  the 
development  of  instrumentation  suitable  for  making  accurate  measurements  of 
deflections  strains  and  stresses  in  solid  propellant  grains[4o,60]- Currently  onlj 
measurements  of  surface  strains  and  deflections  can  be  made  reliably.  Since 

*  c 

propellants  exhibit  nearly  incompressible  behavior,  strains  and  deflections 
can  be  calculated  directly  from  displacement  boundary  conditions  without 
direct  knowledge  of  the  constitutive  relations.  The  calculation  of  stresses, 
on  the  other  hand,  requires  direct  knowledge  of  the  propellant  stress-strain 
behavior,  which  for  modern  highly-solids-loaded  propellants  is  strongly  nonlineai 
Thus,  attempts  at  experimentally  measuring  stresses  in  a  solid  propellant  grain 

4 

„with  the  current  (linear)  constitutive  equations  have  only  been  partially 

f 

successful.  This  problem  of  questionable  results  cannot  be  resolved  by  simple 

calibration  cf  the  stress  sensing  devices  since  the  calibration  of  such 

devices  in  test  fixtures  requires  knowledge  of  the  mechanical  properties. 

Propellant-instrumentation  interaction  is  another  difficult  problem 

which  is  common  to  both  deformation  sensing  devices  and  transducers  used  to 

measure  stresses.  The  primary  requisite  of  any  instrumentation  is  that  it 

not  distort  the  quantity  being  measured.  Thus,  ideally,  the  instrumentation 

* 

used  to  measure  strains  should  have  an  infinite  compliance  so  as  not  to  be 
responsive  to  stresses,  and  a  stress  sensitive  devi ce- shoul d  be  mechanically 
stiff  so  as  nGt  to  respond  to  deformations.  Such  instrumentation  can  be 
devised  for  surface  strain  measurements  and  for  case-grain  interface  bond 
stresses  using  through- the- case  stress  transducers  with  null  displacements 
maintained  by  a  servo  feedback  central  system.  The  connin' ance  of  gages  used 
to  measure  internal  stresses  and  strains  should  match  that  of  the  propellant. 
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This  task  is  not  feasible,  and  thus  one  must  consider  gage-grain  interaction 

\ 

in  attempting  to  relate  gage  output  in  a  distorted  field  to  the  stress  or 
strain  that  would  exist  in  the  undistorted  field.  This  problem  further 
complicates  gage  calibration,  since  it  requires  a  complete  solution  to  the 
problem  posed  by  the  calibration  test. 

Of  the  methods  proposed  and  explored  for  the  measurement  of  surface  <» 

strains  and  deflections,  surface  Coatings,  moir£  grids,  linear  potentiometers, 
linear  variable  differential  transformers  (LVDT'S),  and  semiconductor  and 
resistance  type  strain  gages  have  been  tRe  more  common.  Photoelastic  coatingsD  ,5,40,60] 
using  reflected  polarized  light  have  not  bee*}  completely  successful  and  are 
not  widely  used  since  the  reinforcing  influence  on  the  propellant  surface 
distorts  the  free  field  strain  distribution.  The  Mo1r6  method[61-70]which  involves 
printing  a  very  dense  grid  of  uniformly  spaced  lines  on  the  propellant  surface 
and  observing  the  displacement  of  this  grid  with  respect  to  a  separate  master 
grid  laid  over  it  is  normally  used  for  measuring  surface  strains  over  very 

t 

small  areas.  Simple  grids  marked  on  the  propellant  surface  and  photographed 
before  and  after  loading  have  also  been  used  to  measure  surface  displacements. 

These  latter  two  methods  require  that  the  propellant  surface  be  essentially 
flat,  although  in  principle,  overlapping  grids  can  be  used  to  measure  surface 
strains  on  curved’surfaces.  Linear  potentiometers  in  which  displacements  cause 
changes  in  electrical  resistance  and  LVDT'S  in  which  displacements  induce 
voltage  changes  have  beer  used  for  measuring  grain  slump  and  dime'  'ional 
changes  of  the  grain  inner  bore.  Resistance  type  strain  gages  and  semi¬ 
conductors  are  frequently  mounted  on  cantilevered  beams  used  for  measuring 
grain  bore  dimensional  changes.  These  strain  gages  have  also  been  externally 
mounted  on  fiberglass  or  thin-walled  steel  motor  cases  during  firing  or 
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pressurization  tests  to  give  an  indication  of  inner  bore  pressurization 
strains. 

Attempts  at  measuring  strains  in  the  propellant  grain  interior  have 
only  been  partially  successful  due  to  the  interaction  between  the  instru¬ 
mentation  and  the  propellant  grain  referred  to  above.  Reasonable  success  has 
been  demonstrated  for  measurements  of  case-grain  interfacial  shear  strains 
under  axial  acceleration  loadings  using  a  simple  shear  cube  transducer  and  a 
bending  beam  with  semiconductor  gage  elements[71-78]*  Capacitance-type  conductive 
rubber  gages  have  also  been  proposed  for  Internal  strain  measurements,  but 
these  gages  have  not  been  explored  in  any  detail  yet. 

Figure  1  shows  the  shear  cube  gage  investigated  by  Lockheed  Propulsion 
Company[ 75-77]under  the  Air  Force  sponsored  Structural  Test  Vehicle  program.  The 
gage  is  a  modification  of  a  device  developed  by  Gulton  Industries  for 
Hercules[71,73]and  consists  of  two  semiconductor  gage  elements  embedded  In  a 

-  i 

cube  of  compliant  material  (e. g. ,  propellant  binder)  with  their  axes  normal 
to  each  other  and  45°  to  the  mounting  surface.  The  two  gage  elements  form 
^active  legs  of  a  bridge  circuit.  In  a  pure  shear  environment  one  diagonal 
is  subjected  to  a  tensile  load  and  the  other  to  compressive  load.  In  tension 
or  compression  both  lengthen  or  shorten,  respectively.  By  considering  the 
difference  between  the  resistance  chahges  of  the  two  elements,  the  gaqe 
responds  only  to  shear.  Summing  the  output  allows  normal  strains  to  be 
measured.  Presently,  the  device  suffers  from  an  inadequate  calibration  test 
method  and  analysis. 

San  Miguel[79,80]has  investigated  the  use  of  a  piezoresi stive  stress 
transducer  for  internal  measurement  of  pressurization  stresses.  The  size 
of  the  gage  is  of  the  order  of  magnitude  of  the  largest  oxidizer  particles 


in  solid  propellants.  Measurements  in  a  !/4  scale  Surveyor  motor  were 
approximately  fifteen  percent  lower  than  predictions  based  on  linear 
elasticity  theory.  Considerably  worse  agreement  was  obtained  during  pressuri- 
zation  of  unconstrained  thick-walled  cylinders  of  oolyurethane.  This  is 
due  to  the  gage-grain  interaction  mentioned  above.  Because  of  its  small 
size,  this  interaction  is  most  likely  more  significant  and  more  severe 
than  in  the  two  normal  stress  transduc^rs\discussed  subsequently. 

Rocketdyns[72,74,78,81-84]  has  developed  a  through- the-case  stress  trans¬ 
ducer  for  measuring  normal  case-grain  bond  stresses.  Figure  2  snows 
the  present  design  which  is  a  modification  of  a  previously  developed 
Rocketdyne  transducer.  This  design  incorporates  a  nulling  feature.  A 
cable,  which  passes  through  a  hole  located  in  the  threaded  portion  of  the 
sensor,  is  welded  to  a  steel  ball  which  permits  the  restoring  force  to 
be  applied  between  the  propellant  secondary  and  the  strain  gages. 

The  Rocketdyne  gage  has  also  been  suggested  for  use  in  making  shear 
stress/strain  measurement£78] .  The  major  disadvantage  of  this  gage  is  that 
it  is  necessary  to  drill  holes  in  the  case,  thus  excluding  its  use  on 
production  delivery  motors.  It  is  probably  the  most  reliable  gage  for 
motor  development  work  however. 

Lockheed  Propulsion^ Company[75-77?ias  developed  a  diaohragm-type 
stress  transducer  for  making  normal  strain  measurements, (Figure  3).  The  use  of 
the  gage  has  been  described  extensively  elsewhere[75-77].  Presently  its 
major  drawback  is  adequate  solution  to  the  gage/grain  interaction  problem 
and  calibration.  The  Interaction  problem  has  been  considered  by  Fitzgerald 
and  Hufferd[75,85]for  this  gage. 


Rj  and  Ic,  «  Outer  Diaphragm  Gages 

Rg  and  »  Inner  Diaphragm  Gages 

R  •  Zero  Balance  Compensation 

zc  r  ~ 

R  Span  Compensation 


Figure  3.  Diaphragm  Type  Normal  Stress  Gage 
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6.4  STRUCTURAL  TEST  VEHICLES 

In  view  of  che  discussions  throughout  the  Handbc./,,  it  is  recognized 

that  extensive  use  of  STV's  is  the  only  adequate  technique  for  ultimate 

/ 

9 

verification  of  grain  structural  integrity.  In  addition  to  the  diffi¬ 
culties  and  uncertainties  associated  with  the  calculation  of  stress  and 
strains  in  a  solid  rocket  motor,  a  universal  failure  criterion  of~solid 
propellants  is  also  currently  lacking.  Failure  testing  of  an  STV 

■  c 

provides  a  means  of  evaluating  overall  grain  structural  jregrity  in 
the  anticipated  meter  envi renmeht.  To  avoid  scaling  difficulties  it  is 

desirable  to  use  a  full-scale .prototype  motor  as  the  STV,  When  economic  ' 

» 

considerations  dictate  use  of  sufccale  motors,  scaling  of  loading  time 
.timers  .well  .as  geometry  must  be  considered.  In  such  situations  it  may 
be  necessary  to  construct  several  models  to  adequately  scale  different 

X  *  \ 

loading  situations. 

Structural  Test  Vehicles  offer..a  convenient  means  of  studying 
propellant  failure  characteristics  under  loading  situations  currently 
not  amenable  to  analysis  por  easily  duplicated  in  laboratory  testing, 

<In  particular,  it  is  noted  that  an  STV  is  the.  only  method  presently 
available  for  obtaining  reliable  information  about  propellant  grain 
response  in  thermomechanically'  coupled  environments  such  as  transient 
heating  during  thermal  yooli^g  or  sustained  vibration.  STV's  are  also 
particularly  usc-ful  for  studying  damage  accumulation  in  combined  or 
repeateci  loading  -situations  such  as  low  temperature  p’-jssurizatio*'  or 
temperature  cycling. 

Mary  of  tne  deficiencies  associated  wit.i  current  ag^ng  programs 
discussed  previously  are  eliminated  by  otrucTural  testing  of  <ged  STV's. 
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Such  tests  give  an  excellent  indication  of  propellant  system  and  subsystem 
aging  characteristics  in  the  full-scale  motor. 

In  addition  to  providing  information  on  propellant  grain  failure 
characteristics  subscale  STV's  can  provide  basic  mechanical  property 
information.  Measurement  of  internal  bore  dimensional  changes  at  various 
equilibrium  temperatures  in  two  STV's  with  different  web  fractions  provides 
sufficient  information  for  calculation  of  an  effective  value  of  Poisson’s 
ratio  and  the  coefficient  of  thermal  expansion  for  propellant  in  a  ' 
multi-axial  strained  state. 
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VI i.  FAILURE  ANALYSIS  ) 


A  failure  or  strength  analysis  comprises  the  fi^'a1  stage  of  a 
grain  structural  integrity  analysis.  The  results  of  a  strength 
analysis  are  expressed  as  a  factor  of  safety  or  margin  of  safety. 
Determining  a  minimum  safety  factor  requires  consideration  of  the 
statistical  variations  inherent  in' the 'experimental  determination  of 
material  property  data,  the  loads  encountered  by  the 'motor  (e.g. , 
vibration,  acceleration,  pressurization,  etc.),  the  physical  environ¬ 
ment  o*  the  motor  (e.g.,  aging  condition ,  humidity,  tempe  nature,  etc.), 
and  the  inaccuracies  inherent  in  the  analysis  methods  or  artifically 
introduced  through  simplifying  assumptions.  The  margin  of  safety 
determined  through  prooer  consideration  of  these  factors  is  an  indi¬ 
cation  of  the  overall  system  reliability.  If  these  factors  were 
precisely  known,  there  would  be  no  real  requirement  for  a  margin 
of  safety  greater  than  zero.  Inasmuch  as  this  is  not  the  case,  and 
quite  often,  assumptions  or  approximations  must  be  made  regarding 
specific  information  which  is  unavailable,  arbitrary  restrictions 
are  placed  on  an  acceptable  minimum  margin  of  safety.  The^e  restric¬ 
tions  reflect  an  ignorance  factor  associated  with  the  structural 
analysis,  the  loading  environment,  propellant  behavior  and  failure 
criteria  as  well'as  the  physical  environment  and  mission  requirements. 


/’ .  1 . 1  ACCEPTABLE  MARGIN  OF  SAFETY 

A  factor  of  safety  or  safety  factor,  SF,  is  defined  as  the 
ratio  cf  the  capability  or  allowable  response  to  the  induced  or 
calculated  load: 

*  .  cr  CAPABILITY 

'  ~  INDUCED  . 


(7.1) 
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The  margin  of  safety,  MS,  is  defined  by 


MS  =  SF  -  1 


(7.2) 


Occasionally,  a  minimum  safety  factor  will  be  specified  by  the 
sponsoring  agency  and  uc  margin  of  safety  will  then  be  determined 
from  this  safety  factor.  This  situation  is  analogous  to  jst  building 
codes  in  which  factors  of  1.15  to  1.25  are  applied  to  the  induced 
loads.  In  this  case 


mc  _  SF(Cal culated  , 
m  SF(Specified)  "  1 


(7.3) 


In  view  of  the  uncertainties  and  inadequacies  described  above, 
a  liberal  margin  of  safety  is  sought  at  the  present  time.  As  a 
general  rule,  a  minimum  margin  of  safety  of  1.0  based  on  lower  3-a 
unaged  propellant  properties  leads  to  an  acceptable  design.  The 
1-a  standard  deviation  of  propellant  properties  typically  represents 
about  a  10%  variation.  5  This  variation  coefficie.it  is  frequently  used 
when  such  information  is  unavailable  for  the  proposed  propellant 
formulation.  Information  on  aging  degradation  in.  jtes  that  the 
margin  of  safety  will  be  reduced  to  a  value  between  0.25  and  0.50 
under  long  term  ambient  storage  conditions.  As  the  knowledge  of 
the  factors  affecting  grain  structural  integrity  increases,  minimum 
safety  margins  may  approach  0.10.  For  the  present  time,  however, 

r 
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lacking  -accurate  descriptions  of  propellant  behavior,  and  aging 

» 

degradation,  and  insufficient  knowledge  of  the  statistical  distri¬ 
bution  of  actual  grain  loads  it  is  necessary  to  naintain  substantial 
margins  of  safety  in  order  to  continue  to  produce  and  deliver 


■~.nWiiT  frit  - 


X 


- 


structurally  reliable  rocket  motors:  even  when  such  practices  ora 
known  to  exclude  grain  designs  and  propellants  which  may  be  adequate 
and  ro«H der-My  less  expensive,  E-’ir*.  with  liberal  safety  factors 
proper  evaluation  6*  grain  structural  integrity  ultimately  requires 
verification  in  Structural  Test  Vehicles. 

In  the  following  sections  «n  accounting  of  some  of  the  more 
commonly  used  approaches  to  propellant  failure  are  presented  along 

*X 

with  the  routine  approaches  for  determining  factors  of  safety.  For 
convenience,  the  discussion  here  is  separated  into  three  parts: 

(1)  discrete  failure  analysis,  (2)  failure  criteria  and  (3)  cumulative 
damage.  will* become  apparent  that  this  separation  is  arbitrary 
and  considerable  overlapping  actually  exists. 


7.2  DISCRETE  FAILURE  ANALYSIS 

This  section  is  entitled  discrete  failure  analysis  because  it 

*  *  w 

brings  together  the  routine  methods  of  determining  safety  factors 

for  the  individual  loads  a  solid  propellant  rocket  motor  is  subjected 

to  rather  than  attempt  to  impose  a  single  failure  erfterign. 

To  account  for  the  marked  time  and  temperature  dependence  of 

propellant  behavior  one  attempts  to  conduct  laboratory  tests  at 

loading  rates  and  temperatures  representative  of  the  grain  loading 

rate  and  temperature.  In  circumstances  where  this  practice  is  not 

practiced  the  time- temperature  equivalence  principle  is  used  to 

• 

shift  data  at  other  temperatures  or  loading  rates  to  the  desired 

* 

loading  rate  and  temperature. 


7.3 


Hie  stress  scat 


«  at  the  inner  be  re  of  a  long  propel  1  ant  g;m  n  under 
thermal  equilibrium  or  internal  pressurization  is  2:1  tension-tension. 
The  maximum  strain  in  strip  biaxial  specimens  in  constant  strain 
rate  tests  at  the  appropriate  temperature  and  strain  rate  or  the 
constant  strain  endurance  limit  is  u-ed  to  evaluate  failuv?  by  inr.a^ 

„  c  *  f 

•  C 

bore  cracking  under  thermal  eoui librium.  Pressurized  biaxial  tests 
are  used  to  evaluate  port  cracking  under  ignition  pressurization.  At 
the  preliminary  design  and  analysis  state,  these  data* may  be  estimated  * 
assuming  propellant  incompressibility  if  the  required  data  are 
nonexistent..  With  the  assumption  of  Incompressibility  the  maximum 

e 

strain  in  a  biaxial  specimen  is  3/4  that  obtained  in  a  uniaxial 

tension  test;  Experimental  results  indicate  that  this  facto-  may 

p 

-  X 

vary^from  .65  to  .75  depending  on  the  particular  propellant. 


•  The  diametral  compression  test  Is  often  used  to  evaluate 


Ignition  pressure  failure  by  port  cracking.  This  test  yields  a 

tensfte  strain  2.5  times  greater  than  that  for  uniaxial  tension 


assuming  propellant  incompressibility.  This  test  may  be  slightly 
‘over  conservative,  however,  and  the  exact  relation  between  uniaxial 
and  diametral  data  should  be  experimentally  determined.  Experience 

-  v 

Indicates  that  uniaxial  failure  strain  In  pressurized  tests  Is 
double  that  of  unpressurized  tests  at  temperatures  above  0°F  and 


i 

s 

t 
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about  1.5  times  as  great  at  lower  temperatures.  If  the  observed 
conversion  of  uniaxial  to  diametral  Jsta  is  ~hout  1.5  as  much  as  It  is 
for  some  propellants,  then  the  diametral  test  should  adequately  simulate 

*  V  < 

pressurized  biaxial  strip  failure  data  for  preliminary  design  purposes. 
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The  uotvj  £ v.>v:.s  -=?f.j]s.tr.^  f-o^  thc-rr^l  ce->!  ■»  no  •;  -  evaluated 

sing  triaxial  tension  test  data.  Trti*  data  is  Often  aporoximated 
by  uniaxial,  biaxial  or  bonding  data  at  the .preltini nary  design  stage. 
Failure  at  case-grain  terminations  may  be  evaluated  using  the  blister 
Dviel  tost  Oid  the  fractal  an?  j.v  ctr^idc? atl  v«s  discussed  1u 

Chapter  5.  When  thi s  type  of  data  is  unavailable,  approximate 
calculations  of  safety  factors  make  use  of  uniaxial  or^biaxial  data 
with  multiplicative  stress  concentration  factors  as  discussed  in 
it  Chapter  5. 

Double-lap  shear  stress  data  are  normally  ysed  to  evaluate 

safety  factors  for  axial  acceleration.  This. stress  may  be 'taken  to 

be  70  oerrent  of  the  uniaxial  tension  failure  stress  in  preliminary 

design  considerations.  Normally  a  stress  concentration  of >3  is 

introduced  at  the  forward  case-grain  termination.' 

_ _ 

-Separate  tests  are  normally  not  conducted  for  excessive  propellant 
deformations.  The  natural  abhorrence  of  structural  desl oners  to 

Q  A 

large  deformations  usually  prevents  slunp  except  for  large  diameter 
solid  rocket  motors.  In  this  situation  maximum  grain  slump,  is  easily 
.  calculated  using  equilibrium  oropellant  properties.  Allowance  is 

•  *  f 

i  )then  made  in  the  design  to  ensure  adequate  clearance. 

X-  •  Tf 

Failure  during  sustained  vibration  is  normally  evaluated  from 
prototype  motor  tests  since  Irreversible  effects  such  as  fracture, 
degradation  or  decomposition  effects  and  auto  ignition  which  can 
result  from  the  combined  high  temperature  and  eye!* -  strain  conditions 

of  the  vibration  environment  are  extremely  difficult  to  account  for, 

I 

Experience  has  shown  that  for  the  conditions  usually  encountered  In 
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4}  MsxIchk!  Principal  Strain  Differin' «  {she-^,*  strain) 
r)  i-icSAifflum  iOU^Strcir  En«*\jy 

c* 

?■}  ^axiruxn  Distort  ion  si  Strain  Energy 
7*  Maximum  Conserved  Dlstortional  Strain  Energy 

Application  of  these  failure -criteria  to  solid  propellants  has' 
achieved  varying  degrees  of  success.  As  an  aid  in  visualization  of 
failure,  failure  surfaces  are  nonsally,  ''ons trusted  in  principal  stfes: 
(or  strain)  space.  Tre  various  combinations  of  stress  states  for 

o 

each  of  the  stress  octants  are  tabulated  below: 
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+ 

+ 
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+ 
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+ 
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•  OCTANT 
I 

II 
III 
IV 
■  V 

VI 

VII  -  -  + 

VIII  - 

It  is  observed  that  there  are  four  octants  charocteHzev  by  the 
number  of  stresses  of  the  same  sign.  This  means  that  for  an  isotropic 
material  only  four  octants  need  to  be  tested.  These  give  stress  or 
strain  combinations  of  +++,  ++-,  and—. 

Various  studies  aimed  at  obtaining  a^gfeneral  failure  criterion 
for  propel  1  .nts  have  conducted f  although  a  unified  failure 
•_f  stsria  has  not  yet  been  found.  A  few  of  .these  approaches  are 
discussed  in  references  3  through  10- 


■Jfla  'jstah’nste.snfc  of  a  fa^Orc  criterion  To''  solid  propellants 
Is  complicated  by  the  marked  rate  and  temperature  sensitivity  of 
propel Smith  has  shown  that  a  rime-indeDendent  fai  Itire 
envelop  may  be  constructed  for  uniaxial  failure'  data  of  polymers. 
The  Smith  failure  envelope  is  shown  below; 

Q-  A 


One  of  the  difficulties  in  applying  the  Smith  failure  envelope  to 

propellants  Is. that  It  dees  not  reflect  the  path  dependent  charac- 

/ 

teristics  of  propellant  failure.  Another  difficulty  is  that  the 
extension  to  muKlaxIal  failure  is  not  well  understood. 

Anderson  and  Bennett  [9,10]  have  proposed  an  energy  failure 
criterion. in  t?rsi$  of  the  first  and  second  slrc*s„  invariants,  and 
hata  successfully  correlated  uniaxial,  biaxial  and  hollow  ellipsoid 
failure  data.  The  hollow  ellipsoid  test  appear  to  be  ideally  suited 
for  development  of  a  failure  criterion  for  solid  propellants  since 
failure  data  may  be  obtair.ad  in  the  four  octants  of  stress  space 
required  •'or  the  complete  descriptity1  of  failure  ef  initially  isotropic 
materials. 

i 

7.2.2  FRACTURE 

The  proceeding  discussion  has  been  concerned  wicn  failure  of 

i 

»  / 

materials  which  do  net  exhibit  flaws  or  derects.  When  pre-existing 

» 

flaws  exist  Williarite  [12]  has  proposed  a  viscoelastic  extension  of 

^  • 
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Griffith'?  brittle  fracture  theory  whereby  a  pre-yosvi;:§  crack 
w:V<  b-cv-ie  -rib tab's  and  p-'ocaq ?”o  when  the  snewy  release  as  a 

function  of  crack  length  and  time  exceeds  a  certain  critical  energy 

*  V 

required  for  creation  of  a  new  surface.  This  approach  has  bgen. 

7  *  ^  <  % 
successfully  applied  to  the  analysis  and  design  of  case-grain  termi¬ 
nation  relief  flaps  and  inner  bore  failure  by  port  cracking  during 
thermal  cooling  and  pressurization. 


7.2.3  CUMULATIVE  DAMAGE 

Several  approaches  have  been  proposed. in  recent  years  for  assessing 

damage  accumulation  In  solid  propellants  based  on  extension  of  Miner's 

»  ,  '  • 

linear  cumulative  damage  law.  These  studies  have  considered  accumu¬ 
lation  of  energy,  stress  and  strain  and  have  been  mainly  concerned  with 

*  v  * 

repeated  temperature  cycling  and  combined  temperature  and  pressure 
•loads.  .  / 

The  most  extensl*;:  cumulative  damage  work  has  beeil  carried  out 

& 

by  Bills  [12-15]  at  Aerojet  General  Corporation.  Bills  has  considered 

r 

\ 

statistical  implications  in  evaluating  cumulative  damage  and  failure 

using  a  maximum  principal  stress  approach.  These. studies  have 

% 

resulted  in  development  of  criteria  for  ?o1id  propellant  screening 
and  preliminary  engineeringrdesigns.  Shift  factors  have  been  intro¬ 
duced  for  pressure  and  envi ronmentaT  factor*  v/Mch  are  employed  in  a 
manner  similar  to  that  of  the  time- temperature  shift  factor.  Recently, 
it  has  been  concluded  that  motor  fir.ngs  generally  ignore  previous 
damage.  In  particular,  a  set  of  motors  will  fire  successfully  after 
temperature,  cycling  i*  none  of  the  motors  failed  during  temperature 
cycling. 


In  addition  to  the  studies'condtic ted  at  Aerojet  several  other 
invesi tgacicns  have  recently  been  completed.  Rocketdyne  y 5j 
approached  cumulative  damage  using  fracture  mechanics  considerations. 
Atlantic  Research  Corporation  [17]  considered  appl.icatj6hs  of  the 
principles  of  absolute  reaction  rate  theory  as  derived  in  the 
Tobol sky-Eyring-exp/ess ions.  Lockheed  Propulsion  6omp$ny  [18]  has 
proposed  using  volumetric  response  as  a  damage  index.  Thd  general 
results  of  these  investigations  have  demonstrated  that  environ¬ 
mental  farctefs  can  produce  very  large  changes  in  the  time-to- failure 
data,  and  that  the;  statistical  aspects  of  cumulative  daqjage  testing 
are  significant  and  complex;  thus  requiring  the  use  of  extreme  value 
statistics  for  evaluation  of  grain  reliability. 

Hercules  [19]  has  recency  completed  a  cumulative  damage  study' 
of  CMDB  propellants.  They' studied  the  use  of  stress  cumulat  ve 
damage,  strain  failure  index,  total  energy  fsi  $_;r?  index  and  stress- 

strain  failure  envelope,  and  found  that  although"" lofte  of  the  four 

* 

criteria  accurately -accounted  for  propellant  behavior,  each  of  the 
four  were  at  least  qualitatively  valid  for  correlating  various 
aspects  of  propellant  behavior.  A  nonlinear  modification  tfas . 

*  V  ,  i 

developed  for  the  strain  failure  index  criterion  and  used  as  a  - 
measure  df  the  nearness-to-failur6  duripg  monoton^cally  increasing 
loading.  This  approach  seems  appealing  since  less  nebulus  results 
ere  expected  when  a  strain  failure  criterion  is  applied  to  grain 
structural  integrity  determination* 


N 
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VIII.  MATERIAL  CHARACTERIZATION 


8.1  INTRODUCTION 


The  material  characterization  of  highly  filled  sol i propellants  re- 

\  ~  • 

*,  \ 

presents  one  of  the  major  problems  to  be  resolved  before  proper  structural 
Integrity  analyses  can  be  made.  Several  factors  contribute  to  this  problem. 
The  most  important  consideration  is  that  of’  representation  of  prop®.  rc  me¬ 
chanical  behavior.  An  adequate  description  of  propellant  behavior  is  re¬ 
quired  In  all  areas  of  grain  structural  integrity  determination.  A  grain 
structural  analysis  is  only  as  valid  as  the  constitutive  equations  defining 
the  propellant  response.  The  calibration  and  interpretation  of  Instrumenta¬ 
tion  for  measurement  of  propellant  grain  Interior  stresses  and  strains  is 
totally  dependent  upon  propellant  behavior.’  Similarly,  a  failure  analysis 
Is  of  limited  value  if  an  inappropriate  failure  criterion  is  used;  the  de¬ 
termination  of  appropriate  failure  criteria  Is  likewise  dependent  cn  the 
constitutive  equations  defining  propellant  response. 

In  addition,  it  Js  important  that  the  laboratory  characterization  tests 
closely  simulate  the  stress  state  and  mechanical  and  thermal  loading  history 

‘in  a  solid  propellant  grain. 

I  .  -  , 

It  is  also  noted  that  In  obtaining  appropriate  descriptions  of  propet- 
lant  behavior  consideration  must  be  giyen  to  the  statistical  nature  of  pro¬ 
pellant  test  data  resulting  from  slight,  and  often  subtle,  variations  in 
raw  material  lots,  motor  casting  and  curing  conditions,  and  testing  condi¬ 
tions  and  procedures.  It  is  particularly  important  that  nominal  unaged 
propellant  properties  be  quantitatively  known  in  order  to  properly  assess 


8.1 


changes,  due  to  aging.  In  some  situations  batch-to-batch  variations  have 
been  noted  which  overshadowed  changes  due  to  i  mw  wnd  thus  c0n»p11Cm tsd 


service  life  predictions. 

9 

Ideally,  a  minimum  of  ten  tests  from  ten  different  production  batches 
of  propellant  should  be  used  for  ddteflft  i)i  rsg  nominal  mechanical  and  thermal 
properties.  This  objective  Is  not  always  practical,  particularly  in  the 
case  of  new  propellants  in  the  proposal  or  early  development  phase  of  a 
solid  rocket  motor.  In  such  situations  it  is  necessary  to  rely  on  past 

T 

V* 

experience.  As  a  rule-of-thumb  a  value  of  10  percent  may  be  used  as  en 
indication  of  the  1-c  standard  deviation.  In  general  this  level  can  be 
maintained  in  production  castings  by  mixing  small  batches  of  propellant 
as  new  lots  of  material  W^ntroduced  into  th^  production  scheme  and  tailor 

ing  quantities  such  as  oxidizer  ground/unground  ratio,  curative  ratios, 

« 

degree  of  polymerization,  crosslink  density,  etc.,  to  obtain  near  nominal 

v  t 
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mechanical  and  ballistic  properties.  Determination  of  nominal  propellant 
behavior  from  a  small  propellant  casting  should  be  avoided  if  possible, 
however. 

This  chapter  presents  very  brief  discussions  of  the  more  cannon  me¬ 
chanical  and  thermal  property  tests  as  well  as  aft  assessment  of  the  ade¬ 
quacy  of  present  test  procedure  for  classifying  and  characterizing 
nonlinear  response.  The  specific  details  of  sample  preparation  and  test 
procedures  are  not  discussed  here  as  these  are  well  covered  In  the  "ICRPG 
Solid  Propellant  Mechanical  Behavior  Manual*,  CPIA  Publication  Ho.  21. 

The  material  presented  here  Is  kept  brief  since  more  detailed  discussions 
may  be  readily  found  in  the  literature  {e.§..  References  1-8).  In  addi¬ 
tion,  the  Bulletins  of  recent  ICRPG  arid  JAHNAF  Mechanical  Behavior  Working 
Group  Meetings,  published  by  CPIA,  contain  many  articles  dealing  with 

specific  aspects  of  material  characterization. 
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8.2  MECHANICAL  PROPERTY  TESTS 

^  i 

The  common  tests  for  determining  solid  propellant  mechanical  proper¬ 
ties  are  constant  elongation  rate*  stress  relaxation,  constant  strain  to 
failure,  creep,  constant  stress  to  failure,  low  cyqle  fatigue  and  dynamic 
modulus  measurements.  These  tests  are  normally  conducted  at  various  temp¬ 
eratures  on  uniaxial  and  multiaxial  test  specimens.  Some  of  the  various 
specimens  used  in  the  characterization  of  solid  propellants  are  shown  in 
Figure  1.  Constant  elongation  rate  tests  are  normally  conducted  at  several 
loading  rates,  and  stress  relaxation  and  creep  tests  are  conducted  at  vari¬ 
ous  strain  and  stress  levels,  respectively.  In  addition  to  providing  basic 
property  data. for  analysis,  failure  data  are  also  obtained. 

Uniaxial  tension  tests  are  primarily  used  for  quality  assurance  test¬ 
ing,  and  for  defining  a  reduced  master. stress  relaxation  modulus  curve 
and  associated  time-temperature  shift  function.  Normally,  the  data  from 

«s 

stress  relaxation  tests  at  several  different  temperatures  are  formally 
shifted  horizontally  along  the  time  axis  to  obtain  tha  time-temperature 
shift  function  since  the  WLF  equation  does  not  give  a  particularly  good 
.fit  for  highly  solids  loaded  propellants.  Uniaxial  tests  are  also  fre¬ 
quently  used  to  obtain  constant  stress  and  strain  to  failure  data,  creep 
data  and  fatigue  data. 

The  double-lap  shear  specimen  with  chevron  ends  yields  a  simple  shear 
stress  field  when  lateral  movement  of  the  outer  boundaries  Is  prevented 
[9-11].  For  sufficiently  large  aspect  ratios  (approximately  greater  than 
5)  a  state  of  near  uniform  shear  exists  in  the  central  region  of  the  speci¬ 
men  where  failure  usually  initiates,  this  test  Is  frequently  used  to  ob¬ 
tain  fatigue  and  dynamic  data,  and  occasionally  to  determine  relaxation 
moduli  In. shear. 
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FIGURE  1.  VARIOUS  SPECIMENS  USED  IN  THE  MULT I AXIAL 
CHARACTERIZATION  OF  SOLID  PR0PELLANTS[9] 


FIGURE  2.  PRINCIPAL  STRESS  AND  STRAIN  RATIOS  AT 
CENTER  OF  SPECIMENS  FOR  POISSON'S  RATIO  OF  0.5[12] 


The  biaxial  strip  specimen  yields  a  2:1  tension-tension  principal 
stress  ratio  in  the  central  portion  of  the  specimen  for  sufficiently 
large  aspect  ratios  (approximately  greater  than  5  as  shown  in  Figure  2) 
assuming  incompressible  behavior  [9-13].  This  specimen  is  normally  used 
for  constant  strain  to  failure  tests  and  constant  strain  rate  tests  at 
several  strain  rates  and  yarious  temperatures.  Stress  relaxation  tests 
are  also  conducted  using  tiuNiiaxial  strip  specimen.  When  modifications 
for  multiaxlality  are  introduced  reasonably  good  agreernent  between  uni¬ 
axial  and  strip  biaxial  test  dafta  is  obtained.  The  strip  specimen  is 
used  extensively  for  determining  propellant  cohesive  fracture  energy. 

The  diametral  compression  test  yields  a  3:1  compression-tension 
field  at  the  center  of  the  disk  for  dlameter-to-thickness.  ratios  in  ex- 

^  I 

cess  of  about  3  [S,  10*  14-16].  The  diametral  specimen  is  mainly  used 
for  constant  rate  test?  at  several  loading  rates  and  temperatures  to  ob¬ 
tain  preliminary  or  discrete  failure  data  for  Ignition  pressurization 

t 

loads.  * 

The  diametral  specimen  Is  ideally  suited  for  Investigating  the  bi¬ 
linear  behavior  of  solid  propellants,  inasmuch  as  the  vertical  stress 
component  is  almost  entirely  compressive  and  the  horizontal  component  is 
almost  entirely  tension.  Figure  3  shows  the- variation  of  the  ratio  of 
the  principal  stresses  at  the  center  of  the  specimen  as  a  function  of 
the  ratio,  y2,  of  compressive  modulus,  Er,  to  tensile  modulus,  Ey.  Most 
modem  highly  solids  loaded  propellants  have  a  value  of  y2  of 
approximately  2.  -  . 

The  poker  chip  test  (Figure  4)  yields  a  ifear  triaxia!  tension  stress 
f laid  at  the  center  of  the  specimen  [17-24],  If  the  shear  modulus  or 
tensile  modulus  is  known,  this  test  provides  data  for  determination  of 
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the  fell k  modulus.  Inasmuch  as  the  stiffness  of  this  specimen  is  not 

i 

nonfelly  negligible  compared  to  that  of  the  testing  machine,  It  is  usual- 

i 

ly /necessary  to  use  a  stiff  load  transducer  with  a  sensing  tip  bonded 
tQ  the  propellant  at  the  center  of  one  of  the  platens  to  obtain  reliable 
test  data. 

Di iatoraetric  tests  are  used  for  determining  dilatation  and  bulk 
respoo^;  and  to  evaluate  propellant  failure  properties  under  superposed 
pressure  [25-37],  Pressure  has  no  noticeable  effect  on  propellant  be¬ 
havior  until  dewetting  Is  observed. 

The  hollow  ellipsoid  test  has  recently  been  introduced  as  an  addi¬ 
tional  multi axial  test  for  evaluation  of  propellant  properties  [38-40], 

For  linear  material  behavior  this  test  yields  a  stress  distribution  which 
is  independent  of  material  properties.  The  test  method  involves  suspend¬ 
ing  a  specimen  in  a  test  cavity  and  applying  internal  and  external  pres¬ 
sures,  or  external !y  bonding  the  specimen  trr  the  test  cavity  and  slowly 
lowering  the  temperature  until  failure  is  observed.  By  varying  the  ratio 
of  major-to-minor  axes  and  the  inner  and  outer  pressures  acting  on  the 
specimen,  the  stress  state  at  the  inne,*  bore  of  a  solid  rocket  motor  may 
be  duplicated.  This  test  may  also  be  used  for  determining  cohesive  frac¬ 
ture  energy.  In  some  respects  this  test  may  adequately  serve  the  purpose 
of  a  laboratory  STV. 

In  addition  to  the  tests  noted  above  a  wide  variety  of  dynamic  tests 
and  specimen  configurations  have  been  used  to  characterize  the  response 
of  solid  propellants  to  cyclic  loading.  Some  of  these  tests  are  summarized 
in  Table  I.  These  tests  are  useful  for  measuring  viscoelastic  behavior 
and  fatigue  life.  More  detailed  references  to  the  test  procedures  may 
be  found  in  the  ICRP6  Mechanical  Behavior  Manual  and  in  References  1  and  8. 


TABLE  I.  SUMMARY  OF  DYNAMIC  TESTS  USED  FOR  SOLID  PROPELLA-'H  CHAftACTERIZATIQHfl] 


Test 


Frequency 

Stress/Straln  Application  Rangt.c.p.s.  Response  Measured  By 


Data  Usually 
Obtained 


Fltzger.ld  Transducer  Forced  sinusoidal  nonresonant  shear  dl-  25-3000  Chtnye*  in  resistance  and  espacltance  of  GS*.) 

rectly  applied  by  pole  pieces  of  electro-  electrical  drlvt  system  6*(“i 

magnet  to  sample  disk  <- 


usct  Hating  flaw 
(F1L  Tester) 

Vibrating  Platt 


Forxed  sinuioluil  shear  itrcir.  laps :sd  by  0.1-60 
mechanical  drive  of  clamped  annuls’4  plate 
of  propellant 


—A. 


£'T-1 

C*M 


Forced  sinusoidal  shear  stralh  Imposed  by  75-1000 
vibrating  outer  ring  of  annular  plate  of 
propellant  on  an  electrodynamic  shaker 


Ampl'tude  ratio,  phase  angle  from  two  S'ia) 
accelerooeter;,  frequency  from  electrical  6’U) 
drive 


Resonant  Weighted  Column  Forced  sinusoidal  uniaxial  tension  and 

compression  Imposed  by  vibrating  weight¬ 
ed  rectangular  column  of  propellant  on 
electrodynamic  shaker 


*0-1500  Amplitude  ratio,  phase  angle  from  two  E:(«) 
accelerooeters,  frequency  from  electrical  CM 
drive 


LPC  Large  Deformation 
Dynamic  Tester 


Forced  slnusoldel  uniaxial  tension  and  , 
shear  Imposed  by  mechanical  drive  to 
tensile  bar  or  double-lap  shear  specimen 


1-45  Force  end  displacement  by  transducers  In 
mounting  arrangement 


E'(w 
E-v* 
S'  • 

6*i« 


LPC  Small  Deformation 
Dynamic  Tester 


Forced  sinusoidal  shear  Imposed  by  piezo¬ 
electric  driver  to  single-lep  shear 
specimen 


20-1000  Driving  force  from  piezoelectric  Input  volt-G'(u) 
age,  transmitted  force  from  piezoelectric  5“U) 
monitor  cn  clamped  end  of  specimen 


Free  Vibrating  Reed 
Tester  (A6C) 


Free  damped  sinusoidal  vibration  of 
clamped  thin  rectangular  specimen,  fret 
end  set  In  motion  by  deflection  and 
release 


4-30 


Deflection  from  strain  gauge  mounted  on 
sample  recorded  egelnst  time,  ssuple  di¬ 
mensions  and  mass.  Time  range  extended  by 
using  tf me- temperature  super- position 


Forced  Vibrating  Reed 
Tester  (HPC) 


Forced  sinusoidal  vibration  of  thin 
cantilever  beam  specimen  by  electro- 
dyaamlc  slicker 


10-200  Free  end  displacement  by  optical  displace-  E'{«) 
meet  transducers.  Input  from  shaker  elec-  E*(u) 
trlcal  Measurements 


Dynamic  Torsion  Tester,  Forced  sinusoidal  qseillatory  torsion 
Ltw  Range  (STL)  Imposed  by  mechan1c»Y_dr1ve  to  hollM 

cylindrical  specimen  through  bell-cranh 
arrangement 


0.0002-30  Angular  displacement  ienseo  by  different*!!  G'(w) 
transformers;  speed  Indication  free  e*(w) 

electromagnetic  sensor  on  output  shaft  of 
drive  motor 


Dynamic.' Torsion  Tester,  Forced  sinusoidal  rotary  vibration  1m- 
Migh  Range  (STL)  posed  by  alec  trod  yr-zatc  vibrator  to 

hollow  cylindrical  specimen  through 
boll-crank  arrangement 


30-1000  Angular  displacement  sensed  by  piezoelec-  G’(*) 
trie  eccelercmdters;  frequency  from  vlbra-  G*(«) 
ter  input 


X 


t  f 


-*W* 
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A  schematic  of  the  large,  deformation  dynamic  test  apparatus  used  by 
Lockheed  Propulsion  Company  [41,  42]  for  investigating  heat  generation 

V  '  / 

/during  cyclic  loading  Is-  shown  in  Figure  ”5. 

8.3  THERMAL  PROPERTY  TESTS 

A  knowledge  of  propeTlhnt  density,  specific  heataecf  thermal  conduc- 

#Jk; 

tivity  or  thermal  d1ff&§1vity  and  coefficient  of  thermal  expansion  is 
required  for  the  ballistic  design  and^structural  analysis  of  solid  propel- 

s'-  *  * 

lar»f  mA+Av*** 

% 

Density  determinations  are  normally,  made  using  large  machined  blocks 

_ '  ’  .  •  \ 

of  cured  propellant.  Jfie  density  trTTIfrcured  propellant  is  determined 

J' 

.using  a  gravimetric  technique.  There  is  typically  little  difference 

between  the  two  methods-  \  \ 

, 

The  specific  heat  of  solid  propellants  is  routinely- determined  usihg 

*'  ,  ,c 

Or  *  ,  *  f 

calorimetry  techniques.  Apparently,  the  most  accurate  determinations  of", 
propellant  thermal  conductivity  make  use  of  a  guarded  hot  p\ate  [43,. 44]. 
The  determination  of  the  thermal  diffuslvity  of  propellants  is  difficult 
and  Is  normally  calculated  after  the  specific  heat,  thermal  ’con^pptivity 
and  density  are  known.  Direct  determination  of  the  thermal  diffusjvity 
can  be  made  by  observing  the  temperature  response,  of  a  series  of  thermo¬ 
couples  accurately  positioned  in  a  cured  block  of  propellant  subjected  to 
one-dimensicnal  heat  conduction  [45]. 

The  coefficient  of  thermal  expansion  is  routinely  determined  from 

linear  measurements  of  length- temperature  changes  using  a  quartz  tube 
#  \ 
dilatometer.  This  test  also  provides  information  about  the  glass  transi¬ 
tion  temperature.  The  coefficient  of  thermal  expansion  of  roost  propel¬ 
lants  is  temperature  independent  with  different  values  above  and  below 


t*  •  '  -  v.  * 


i.3. 
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the  glass  transition  temperatures.  ,  Different  values  are  also  frequently 

obtained  for  heating  and  codling;  Inasmuch  as  there  $re  Indications 

'  that  the  coefficient  of.  thermal  expansfloh  may  be  dependent  upon  ihe 

stress  state  It  .1&  desirable  ta  make  measurements  1r.  a  strained  state. 

*  /  *  <*  '  ‘  > 
Measurement  of  the  dimensional  changes  of  the  Inner  here  at  various 

equilibrium  temperatures  in  two  circular  port  $TV!s  with  different  web 

-  *  * 

fractions  provides, sufficient  Information  for  calculation  of  an  effective 
valde  of  Poisson* §  ratio  and  the  coefficient  of  thermal  expansion  for 
propellant  in  &  multi  axial  stress  state.-  ,  .  - 

*  »  v  4  J  « 

*  ,  '■  t  f  I  V, 

J  '  ■  '■  - 

8.4  NONLINEAR  CHARACTERIZATION5  .  .  ‘  ^  X  <  * 

'  /  *  The  use  of  linear  viscoelasticity  for  a  grain  structural  analysis 
quite  naturally -presupposes  linear  propellapt  behavior.  Specifically, 

*•  the  requirements  of  additivity  (H hear  superposition  of  additive  outputs 

•  V  ,  »  *  * 

^  And  Inputs)  'and  homogeneity  (e.g.,  that,  doubling  the  rate  of  strain  rate 

■;  test  will  double  the  stress).  A  rather -detailed  discussion  of  the  above 

i  ^  '  •  .  ‘  ■  /  « 

point  Is  contained  In  Reference £46}.  This  reference  points  out  that 

.4-.*  *  --0 

there. arises  an  all  too  common  fallinq  in  carrying  out  the  test  procedures 

S  '*  - - 

given  In  the  ICRPG  Mechanical  Behavljir  Manual ;  namely,  neglect  cf  the 

-  '  .'I  ,  _ 

experimental  determination. of  flnearlty.  In. addition,  linearity  verlftea- 
.  tlon  is  often  Improperly  carried  out. 

% 

’  ■  An  example  of  the. latter  failure  Is  the  use  of  the  constant  strain  - 

rate-. test  as-a.meaps  of  checking  linearity.  While  linear  Superposition 

^fs^equlreckfor  linearity,  .  obedience  to  the  homogeneity  condition  ^ 

(i.e.>  scalar  multiplication,  c(ae)  *  auj(er) ) »>  1  s  ndt  sufficient  to 

.  *  ’< 

’  -'guarantee  linearity.  Superposition  requires  that’cx(ei+e2)  *  o(ej)  +  a(«.z)j 
,  '  ,  ;  .  *  ■  **  •  '  ,  • 

that  Is,  the  stress  prbdueea  by  <the  additive  superposition  of  two  different 

v  J*  ’  s’  ,  ^  '•*  » 


t.  : ; 
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:  , 

strain  histories  equals  the  sun. of  the  stresses  produced  by  #ach  strain’ 

history  acting  alone. 

<  There  are  tnree  major  reasons  why  propellants  fail  to  obey  the 
linearity  rules:  '  ;  ' 

.  nonl Inearl  ties  Induced  by  a  bhsic  physical  nonlinearity 
^  In  the  propellant 

'  ■  geometrical  nonllhearitles'  Induced  by  larger  strains,  arid 

„  •  nonlinearities  caused  by  Irreversible  micro-structural  ‘  0 

V>  ' «  ' 

/  * 

changes  In  the.  propellants. 


8.41  PHYSICAL  NONUNEARITIES 

-•  Consider  the  first  cause  of  nonlinearity,'  basic  physical 

.  » 

behavior.  For  illustrative  purposes,  consider  the  rather  simple  , 

i '  ' 

situation  of  a  parallel  spring  and  dashpot  -  the  Kelvin  model  (no 
inference  Is  to  be  .drawn  that  this  model  represents  a  solid  propellant 

r  '  ' 

ratheV  it  is  one  of  the  simplest  reductions  of  an  n*h  order  finite 

''  \ 

differential  operator  form  for  linear  viscoelasticity)..  The  governing 
equation  is  then  K' ' 


o(t)  =  Ee(t)  +  nett) 


(8-1) 


where  E  is  the  elastic  modulus  and  n  is  the  viscous  coefficient.  A* 

«■  ,  '  *  > 

constant  strain  rate  Input  at  a  rat£  Rj  can  be  expressed- as  • 


ei(t)  *  Rxt 


r 

(!-r 


v  <r 
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Thus  from  (8-1) 


oCex(t)l  «  £Rit  +  n  Ri 


(8-3) 


p  * 


i 


o 


A  second  test  using  a/rate  of  strain  kRi  with  k4«  arbitrary  constant 

V  * 

yields  a  new'lnpvt,  e2(t)v 

'  A  ‘ 


e2(t)  *  kRxt  «  k 

■s 

e2(t)  *  kRj  »  k  et(t)  "r- 


(8-4) 

(8-5) 


Ho ¥  (8-1)  yields 


aC^t)]?  bERit  +  knfti  *  c[kex(t)3. 


(6-6) 


>  ♦ 


Comparison  of  (8-6)  with  (8-3)  and  0(8-4)  then  shows  that 


a[kei(t)]  «  ko[si(t)] 


(8-7) 


Hence,  the  homogeneity' requirement  of  linearity  holds,  Tlfls  result  Is 
implicitly  based  on  both  E  and  x)  being  Independent  of  both  strain  and 
strain  rate.  - 

If  the  elastic  modulus,  E,  Is  strain  dependent,  say,  for  example. 


E  *  Eq  -  Eie 


(8-8) 


8.13 


|gjj^.'SS£r.3 a 


'  r 


V. 

s  - 

wtera  E0  and  are  constants,  then  (0-3)  becomes  With  (8-4) 

o[ei(t)]  •  EQM  -  tt%\  t*  ♦  n  Rx  . 

/  -  ‘  * 

-  /  * 

v.  ‘  H  ' 

Equation  (8-8)  becows 


(3-9). 


o[e2(t)]  -  kE0R»t  '  ^EjRj  ts  *  fcnRi  »  k[EQRxt  -  !cE:R*  t*  +  nRj] 
/  (8-10) 


Inspection  of  (8-S)  and  (8-1$)  then  shows  that 

<?f>ex(t)3  i  toCejC?)] 


(8-11) 


-/ 


becay&e'of  the  multiplier  fc  In  the/tocond  term  of  (8-10).  Indeed, 

scalar  multiplication  holds  if  ajtd  only  If. Jc  *  1;  that  is,  ei(t)  **  ti (t). 

/  / 

Identical  strain  histories  o rAi  *  0,  a- linear  elastic  modulus. 

' 

If  the  viscosity  coefficient,  n.  Is.  nonlinear  (non-Newtonian)  with 


a  fowl,  say 


/ 


/'n  *-  n0  +  ms 


then  (8-3)  becomes 


o[ex(t)]  *  ERit  ♦  nQRj  +  rfcR*  . 


(8-12)/ 

/ 

/ 

l 


,  ! 


Q 


Q 


and  (6-6)  becomes 


aCera <t)3  -  o[kei(t)3 


-  kERit  *  kn0Ri  +  k2ruR? 

'  .  «  kCERit  +  n0Rj  +  knilfj 

(8-14) 

We  again  see  that  from  (8-13)  and  (8-H) 

a£kei(t)3.y  ka£e»(t>] 

because  of  the  scalar  k  In  the  third  terra  of  (8-14) 

* 

The  error  or,  more  properly,  deviation  frow  linearity  in  a  constant 
strain  rate  test  with  nonl inearl  ties  of  the  type  given  ty  (8-8) 

In  the  elastic  modulus  or  (8-12)  th  the  viscous  portion  Is  proportional 
to: 

.  The  ratio  of  Ei  to  E0,  a  measure  of  the  intrinsic 
nonlinear  elasticity  which  vanishes  for  Ej  *  0 
(see  (8-10))  f 

.  The  actual  value  of  strain  with  the  nonlinearity 
Increasing  at  higher  strains  (compare  the  term 
/  ,  Kxt  with  kR*  t2  In  (8-10)) 

/  Mote  that  (8-10)  say  be  rewritten  as 

I  '  . 

I  0[kEl(t)]  -  kor«iU)3  ♦  kd-k)  E*«;  (t)  (8-16) 

/ 

which  for  k  >  1  Indicates  increased  strain  rate  for  the  strain  e*(t). 


Thus,  nonlinearity  Increases  proportional  to 
.  k(1-k).  At  s  given  time,  the  "stress  softening* 
effect  Is  no re  pronounced  the  greater  the  rate  of 
strain  ratio,  k,  between  the  two  tests  for  k  >  1 . 

.  e j ( t)  •  The  "stress  softening"  effect  Increases  as  the 
square  of  the  strain  value,  l.e.,  the  deviation 
from  linearity  Is  greater  at  the  higher  strain 
values  and,  equivalently,  longer  tines. 

Comparison  of  (8-13)  and  (8-14)  with  the  latter  rewritten  as 

oCkejJt)]  *  koLEi(t)]  -  k{t-k)m  R*  (8-17) 

shows  that  the  deviation  from  homogeneity,  for  k  >1,  l.e..  Increased 
rate  of  strain,  is 

.  proportional  to  k(l-k) 

.  proportional  to  the  basic  nonlinear  .viscosity 
coefficient,  n»  and 

.  proportional  to  the  square  of  the  basic  strain 
rate,  R». 

Quite  obviously,  both  the  deviations  of  (8-16)  with  respect  to 
’  the  elastic  modulus  and  of (8-17) with  respect  to  the  viscous  components 
will  only  be  detectable  in  a  test  to  the  extent  that  the  deviations 
exceed  the  data  scatter. 

Both  of  the  types  of" deviation  became  nore  marked  as  the  ratio 
of  the  strain  rate  of  the  two  tests  Increases  (as  k  becomes  larger). 
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8.4.2  GEOMETRIC  LINEARITIES 

\v 

Assimftng^a  material  that  is  fundamentally  linear,  one  can  never¬ 
theless  observe*  apparent  nonlinearities  in  the  stress-strain  relation. 

*  « 

This  phenomena  occurs  and  is  observable  at  ^arge  strains,  say  above  1W 

I  ~  -  -  " 

In  typical  solid  propellants.  . 

The  reasons  are  purely  geometric  (or  more  properly,  kinematlcal) 

In  that  the  expression  for  stress  is  linear  In  strain  and  as  usually  used 
Is  referenced  to.  the  infinitesimal  strain  (tensor).  As  is  demonstrated 
in  any  text  on  Urge  deformation  elasticity,  the  use  of  this  infinite¬ 
simal  strain  measure  Is  only  an  approximation  to  the  correct  stress- 

a 

strain  expression.  Thus,  the  large  strain  nonlinearities  result. 

As  a  matter  of  fact.  If  one  observes  actual  linearity  in  the 
relation  of,  say,  uniaxial  stress  .to  the  infinitesimal  sseasure  of 
strain,  e,  for  very  large  stra1nsf  say  20%  to  SOT,  then  the  materiel  Is 
basically  nonlinear.  That  Is,  since  a  basically  (physically)  linear 
material  should  show  nonlinearities  at  large  strain  with  respect  to  the 
equations  of  infinitesimal  elasticity  the  occurrence  of  linearity  In, 
say,  a  uniaxial  tension,  test  at  these  large  strain  levels  will  be  an 
indication  of  basic  nonlinear  behavior.  One  would  then  expect  to 
observe  fairly  large  nonlinearities  in,  say,  a  biaxial  or  other  multi- 

i 

axial  test  at  these  same  large  straip  levels. 

It  should  be  added  that  much  of  the  linearity  reported  in  tests 
above  the  1OT  strain  level  is  because  of  irreproducibllity  of  the  test 
samples  as  well  as  careless  control  and/or  observation  of  temperature 
and  humidity  levels  during  testing  resulting  in  such  large  data  scatter 


that  a  linear  relation  may  as  well  be  fU.to  the  observed  data.  This  Is 
s  proper  procedure.  Since  the  data  have  a  Urge  error,  one  may  as 
well  adopt  the  sia^lest  constitutive  equation,  *  linear  one,  and  obtain 
questionable  analysis  results  readily  and  inexpensively,  it  makes 
little  sense  to  employ  barely  tractable  nonlinear  theories  with  data  of 
low  reliability.  The  validity  of  any  analysis  based  upon  poor  data  can 
only  be  assured  with  the  concomittant  use  of  large  safety  factors  however, 
say  above  3.0. 

8.4.3  IRREVERSIBLE  MICRO-STRUCTURAL  CHAM6ES 

\ 

The  third  major  type  of  nonlinearity  Is  caused  ty  essentially 
Irreversibly  mi crostructural  changes  such  as 
.  pclyaer  bond  breakage 
.  vacuole  formation  In  the  binder 
.  dewetting  vacuole  formulation  between  the  binder 
and  solid  filler  particles. 

Unfortunately  the  single  constant  streln-rate  tests  discussed 
previously  in  this  chapter  are  not  sufficient  to  detect  th$se  Irreversible 
changes.  The  test  does  not  reverse  nor  repeat  the  straining  pattern. 
Thus,  a  constant  strain  T^te  test  will  ‘show  micro-structural  changes 
as  physical  nonlinear! ties  which  ware  described  earlier. 

The  previously  referenced  paper  by  Farris  and  Fitzgerald  [46]  has 
been  followed  up  by  extensive  work  on  irreversible  changes  or  permanent 
memory  effects  in  the  doctoral  thesis  of  Farris  [47]  and  the  essence  of 
the  work  with  applications  has  been  reported  by  Fitzgerald  and  Farris 
in  reference  [43].  Currently,  further  effort  along  these  lines  is  being 
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pursued  by  Farris,  now  at  Aerojet-General  Corporation,  Sacramento, 
California,  and  at  the  University  of  Utah. 

The  essential  test  procedure  for  the  detection  of  these  micro- 
structural  changes  Is  based  upon  the  additivity  portion  of  the  linearity 
law.  Two  distinct  types  of  tests  are  generally  reconmended, 

.  loading*,  unloading*,  reloading,  and 

A 

.  ramp-strain,. rest,  additional  ramp-strain. 

For  example.  Fig.  6  shows  the  relaxation  modulus  calculated 
from  tests  run  at  strain  levels iiffe ring  by  a  factor  of  two.  The 
results  obey  the  homogeneity  rule  of  linearity  in  that  the  resultant 
modulus  is  Independent  of  strain. 

Thus,  if  one  were  to  infer  from  the  above  that  linearity,  (linear 
viscoelasticity)  held,  the  predicted  results  of  Fig.  7  would  hold. 

It  Is  observed,  however,  that  quite  a  different  experimental  curve 
results.  . 

\  ■  •  * 

A  triply  repeated  ramp  strain  te$ts  produced  the  results  of 
Fig.  8  where  the  calculated  curve  is  based  upon  a  constitutive  equation 
utilizing  the  ratio  of  the  maximun  strain,  jjeujl^  to  a  weighted 
average  [ | ei i { { 2 i »  the  so-called  Lebesgue-21  norm,  times  the  present 
value  cf  strain,  en(t). 

For  comparison.  Figure  9  shows  the  results  of  a  linear  visco¬ 
elastic  prediction  versus  a  " permanent  •memory"  prediction  for  a  triple 
ramp  strain. 

It  Is  thus  clear  that  a  different  set  of  nonlinearity  is  observed 
with  repeated  ramp  tests.  It  is  thought  that  the  present  type  of 
nonlinearity  is  caused  by  bond  breakage  In  the' propellant  binder. 
Reference  [48]  discusses  this  point  at  length. 


RELAXATION  MODULUS  FOR  TWO  SAMPLES  TESTED  AT  DIFFERENT  STRAIN  LEVELS  [48] 


NEAR  VISCOELASTIC  STRESS- STRAIN 'PREDICTION  AND  EXPERIMENTAL  DATA  FOR 
AN  INTERRUPTED  RAMP  STRAIN  INPUT  ON  A  TYPICAL  COMPOSITE  PROPELLANT  [48] 


COMPARISON  OF  CALCULATED  AND.  OBSERVED  STRESS-STRAIN  OUTPUT  FOR  AN  INTERRUPTED 


1A'  -• 


4 


C:\A  .  CLOSURE  >"  . -  • 

*  '  "  ’  «  ,7<* 

Several  causes  of  nonlinearity  In  test  results  have  been  pointed 

out  and  .discussed.  It.  has  been  shtWn  that  one  must  specify  test 
procedures,  (straining  histories)  Involving  more  extensive  tests  than, 
simple  constant-strain  and  single  ramp-strain  In  order  to  detect  and 

*  "  i  '  * 

distinguish  the  various  nonlinear! ties.-  I  * 

‘  .%  *  -  *  '  * 

To  the  extent  that"  the  observed  non!  inearl  ties  .are  within  acceptable 

'  *  •  *  •  t  ,  , 

tolerance  levels  for' the  Intended  use.  It  Is  recommended  that  a  linear  . 

•  r  u  * 

characterization  be  used.  V  • 

„  Where  the  degree  of  nonlinearity  Is  large  for  the-tntended  use,  * 

t  .  »  *  . 

9  '  ’  \  * 

recourse  to  a  nonlinear  constitutive  relation  will' be  required.  This  - 

* 

,  point  is  dealt  with.  In  Chapter  U.  . 

Where  linearity  Is  Indicated  for  use,  linear  elasticity  and .linear 

viscoelasticity  theory  may  be  applied.  ^  '  > 

-  -  .  ‘  _  .  *.  «r  .  *  ‘ 

One  additional  point  with  respect  to. repeated  loading  should  be  1  • 
mentioned;  If  tests  on  a  "permarrint  memory”  material  exhibiting 
Irreversible  changes  are  conducted  after  the  material  has  been,  say. 
strained  to  the.maxlmua  anticipated  working  strain,  then  the.  remaining 
nonlinear! ties*  If  any,  will  fall  Into  the* category  of  basic  physical  * 
or  Targe  strain  Induced  non slneari ties  previously  discussed.  Thus, 

I  ■%  -  m 

,J  «  »  “  .  f 

a. "shakedown  test"  will  often  be; In  order  prior. to  test  character!- 

.  *  '  -  C 

■  zatlon  If  the  ultimate  use  of  the  material  also  Involves  repeated 

1  -  •  - 

■  /.loadings  and  unloadings.-  It  Is  this  latter  point  which  provides  hope 

>  - 

for  linear  cr  pseudo-linaar  characterization  and  analysis  of 
0  "permanent  metro  ry"  type  materials. 
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IX.  LINEAR  VISCOELASTICITY 


9.1  INTRODUCTION 


ft 


"The  literature  on  linear  viscoelasticity  is  quite  extensive;  rather" 
than  attempt  a  decidedly  incomplete  listing,  we  cite  only  a  few  references 
[1-12],  which  in  themselves  contain  extensive  references  to  additional 
works  as  well  as  to  the  original  papers. 

Certain  portions  of  this  chapter  have  been  prepared  from  lecture  notes 
of  classes  taught  by  Dr.  W.  G.  Knauss]  at  the  California  Institute  of  Tech¬ 
nology,  and  Dr.  H.  L.  Williams2  at  the  University  of  Utah.  We  appreciate? 
their  permission  to  Include  this  material. 


It  is  also  observed  that  this  discussion  is  quite^abbreviated  since 
the  intention  here  is  merely  to  provide  an  illustrative  introduction  to 
vlscoelasticit'-.  -V  r  ~ 


O 


9.2  GENERAL  CONSIDERATIONS 


'i 


When  considering  the  stress-strain  relation  of  an  elastic  material, 


It  is  evident  that  for  a  particular  value  of  stress  there  is  associated 
a  particular  value  of  strain,  and  regardless  of  the  length  of  time  that 
the  stress  acts  upon  the  body,  or  what  path  was  followed  in  applying- it, 
the  strain  ,*emain$  constant.  In  viscoelastic  materials,  .however;  when, 
a  stress  Is  applied  to  the  body,  the  strain  state  depends  upon  the-manrier 
in  which  the  stress  Is  applied;  that  is,  whether  the  load- is_ applied 


Lecture  notes  on  Theory  of  Viscoelasticity,  California  Institute  of 
Technology,  Pasadena,  California,  1965-1966. 

^'Engineering  Analysis  of  Viscoelastic  Media,"  University  of  Utah,  SaH 
Lake  City,  Utah,  March  20-24,  1967. 
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v  '  *  '  ?* 

-  V*  f  '.  x> 


rapidly  or  slowly, — Thus,  the-history  of  loading  must  be  considered  as 
wel 1  as  the magnitude  ol  the  load.  In,  addition,  a  viscoelastic  body  will 
not  maintain  a  constant  deformation  under  a  constant  stress,  regardless 
of  the  loading  pattern,  rather  It  will  deform  or  creep  with  time.  Also, 
if  such  a  body  is  constrained  at  constant  deformation,  the  stress  necessary 
to. hold  it  gradually  diminishes,  or  relaxes. 

Without  Becoming  unnecessarily  involved  In  semantics,  one  may  consider 
this  time  dependent Effect  to  be  the ^underlying  distinction  between  visco¬ 
elastic  materials  and  elastic  materials.  ~~  " — - — - 

DESCRIPTION  OF  A  LINEARLY  V ISCQELASTIC  MATERIAL 
_ Material.  linearity  is  defined  in  terms  of  superposition  (additivity) 


and  scalar  multiplication  (homogeneity)  of  action  and  reactions,  for 
11 1 ustratlve  purposes,  a  simple  unlaxiaTjtensHe  bar  will  be  considered 
here  rather  than  a  general  solid  under  artil^ary  Tdading  cQ^ 
concepts  of  viscoelastic  material  behavior  can  Be  demonstrated  using  this 
slmpsJe^.stress  state,  and  in  most  cases,  the  extension  to  general  three¬ 
-dimensional  considerations  is  straightforward.  ^  -  ^ 

-  Let  the  force  displacement  relation  be  given  in  the  general  fortr^- 


u(t)  *  OJL  F(t) 


(9-1) 


where  [>]t  Is  a  time  operator  characteristic  of -theunaterial  properties 
of  the  tensile  bar.  (For  a  linearly  elastic  material,  the  operator 
.becomes  a  constant,  E  being  Young Ks  modulus,  assuming  the  bar  to  have 
unit  dimensions) .  Equation  (1)  describes  a  linear  force-displacement 
relation  if  the  operator  has  the  properties  that 
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Wt  [kF{^OL  »  k[v»]tF(t)3 

*  it' J  ,rr'“*  ^ 


(9f2) 


Wt  CF»(t)j+  F,(t)]  -  Mfc  F,(t)  +  [*]t  F*(t) 


(9-3) 


: 

where  k  Is  a  constantj.  Equation  (2)  is  an  expression  of  the  homogeneity 

I  ♦ 

requirement  (scalar  miiiltiplication)  and  (3)  expresses  the  addicivity  or 
superposition  requirement.  These  are  the  only  requirements  for  linearity, 
and  thus 


k  u(t)  *  j>3t  [k  F(t)3 


(9-4) 


*  CMt)  +  u*(t}]  *  t*]f  CFx(t)  +  F2(t>] 


(9-5)  *. 


9JP  CONSTITUTIVE  EQUATIONS  .  - 

Consider  the  special  case  of  an  applied  time-varying  force,  a  step  , 

1 

function  of  magnitude  ARj  at;  t-?me  t  »  0.  Let  H(t)  denote,  the  Heaviside 
unit  step  function  and  let  c(t)  ■  0]t  H(t).  Then  the  corresponding  *. 
displacement  Au  is  given  by 


Au(t)  =  c(t)  AFi 


(9-6) 


Now  let  a  second  force  AF2  be  applied  in  a  step-like  manner  at  a  time  r 
after  the  first  load,  i.e., 


F2(t)  =  AF2  H(t-r) 


(9-7) 


If  the  operator  L't'j*  has  not  changed  in  the  time*interval  0  <  t  <v t,  or 

^  ^  ,v.  .** 

W  '  '«  \  .  '  ,  '  *  \ 

equivalently,,  if  the  material  character istics*  have  not  changed  in  this 

interval  ino  aging)3,  then  the  response  is  2>nly  a  function  of  the  .time 

U  •*  .  1 


interval  t-x  ,  and  one  finds  that 


wi  «t7T)  *  c(t~f)  ; 


Au2  ? 


c(t-x)  F2,  1  t  >  T  / 

■  '<•  -  '  ;  " 

0  ‘  l  "  t  <  T 


(9-8) 
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Linearity  permits  adding  the  displacement^ Aur'and..  Au2  to  obtain  $  total 
displacement  after  time  t  as  •  ••.  ,  r 


U__f  Auj  +  Aj2  =  c(l)AFi  +  z{t~%)  AF2 


(9-1  o: 


More  generally, 


«  =  S  Aui(Ti^  =  2Z  clt-T^Ar'.  -i  (t0  =  0) 


(9-1 V 


The  response  (11)  is -due  to  thet  forcing  function 


rF  «2^AFi  H*(t-Ti) 


(9-12 


3If  the  operator  changed  characteristics  Wn 

mt  H(t-x)f=c(t,x)  '  •  __ 

and  .  •  Au?  =  c(t,x)AF2.  * 

t  _  ’  ;  • 

Linearity  is-  still  not  violated  with  a  (linear)  aging  material .  • 


- 
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shown^sc^ematically  below: 

■••  •  r-hb^ 


■  X  V  Yu,\  '  .  .  ', 

Suppos.e  F  is  now  allowed, toappoach  a  continuous  function  by  letting 

.  -  *  ‘  ^  > 

AF4  ■*■  0  y  and  Ati  -  -  r.  -*  0 


such  that 


a- 


Tim-  AFi  r  /  dF  \ 

ATr  ATi  '  Adt/t=.-r 


(9-13) 


Then  the  sum  on  the  right  hand  side  of  (11)  tends  to  the  Integral 


*  af  ~  1  * 

cCt'Ti>A?!'  At{  =  I  (d?). 

*  1  4,  _  ^  t»T 


11m 

Atj-*o 

AF^-h) 


(9-14) 


This  integral  is  known  as  Dupamel's  integral |or  Boltzmann's  superposition 

integral.  It  describes-  the  displacement  response  of  a  linearly  visco- 

-  '  '■  :  *  /• 

elastic  rod,  to  an  arbitrary  load  history  F(t).  If  the  function  F(t) 

\  •  '  '  .  ■'  . 

contains  a  step  at  t  -  0,  the  response  is  written  more  explicitly-  as  * 


U(t)  *c(t)F(0)  *  |^(t-T)  ^  ^  q 

-v.  a.  i»~T 


(9-15) 


where  the  integral  is  Interpreted  as  the  limit 


/ 


If  F  contains  further  discontinuities,  the  Integral  is  Interpreted  in 
the  IdebeSgue-Stieltjes  sense  . 


t 

?• 
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dt  +  ^^c(t-Tj)  &Fvl- 
t*T  1*1 


(9-17) 
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In  terms  of  stress  e(t)  and  strain  <?($,  (15)  Is  written 

rt 


s(t)  *  J(t)o(0)  .+  f  J(t-T)5{T5d*t 


/ 

Jo+ 


r  ■ 

(S-18) 


r*\  '  •  .  ;  • 

where  J(t)  normally  referred  to  is  the  creep  function. 

*  Q  •  *  ",  *  * 

If  the  roles  of  stress  and  strain  are  reversed,  the  analogous 
expression  «  *’•  * 


X'  -  r* '  ■ : '  - 

'  ,o(t),-Eit)  e(0)  +  E(M)fe(T)dTi''. 

.  ■"  ^  ~  V  *  -  Jo+  ..  .. 


(9-19) 


is  obtained  in  which  E(t)  is  the  relaxation  function. 

Taking  the  la pi ace  transforms  of  the  appropriate  relaxation  and  cree 
forms  of  (15)  one  obtains' the  relation  between  E(t)  and  namely,  •  - 

p1  E(p)  5(p)  =1  . (9*20) 

'  .  , 

*  % ' 

The  inverse  relation  of  (20)  is 


•  r 


c(t-T)a(T)dx  »  t  *  j‘  J(trT)E(x)dt 


(9-21) 


( 


y 


m 
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Equations  (2D)  and  (21)  are  expressions  cf  the  fact  that  the  transformed 
modulus  and  the  transformed  compliance  are  reciprocals  ef  each  other. 

This  reciprocity  also  holds  in  the  t-plane  for  short  time  glassy  behavior 

»  *  *  s 

and  long  time  rubberyl^eKavior.  For  most  cases  acceptable  engineering 
accuracy  Is  obtained  assuming  E(t)  =  l/d{t)  through  the.  transition  region  also 
.  The  three-dimensional "equations  may  be  written  by  direct  analogy 
with  the  stress-strain  equations  of  elasticity;  viz. ,  -  rT 


*tj  *  41J  I.  A>(t"T)^T)dT  +  j  n(t-T)eJj(T)dT 


(9-22) 


Equation  (22)  is  often  written  In  terms  of  the  spherical^  ind  deviatoric 


components  for  convenience, 


T1j  ~S1j  +Ia*% 


j  T  e  sij  '• 


where  e  *  e^.  and  a  =  In  this  form. 


(9-23) 


(9-24)' 
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e^j(t)dr 


^  a  •*  I  K(t-T)e(t)dT 


(9-25) 


(9-26) 


in  which  G  and  !(•  denote. respectively,  the  relaxation  functions  (moduli) 
in  shear  and  dilatation.  This  form  4s  found  to  be  particularly  convenient^ 

>  ■  »  ' 
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as  will  become  evident,  when  the  normal  assumption  of  elastic  bulk 

\  , 

response  U .assumed.  -  7  ,  ^  - 

In  addition  to  the  Integral  formulation -previously  developed,  it 
ns  often  convenient  to  consider  the  differential -operator  description  of 
iineor  viscoelastic'  behavlor  * 


P  s(t)  '■  Q  e(t) 
where  q  and  Q  afe  defined  by 


(9-27) 


p  ■ 2u 
*  /1*0 


(9-26) 


(9-29) 


in  which  M  *  SI  or  is  at  mpst  greater,  by  one  power.  This  form  is  convenient 

t  ' ' 

for  the  often  used  model  representation  for  uniaxial  linear  viscoelastic 

‘  '  •  ■  '  . 

response. 


9.5  STRESS  ANALYSIS  .  'X, 

'  The ’mo*,  t  straightforward  method  of  obtaining  the^yiscoelastit  response 
for  a  large  class  of  problems  In  linear  viscoelasticity  makes  use  of  the 
correspondence  principle. .  Through  application  of  the  correspondence 

'  '  :  n 

principle,  the-  time  dependent  viscoelastic  response  can  be  calculated 
from  the  solution  to  an  “associated"  elastic  problem.  *  The  basis  for  the 
correspondence  principle  Is  that,  with  zero  initial  conditions,  the 
Laplace  pr  Fourier  time- transformed  viscoelastic  field  equations  and 
boundary  conditions  are  formally  identical  with  the  equations  for  an 


elastic  body  with  the  same  geometry.  Transformed  solutions  are  calcu- 

.  1  v 

lated-by^tandard  elasticity  methods,  and  then  inverted  to  obtain  the 
.time-dependent  response.  The  final  step  of  Inverting  the  transforms  Is 
often  extremely  difficult  If  standard  exact  or  asymptotic  methodf  are 
used.  Tw^jq^proxliiBrte  methods  of  Laplace  transform  Inversion  for  visco¬ 
elastic  analysis  developed  by  Schapery  are  discussed  subsequently. 

The  use  of  the  Laplace  dr  Fourier  transforms  and  the  correspondence 
principle  Is  restricted  to  that  class  of  problems  in  which  application 
of  the  transform  results  In  the  replacement  of  the  time  dependence  by 

an  algebraic  dependence  on  the  transform  parameter.  This  means  that  the 

* 

correspondence  principle. will  not  apply  to  problems  where  the  boundaries 
are  changing  with  time,  such  as  in  the  case  of  an  ablatirig  inner  boundary 
of  a  burning  soiled  rocket  motor,  nor  will  it  apply  to  problems  where  the 
boundary  condi tionsvare  changing  from  prescribed  forces  to  prescribed 
displacements  or  vice-versa,  such  as  in  the  rolling  contact  problem. 

•  s-  / 

In  the  special  case  of  proportional  loading  (i.e.,  space  and  time 
dependence  of  prescribed  loads  and  displacements  are  separable),  it  has 

,  i, 

been  further  observed  that  the  spaclal  dependence  of  the  transformed  visco¬ 
elastic  solution  is  the  same  as 'that  in. a  geometrically  similar  elastic? 
body  provided  the'tpaclal  dependence  of  the  prescribed  quantities  is 
Identical  for  both  problemsc  This  result  allows  a  transformed  solution 
to  be  derived  d‘lrectly  from  an  elastic. solution  by  replacing  ther  elastic 
constants  by  operational  moduli  (or  compliances)  and  the  time*  dependent 
prescribed  loads  and  displacements  by  transformed  quantities.  It  is 
further  observedVthat  for  constant  stress  boundary  conditions  applied  at 
time  t  *  0,.  the  stress  distribution  in  a  viscoelastic  body  is  the  same  as 

‘ «  v* 

that  in  an  elastic  body  of  the  same  geometry  with  the  same  loading 
conditions.  ' 


The  formal  procedure  for  obtaining  a. viscoelastic  solution  using  the 
correspondence  princIpU^I  now  outlined: 

'  (1)  Assuming  that  the  material  is  elastic,  obtain  the  elastic 

\ 

solution  for  the  stresses  strains*^  and  displacements 
Uj  as  a  function  of  the  geometry,  loading  and  elastic  material 

\  constants i  l.e.; 

\ 

\ :  "  Tu  v>  p>  •  ■  .  . 


e\ir  bks  f- v- p)  >  •  . 

ui  *  “t  ^  E- v-  *>  •  •  • 

\ 

•'  v  \  '  ■-  ■  \ 

(2)  Replace  all  time-varying  quantities,  by  their  Laplace  trans¬ 


form  equivalents: 

tij  w  ■  Ttj  (p*  • 

*13  (t^513  (p)  • 

Ui  (t)  uy  (p)' , 

p  (t)  +  p  (p)  . 


(3)  Replace  the  elastic  constants  by  their  transform  equivalents: 

K  -  K  (p)  ,  - 

E  -»  E  (p)  ,  - \ 

*»•  _  * 

6  *►  6  (p)  , 

-  \ 

v  ■*  v  (p)  .  ‘  ' 

r  \ 

\ 

(4)  Transform  the  physical  boundary  conditions;  l.e.,.  \ 

T«  (t)  "  • 

U1  (t)  ■*  U1  (p)  . 
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(5)  Solve  the  associated  elasticity  problem,  now  formulated  In 
terms  of  the  transformed  field  equations  and  boundary 
conditions*  for  che  transformed  stresses,  strains  and  dis¬ 
placements;  l.e., 

[xk;  E  (p),  v(p),  P  (p)]  , 

*  Cxki  £  {p),  .  v{p)^  P  (p)3  , 

[xk;  v{p),  P  (p)3  .  --  — 

(6)  Carry-out  the  Inversion  of  the  dependent  variables;  i .e. ,* 

’  t13  <**.  t>  ?  r1  p)3  ,  '  . 

<v  « • r'  V  -  -  -  ' 

Ui  (x^  t)  «  t"1  Cui  (x^tp) J  . 

-  The  problems  associated  with  applying. the  above  procedure  for 
obtaining  a  viscoelastic  solution  Involve  the  representation  of  the  visco¬ 


elastic  material  instants*  and,  as  mentioned  abbver~ 


version  of  the 


transformed  quantities.  -There  are  several  techniques  for  representing 
the  material  behavior.  One  of  the  more  simple  methods  malses  use  of  one 
of  the  simple  model  representations.  Computational  complexities  preclude 
; the  use  of  anything  more  than  a  four-  or  five-element  model  representation 
of  ,the  material*  however.  Alternately  one  can  use  the  modified  power 
Taw  representation;  e7g.t 


where 


(t)  -  E.  +  EB  -  E. 


P  ♦  t/T0]r 


(9-30) 


Ee  -  Rubbery  equilibrium  modulus, 
Eg  *  Glassy  modulus*  / 


9.11 


n  *  SI ape  of  relaxation  modulus  curve, 

t0  =  Characteristic  time  (which  is  the  time  corresponding  to  a  / 
value  of  the  relaxation  modulus“of 

K  W 

Equation  (30)  is  useful  when  considering  real  time  behavior,  however) 
the  transformed  tnodulus  of  (30)  is  inconvenient  to  deal  with. 

Another  often  used  representation  which  is  better  suited  for  trans¬ 
form  methods  Is  the  Dirich] et  or  Propy  series  expansion;  e.g*.. 


Erel  (t)  ’  Ee  +5>k  e»(-t/Tk>' ' 


■(MU'.. 


The  coefficients  E.  are  determine-  *7  cfcl Tocati ng , the  experimental  data  : 
over,  say,  N  decades  of  time.  Observing  that  for  vanishingly  small. times 
the  glassly  .modulus  is  recovered, 


Er  <0j  i  Eg  *  Ee  +IX 


(9-32) 


the  collocation-  in  practice  li^rormally  carried  out  over  N-l  decades 
of  time  whjch  span  the  transition  region.- ...  Using  the  Dfrichlet  or 
Prony  series  representation  ^Equation  (31)),  the  Laplace  transform 
of  the  material  properties  is  straightforward,  viz.. 


Vel  p.  p+l/tj? 


(9-33) 


ft  y 

The  appropriate  transformed  modulus  required  for  the  analysis  is  easily 

s  „*  *  - 

demonstrated  to  be  related  to  (33)  through  the  relation 


„  ii*\  =  t.  *  V 

r  ~  ‘  r  /  -e  ^,T  +  | 


(9-34) 


Other  required  material  property  parameters  can  be  represented  In  an 
identical  manner.  ^ 

Schapery  has  developed  two  approximate  inversion  techniques  which 
greatly  simplify  computational  difficulties  associated  with  using  the 
correspondence  principle  to  obtain  viscoelastic  solutions.  The  simplest 
of  the  two  inversion  techniques  is  called  the  "direct  method"  or  "inverse 
ciouble-tim?  rule".  This  method  has  been  shown  to  yield  good  results 
whenever  the  derivative  of  the  time  dependent  solution  with  respect  to 
logarithmic  time,  log  t,  is  a  slowly  varying  function  of  log  t.  The 

•  y 

approximate  representation  of  a  viscoelastic  response,  -^(t),  when  the 

t  '•> 

transformed  response  tp(p)  is  given  by 


5>(p)  ■  f  tp(t)  e“pt  dt 

*/o 


is  given  by 


i(t)  *  [p  Kp)jL  ■  2t 


(9-35) 


(9-36) 


where  the  factor  2  comes  about  from  the  minimization  of  the  error  in  the 
^ approximation  for  functions  which  vary  slowly,  as  a  function  of  p. 

The  second  approximate  method  of  inversion  proposed  by  Schapery, 
called  the  "collocation  method",  is  not  as  simple  as  the  'direct  method", 

i  *  '  '*1 

however  it  is  not  restricted  to  functions  whose  derivative  is  a  slowly  1 
varying  function  of  logarithmic  time.  Tnis  method  can  also  be  applied 
directly  to  an  arbitraty_ iripudtJtfi thou t  the  difficulties  encountered  in 
the  direct  method.  In  using  the  direct  method  for  an  arbitrary  input, 
the  solution  is  first  Obtained  for  a  step  input  and  the  Duhamel  convolu- 
tive  Integral  used  to  obtain  the  solution  to  a  general  input.  That  is. 


for  example,  if  ^(t)  is  an  arbitrary  input  and  tpQ( t)  represents  the  response 
to  a  step  Input  ^QH{t),  where  H{ t)  is  the  Heaviside  unit  step  function 
then  the  response  ip(t)  to  the  arbitrary  input  is  given  by 


£(t)  =  j*°  |~[^(t-T)]  dr  . 


(9-37) 


In  the  collocation ^nethcd,  the  time  dependence  is  given  by  a  simple 
series  of  exponentials  which  c*n  be  readily  'used  in  the  Duhamel  Integral 
for  the" calculation  of  responses  to  other  than  step  function  inputs. 

A  third  advantage  of  the  collocation  method  is  that  the  accuracy  of  the 
Inversion  can  be  improved  simply  by ^adding  more  terms  to  the  series. 

To  apply  the  collocation  method,  the  physical  response  is  assumed 
expressible  in  the  form  of  a  Dirichlet  series  with  unknown  coefficients;- 
i .  e . ,  >  ' 


t(t)  ■  Y0  ”t/Tk) 


(9-38)  ’  A. 


The  Laplace  transformed  solution  is  then  represented  in  the  form 


»  + 


T+TJTF? 


(9-39) 


The  assumed  transform  solution  3>(p)  given  by  (39)  is  then  collocated 
with  the  known  transformed  solution,  previously  determined  fqr  the 
associated  elasticity  problem,  to  obtain  the  unknown  coefficients 

's. 

Once  the  y^  are  determined  from  the:  p  collocation,  .1 the  desired  solution 
is  immediately  written  down  using  (38).  ’  , 


t 


a 


The  procedure  discussed  above  represents  a  relatively  easy  method  of 
determining  the  viscoelastic  response  of  a  solid  rocket  motor  to  many 
loading  situations.  The  inversion  techniques  are  straightforward’ and  can  • 
be  carried  out  numerically  using  a  desk  calculator  or- slide  rule,  for  t  \ 
complicated  inputs  numerical  quadrature  may  be  required  to  evaluate  the 
Duhamel  integral  (37),  however, even  this  is  a  simple  computer  programming 
task.  '  , '  .  . 

for  some  particular  loading  situations,  the  viscoelastic  solution 
may  be  obtained  in  an  even  easier  manner  by  introducing  certain  simpfifying 

assumptions.  In  the  above  discussion  all  of  the  material  properties 

**  „  *'  \ 

(i.e.t  E,  v,  K.  G)  were  least  formally  treated  as  time  varying  quantit-es. 
Simplifications  can  be  introduced  in  the  transformed  solution  and  subse¬ 
quent  Inversion  by  making  certain  assumptions  about  the  time  dependence 
of  these  material  properties.  A  typical  assumption  normally  introduced  „ 

'J 

is  that  the  material  bulk  response  is  elastic  and  only  the  shear  response 

>  *  * 

varies  with  time.  This  assumption  is  base*  on  the  fact  that  the  measured 

’  *  -  '  *  ‘  ’  • 

time  dependency  of  the  bulk  modulus  appears  to  be  small.  Another  assumption 

’  '  4  w  ^  1 

quite  often  introduced  in  the  structural  analysis  of  solid  propellants  is 

that  the  material  is  incompressible  (i.qv»  k  ->■<»,  v  =  and  only  the  - 
shear  properties  are  tin^;  varying.  .  The  rationale  for  this  assumption 
,  rests  on  observations  "that  propellants  appear  to  behave  nearly  incompres¬ 
sible.  Also,  as#the  inner  bore  hoop  strains  are  usually  tHe  critical  •*  „~ 

.  •  *  ,  9-  '  '  ’  ‘ 

design  parameter,  at  least  for  conventional  motor  designs*  and  since  *  . 

these  Strains  are  a‘  maximum  as  a  function  of  v  at  a  value  of  v  =  • 

^  ‘ » 

conservative  estimates  of  the  structural  capabilities  of  a  motor .ar# 
obtained  when  tho  assumption  of  incompressibility  is  made.  Proceeding 


k-  >'s  “^'.' *■  *  •  ’4,;-  .--'  '"V  4 '■--  -i  '*-■  * 

•  I :  £<&$c+*fT%sj?-''?-  \*t  -i  /n  ■  ,  -.  --*-  •  •  :>\ 

•  I  '.'.-’'^.v  c  ■’,-  >?  . .  ^ _ .  _. 

' '  *  ■  ',  ,  *  V  *  -  ‘  ' 
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then  with.  thek*assumption  that  only  the  shear  response  is  time  varying^ 

the  task  of  determining  the  transformed  solution  and  the  subsequent  in- 
•  ^  ...  -  .  -  '  ■ 
version  is  considerably  simplified.  v  “ 

With  the  assuniption  of  incompressibility-,  one  can  often  obtain  quasi- 

viscoelastic  response  directly.  For  example,  for  rigid  or  very  stiff  _ 

motor  cvses  (bE  /hE  <^1),  the  Inner  bore  thermal  fioop ‘Strain  is  a  func- 

V  .  < 

tioa  only  of, the  geometry  and  the  temperature  loading,  similarly, 

pressurfiation  strains 'are  a  "function  ^only  of  the  geometry,  case  stiffner.s 

-  '  '  '  .  •-  •  -  \  •  r 

^  'and  internal  pressure  loading.  Approximate  time  dependent  deflections 

can  also  be  obtained  simply  by  replacing  the  elastic  compliance  1/Ep 
by  the.viocbelastic  creep  compliance  D  -(t).  Thus,  fqr  example^  the 

/  '  •  ’w.  ,c~p  * 

time  dependent  axial  slump' of  a  long  hollow  cylinder  is  given  by 


dependent  c 

<  :-V 


..  .  W  =  f  °crp(t/  V1  :'l09e  X( 


(9-40)  , 


The  maximum  slump-  is,. of  course,  giVe.i  when  --  =  VEa.  Lateral 

^  ^ Cf  p [  .  j?  c 

deflections  of  star  points  can  also  be  obtalhedin  a  similar  marker.  These 

\  V*  -  ■  *x‘-- 

approximations  for  deflection  have- proved  to  be  quite  good.. 

<•*  -  .  .  ■  -  -  i 

Thequasi-visccHastic  behavior,  of  stresses  can  also  often  be  deter-* 

mined  quite  easily.  In- the  case  sfJfche  lateral  acceleration  of  a  star- 

•- '  vFli  •  ‘  ' ; 

point  tho^  stresses,  unuer  the  normal  strength  oTTnatarials  assumptions, 

“  ~  S  '  6 

>  ..  /  - . 

-  are  determined' only  by  tvhe  leading' ana  geonfetry/  for  this  case,  because  - 

*  -  '■»  . 

of  the  prescribed  force  boundary  cchdl tfons r  the  stress  distnoution  is 

the  same  as  an  elastic  beam.  The  time-dependent- behavior  of  .radial  bond 

stresses.and  t>*;e  hoop  ..stressed  <*?n  alto  be  approximately, -determined 

•-  .  i'  -  '  • 

by  substituting- the  relaxation  modulus  Erel(t)  or  the  secant  modulus  E$( t)  - 

w,  1  ’j  ; 

drived  by  d 

9,16 


..T|  T[  | 


(9-41) 


Ere1(t) 
Es<«  ■  -fhr 


for  E  .  In  tnese  simple  apprqximatlons  the  temperature  reduced  time 

P  ■'*  -  / 

t/aj,  where  a^  is  the  time-temperature  shift  factor,  is  often  used  in 

place  of  .the  real  time  t  to  bring  in  temperature  effects  in  a  simple 


Hia  uner. 


These  latter  approximations,  discussed  directly  above,  do  not  give 
true  viscoelastic  behavior,  however  they  can  still  prove  to  be  useful 
in  a  preliminary  design  analysis  in  providing  a  rapid,  easy  means  ov 
estimating  general  trends  of  the  time  dependent- viscoelastic  response. 


9.5  EIGENVALUES  OF  RELAXATION  OPERATORS  APPLIED  TO  LINEAR  AND  NONLINEAR 
SOLID  PROPELLANT  PREDICTIONS 

* 

Another  interpretation  of  material  behavior  is  available  which  provides 
a  basis  for  estiihatlngjriQRlInear  re,po.:C£  deviations  from  linearity.  This 

method  is  considered  to  be  highly  suited  for  the  npvlce  in  helping  him 

\ 

to  c’in  >ba**k-of-tht*-e!5Velope"  ~*pal>1Hty  ip  Unetr  visrtclastlc  nslyais, 
and  providing  the  linear  oriented*  analyst  with  a  readily  used  method  fo. 

\  N 

%  /•*• 

nonlinear  viscoelastic  analysis. 

1..e  Lecnnlqu*  may  be  used  either  y^phical  iy,  numerically  on  c  desk 

'calculator,  or\rfumerically  on  a  digital  computer.  It  is  also  noted  that 

*■  \ 

the  method  encourages  (actually  almost  requires)  the  analyst  both  to  look 

N\  \ 

at  actual  experimental  data  as  well  as  specify  the  specific  tests,  rates, 
and  levels <of  strain  at  which  tests  should  be  Conducted. 

This  method  is  us«d  in  the  roexet  industry  in  one  form  or  another 

"  '  *  ^ 

by  many  practitioners  '!n&r  however^  tend  to  think  it  not  p;fined  enough 
to  publish  it.  Nevertheless^ it  s  herein  presented. 


9.6.1  DEVELOPMENT  OF  EIGENVALUE  PROCEDURES  - 
Consider  the  relaxation  operator  T  defined  by 


T(e)>'  G(t-r)d£ 

Jn 


(9-42) 


with  G(t)  the  tine  dependent  relaxation  modulus.. 

The  usual  form  of  (42;  in  the  theory  of  linear  viscoelasticity  is 


?tt!  *  f 


G(t-T)e(T)dT 


(9-43) 


Thus,  we  may  make  the  identifications 


o(t)  =  T[e(t)]  °  T(e) 


de  =  dx  *  cft)dT  . 


(9,44) 


If  they  exist,  the  eigenvalues  of  the  operator  T  are  determined 
from  solutions  to  the  equation 


Te  «  Ae 


(S.4E) 


where  \  is  real  yaluid.  . 

Consider  now  a  sufficiently  smooth  strain-time  input-  c(t)  such  that 
e(t)  can  be  represented  in  a  power  series  as 


e(t>  — +  y'V 


(9.46) 


with  n  fiiijce. 


Sincethe  representation  (42)  i%  linear  in  c(t),  we  may  solve  for 
any  of  the,  terms  iirf  (46)  separately  ana  add  the  solutions  in  brder  to 
get  the  complete  solution.  That  is,  (44)  and  (4f>)  become 


a(t)  «  AjCi  +  \?e2  +  -  -  as 
where  we  define 

£j  *  Rit 

_  \  e2  a  R2t2  ■* 


(9-47) 


(9-48) 


CONSTANT  STRAIN  RATE  INPUT 

‘  *  v*  *  ‘i 

Let  us  first  look  at  the  solution  to  the  constant  strain-rate  input 
ei  wher<j  si  «  Ris.  Equation  (44)  yields  ei(t)  *  «  Ri  so  that  (43) 

becomes,  wi  u.  R*  a  cons cant. 


^  (9-49) 

•_  ( 

Reference  to  Figure  1  rhc-.;s  that  the  value  of  tne  Integral  in 

*  f 

Equation  (49)  is  simply  the  area  under  the  G(t)  relasa-tlor  modulus  curve 
frcaf  initial  time  to  the  present  time.  The  atovs  integral  is  defined 
then  as  G;(t}  where 


Gi(t)  *  J* .  6(t-*)dT  / 


(9-50) 


Thus  (44),  (45),  (49)  and  (50)  yield 


bi(t)  s  Tei  *  Xx£i  *  RiGi(t) 

'  \  ’  \ 

Multiplying  the  last  term  of  (51)  by  unity,  here  t/t,  yields 


ai(t)  *  T(ei)  *  Xxei  -  Rat 


(9-51) 


(9-52) 


The  term  Ga(t)/t  in  (52)  is  nothing  more  than  the  area  under  the 
G  (it  )=  curve  from  t  f  8  to  t  *  t  divided  by  the  base/length  t,  or  in  other 

I 

words,  the  average  value  of  G(t)  from  time  zero  to  the  present  time. 


V(t>. 


SiUi 


•(9-63) 


Thus,  the  eigenvalue  Xi  associated  with  a  constant  strain  rate  test  is 

»  »•  />} 

the  average  modulus,  i.e.,  from  (52)  with  t;j  a  Rit, 


Xi  .*  ^yCtl 


(9-54) 


Thus,  the  stress .d,  produced  by  a  constant  strain  input,  e,  3  is 
given  by 


Oj(t)  *  Xaei(t)  '  6,..(t)ea(t) 


(9-5b) 


Again,  since  the  stress-stratn  response  is  linear,  superposition 

i  <3 

may  be  used,  so  that  the  input  of  Figure  3  results  in  the  input  shown  in 
Figure  4. 


«  t 


et«)  s  -R,t 


\  *  -  ft, -c 


Figure  4. 


The  solution  for  the  ramp  input  of  Figure  3  is  then  the  sum  of 
the  solutions  for  the  constant  strain -rate  of  figure  t-A  plus  the  solution 
to  the  time-shifted  negative  constant  strain  rate  also  shown  ip  figure  4-A. 
Superposition  then  leads  to  the  separation  of  inputs  as  shown  in  Figure  4-3 
and  Figure  4-C. 

Equation  (45)  yield:  the  results  for  the  ramp  strain  input 


"(t)  a  XiEj(t)  =  6.  v(tjf.(t)  =  S  (t)Kjt.  , 


(5-S6; 


1 


from  t  *  0  to  t  Vtx,  and  for  t  a  ti  to  t  3  «  the  result 


o(t)  -  6dV(f)Rit  -  Gav(t)Rit  ‘  H(t-ti) 


(9-57) 


© 


where  H(t-ti)  is  again  the  Heaviside  shifter. 
Equation  (47)  may  also  be  written  as 


o(t)  «  Gav(t)R,t  -  Gav(t')Rit‘ 

*  / 
/  * 


(9-58) 


The  result  Is  most  easily  arrived  at  by  first  noting  that  (53.)  yields 


Gay(t)  RAt  3  Gi(t)Ri 


i 

4 

? 

-4 


and  then  (48)  becomes 


o( t)  «  Gj(t)  Ri  -  G1(t,)Ri 


(9-59) 


\ 


'  '  ..  «. 

The  computational  steps  for  the  above  procedure  are:  • 

0)  Compute  Gx(t).  the  integral  of  the  relaxation  modulus  for 
all  values  of  t.  This  may  be  done  directly  from  experimental 
step-strain  relaxation  tests  or  from  "quick"  ramp  strain  tests. 
The  integration  may  be  done  wi thin  sufficient  accuracy  by  use 
of  a  pld.nlmeter,  desk  calculator  using,  say.  the  trapezoidal 
rule,  or  directly  on  a  computer.  The  result  should  then  be 
plottea  on  a  curve  of  Gi(t)  versus  t  and  will,  of  course,  be  a 

•'  7 

monotonically  Increasing  function  of  time  (Figure  5). 


9.23 


t 

I- 


A 


t 

\ 


Quite  obviously,  if  the  ramp  strain  test  is  recommenced  at  some  later' 
time,  tz  with  t2  >ti,  a  positive  Increment  will  be  added  td  the  two 
previous  increments  which  will  simply  be  the  original  Gi(t)Ri  curve 
shifted  to  the^. right  by  an  amount  t*.  as  in  Figure  7. 

I  *  • 


Figure  7 


It  becomes  rather  obvious  that  having  a  -plot  £f  61(t)  versus  t 
enables  the  analyst  tc.  rapidly  and  simply  plot  curves  of „-0{t)  versus  t 
for  series  of  segmented  but  arbitrary  histories  of  strain.  In  actual 
practice,  thi%  above  described  method  csiti  be  carried  out  quite  rapidly. 


9.24 


\  * 

\ 
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In  addition  to  the  method  described  for  obtaining  stress  vs  time 
curves  for  straight-line  segmented  strain  inputs,  the  methodology  is 
useful  in  quantizing  trends  and  instructing  the  novice  iff  viscoelastic 
behavior.  For  example,  returning  to  Figure  7,  Curve  A,  the  basic  Gi(t)  Ra 
plot  is  shown  extended  beyond  time  ^ ■  Curve  B  is  the  negative  of  ’  / 


OW«  *  JT 


•  (  VWM 


jrt\ 


f  ItA 

•r*»w  s  lynt  um  aiuvwiiu 


vw  r  c 


is  the  difference, 


A-B,  %nd  as  such  will  al ways. have  £  smaller  negative  slope  than  Curve  B 
since  it  is  Curve  B  plotted  t>n  the  base  of  r  rve  A  which  is  itself  of 
positive  slope  rather  than  being  the  horizontal  abscissia  which  Curve  B 
Is  plotted'  against.  Now  Curve  D,  which  is  Curve  A  shifted  by  a  distance 
t2  is  of  course  plotted  relative  to  the  horizontal  baseline.  But  Curve  .E 
is  Curve  D  added  to  Curve  C  which,  as  previously  noted,  has  a  negative 
slope  which  eventually  may  become  horizontal  and  may  also  go  to  zero.  We 
thus. see  chat  Curve  E,  which  starts  out  at  time  U  a  distance  A  above 
- .  Cur:'14  try*  TV  tfvBir  corned  oser  to  Cin^r  O  than  A  and.  If-  Curve  C  goes'  to  ~ 
zero,  E  will  be  identical  to  0.  ' 

'  ■  ) 

The  implication  here  is  that  if  the  '‘pause"  between  t-a  and  t2  is 
very  short.  Curve  E  will  be  almost  equal  to  Curve  A.  However, ^if  the 
pause  t2  to  ti  is  long  (that  Is,  long  compared  totj),  then  Curve  E  will 
approach  Curve  0  to  within  a  distance  equal  to  the  long  time  value- of 
Curve  C  above  the  horizontal  axis  (if  C  goes  to  zero,  E  will  to  D„)  Thus 
a  very  long  pause  will  have  the  effect  of  ‘wiping  out"  the  stress  cfuted 
by  the  Initial  loading. 

The  use  of  the  shifted  curves  is  then  useful  in  quantizing  the  effects 
and  meaning*  of  "short  tiroe‘%  "long  time",  etc.,  for  any  specific  material, 

i.e. ,  a  g'Wer?  S(t). 

*  '  % 

>  9.2b  . 


Before  proceeding  to  the  solution  of  second  power  inpiit$* 


r.2{i)  »  k2c-,  H  should  be  remarked  that ‘a' fairly!  good  but  approximate^  l 
answer-may  be  obtained  by  approximating  any  e(t)  curve  by  straight  line 
segments  as  shown  In  Figure  8.  ,  I  / 


R.W/ 


'  \ 


■c 


''Mi 


^  Figure  8  *  - _ ;  * _ 

>  r 

The  practicality  of  this  linear  approximation  is  of  course  dependent 
on  the  number  of  segments  heeded  to  reasonably  duplicate  the  actual  curve. 

<3  *  *  " 

Second  Order  Input 

Consider  the  second  tern  of  (46),  e(t)  *  R?t2.  Substitution  Into 
(53)  with  e(t)  *  2R?t  yields. 


o(t)  *  2R. 


^  G(t-T)-rdT 


(9-60), 


Reference  to  Figure  1  shows  that  the  above  expression  for  the  Integra) 

•,  *  »  1  '  ,* 

,  Is -the  first  moment'' of  the  relaxation  modulus)-  i.e. , 


/S 

f  (■■ 
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f  G(t-T)xdT  -  Ga( t)  =  Gi(t)ri 


"  (9-61) 


where^l  Is  the  "distance"  from  t  to  the  centroid  of  the  G(t)  relaxation 
modulus  curve. 

Thus,  the  associated  eigenvalue,  X2  is. from  (61),  (60)  and  (59) 


o(t)  =  2RtGi(tVt.»  Rat"  ^(t).  =  R2t2.Gau(t) 


(t). 

av[Z'  t 


(9-62) 


Xi  a  *  Gilt)-  ||  *  2av(t):|^  B  Xi  *  y  (9'63) 


since  Ai  *  G:  ft)  «  from  (2.3).  , 

OV  t  v 

The  value  of  t  will,  for  any  relaxing  material,'  always  be  greater 
than  t/2  since  the  curve  is  "weighted"  more  heavily  towardthe-  t  -  0  end, 
and  the  distance  to  its  centroid  measured  from  Hm6  t  will  then  be 
greater  than  one-half  the  distance.  3  . 

i  *t  * 

Thus,  2t/t  >1  and  consequently  X2  ^-A*.  Since  G2(t)  -  A?  e(t.) 
by  definition,  we  see  that  a"  second  power  strain  input  will  product 
higher  stresses  than  a  linear  strain  input  at  any  giver,  value  of  strain. 

i  < 

Now,  since  , 


*'  "  a2(t)  =  A2e(t)  ='R2t%  '=.R2Gj(t)-2t  =  R2t2' = 


ea(t)Gav(t)  •  f 


(9-64)  :  • 


9.ZT 


4 


-•  ^..  »-«•>,»<  ,-j>u«5?e*{W^» 


* 


9.8  REFERENCES 


1.  Bland,  0.  R.:  "The  ineory  of  Linear  Viscoelasticity,11  Pergamon 

Press ,  Inc. ,~New  York,  i960. 

2.  Lee,  E.  H.:  "Viscoelastic  Stress  Analysis,  "  in  Structural  Mechanics,  - 

(Proceedings  of  the  First  Symposium  Naval  Structural  MechanirVVT 
pp.  45fo-482,  Pergamon  Press,  New  York,  1960. 

3.  Williams,  L.,  Blatz,  P.  J.,  and  Schapery,  R.  &.:  “Fundamental  Si 

Studies  Relating  to  the  Systems  Analysis  of  Solid  Propellants," 

GALCIT  -  SM  61-5,  February  1961,  Also  ASTIA  (AD-256-905) . 

4.  Anon.:  "ICRPG  Solid  Prope-llant  Mechanical  Behavior  Manual," 

CPIA  Publication  No.  21,  1963" 

5.  Williams,  M.  L.*  "Structural  Analysis  of  Viscoelastic  Materials,"- - 

AIAA  Journal ,  Vol.  2,  pp.  785-808,  1964. 

6.  Hilton,  H.  H.:  "An  Introduction  to  Viscoelastic  Analysis,"  in 

Engineering  Design  for  Plastics,  Reinhold  Publishing  Corp., 
pp.  1 99-276-.  1964. 

7.  •  Hilton,  H.  H.:  "A  Summary  of  Linear  Viscoelastic  Stress  Analysis," 

Feature  Article;  SRSIA,  Vol.  2,  No.  2,  dd.  1-56,  April  1965. 

8.  Fitzgerald,  J.  E.:  "Propellant  Grain  Structural  Integrity  Problems: 

.  Engineering  Status,";  Feature  Article,  SRSIA-  Vol.  2,  No.  3, 

pp.  1-44,  July  1965. 

3.  Fitzgerald,  J.  E.:  "Analysis  and  Oesign  of  Solid  Propellant  Grains," 
in  Mechanics  and  Chemistry  o*  Solid  Propel! ants-Proceedings  of 
the  Fourth  Symposium  on  Naval  Structural  Mechanics,"  pp.  19-46, 

Pergamon  Press,  New  York,  1967. 

10.  Flugge,  W. :  "Viscoelasticity,"  Blaisdell  Publishing  Co.,  1967. 

11.  Ferry,  J.  0,:  "Viscoelastic  Properties  of  Polymers,"  (2nd  Edition) 

John  Wiley  &  Sons,  Inc. , 'New  York,  1970. 

12.  Christensen  ,  R.  M.:  "Introduction  to  the  Theory  of  Viscoelasticity," 

Academic  Press,  Inc.,  New  York,  197).  * 

o  , 


-  -  9.33 


•) 


9,7  NOMENCLATURE 


r 
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Wt  H(t) 

ell  +  e22  +  e33 

Strain 

Modulus 

Relaxation  Modulus 
Rubbery  Modulus 

t 

Glassy  Modulus 

Relaxation  Modulus  c 

Force 

Heaviside  Unit  Step  Function  =|q*  *  * 

Constant 

Bulk  Modulus 

Slope  of  Relaxation  Curve 
Pressure  _ 

Rate 

Oeviatoric  Component  of  Stress 
Time 

Relaxation  Operator 
Displacement 


=  Kron^c  ker  Del  ta 


'4-— -i  *  -v 

>  w*  «.  i  i» 


1  =  3 

1°.  U  3 


xff 

- 

Eigenvalue 

A 

= 

LamS  Constant 

wt 

s 

Material  Property  Characteristics 

T. 

22 

Stress  . 

T0 

= 

Characteristic  Time 

Tk 

= 

Time  Constant 

a 

-  - 

Til  +  T2Z  +  T33 

V  ' 

= 

•  Poisson’s  Ratio 

U 

= 

Lame  Constant 

a&illl 
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YHERMOVIsroa  ASTI  CITY 


10. I  INTRODUCTION 


The  analysis  associated  with  problems  ih  thennovisccelasticity 
ranges  from  tne  simplicity  of  linear  v1sr<v»i,?stic  snalysis 

to  the  complexity  of  nonlinear  viscoelasticity. 

A  main  reason. for  this  wide  range  c*  complexity  lies  in  the  pnysical 

assumptions  relative  to  the  effect  of  temperature  upon'  the  material 
behavior.  „ 


TO. 2  THERMORNCOLOSICALLY  SIMPLE  MATERIALS  ' 

The  essential  assumption  made  in  thermoviscoelasticity  is  that  of 

*'  V 

thevnorheologically simple  behavi or ,  a  term  coined  by  Schwar2l  and 

r  t  ' 

Staverman  L  .  Thermorheologlcally  simple  behavior  implies  that  the 

r  '  'M  *■ 

position  of  a  relaxation  modulus  curve  plotted  on  a  logarithmic  time 

scale  shifts  with  temperature  change  but  its  shape  is  unaltered. 

Thus,  there  exists  an  equivalence  between  time  and  temperature  v 

[?] 

which  was  first  noted  for  relaxation  and  creep  by  Leaderman  . 

t 

Where  T.  I*  the  temperature.  In  any  convenient  units,  t  the  time, 
and  5  the  so-called  reduced  time,  the  above  defines  ohi co  r resounding 
to  thermorheological  simplicity  means  simply  that  there  exists'  a 
shift-factor,  a j,  such  that 


log  K  -  log  t  -,  log  ay 


0)  „ 


That  is,  one  arbitrarily  chooses  a  reference  temperature,  T0>  (usually 
taken  as  70°F  In  the  propellant  industry)  at  which  a  stress-relaxation 
test  Is  carried  cut  in  order  to  obtain  a  curve  of  the  relaxation 
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modulus  G{T0>t)  versus  the  logarithm  of  time  t.  Thermo^heologically 
s vole  materials  -ire  Jio&r-  for  which,  as  previously  mentioned,  the 
relaxalivifi  modulus  found  at  “rms  different  fomoe mature,  Tj ,  when 
plotted  versus  the  logarithm  of  time  is  simnly  shifted  horizontally 
along  the  log  t  axis  with  no  change  in  shape. 

Thus,  the  shift  is  defined  as  the  distance  along  the  log-time 
axis  between  any  two  identical  values  of  the  relaxation  modulus  for 
G(T  ,  log  t)  and  G(T i ,  log  t),  , 

A  master  relaxation  curve  results  when  the  relaxation  modulus 

; 

1 

values  for  G(Ti,  log  t)  are  replotted  as  G(TQ ,  logC)  with  the  definition 
of  Eq.  1  holding.  ' 

When  applied,  as  originally  Intended,  to  sets  of  relaxation  tests, 
each  of  which  is  at  a  constant  temperature,  the  concept  of  thermo rheologi¬ 
cal  shifting  appears  -to  hold  quite  well  for  solid  propellants. 

The  details  of  time- temperature  shifting  are  quite  straightforward 
and  are  covered  in  detail  in  the  ICRPG  Mechanical  Manual,  Section  2.3  and 

X 

Section  4.3.  Section  4.3.6,  pages  1  through  11,  are  reproduced 
herein  as  Section  10.3  in  order  to.  provide  the  reader  a  ready  reference 
to  the  terms  and  derails  of  test  reduction  used  for  thermorheologi- 
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cal ly  simple  materials. 
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Socket  motor  strain  analysis  for  many  conditions  of  interest 


re:?'-! res  accurate  specification  of  the  prooellant  viscoelastic  modulus 


or  compliance.  WKiie  a  high  degree  of  precision  must  be  maintained 
in  experimental  determination  of  the  viscoelastic  properties,  the 

i  * 

test  techniques  are  not  complex.  The  following  describes  methods  for 

\ 

\ 

determination  of  the  relaxation  modulus  E  (t;  in  uniaxial  tensile 
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temperature  superposition  tecnniques.in  obtaining  master  representations 

o 

of  the  data.  Description  of  simplified  methods  for  obtaining  the  master 
or  reduced  variable  representations  is  included  in  the  discussion. 
Reference  is  recommended  to  the  more  detailed  treatment  of  linear 
viscoelastic  property  specification  and  reduced  variable  techniques 
in  Sections -2. 4,  2.3  of  the  manual. 


10.3.1  UNIAXIAL  TENSILE  STRESS  RELAXATION  MODULUS  TEST 

SCOPE:  a  method  for  laboratory  measurement  of  the  stress  relaxation 
modulus  E  (t)  using-  time-temperature  reduced  variable  techniques  is 
described.  -  " 


TEST  EQUIPMENT  REQUIRED:  -  universal- tensile  tester  with  tentperar 
ture  conditioning  provision.  Temperature  control  capability  to  within 
+  l^F  is  desirable.  Multiple  channel  fixtures  for  testing  and  recording 
are  convenient. 

n 

TEST  SPECIMEN:  machined  tab-end  tensile  specimen  as  shown 
schematically  in  Detail  1: 


'This  Section,  10.3,  was  prepared  by  J.- W.  Jones,  Lockheed  Propulsion 
~  Company,  1963. 
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with  dimensions 

propellant  length  =  1Q  (In.)*  and 

cross  section  area  =  h2  »*A  (in. 2 )  in  the  unstrained  state. 
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specimens  may  be  used.  Specimens -should  be  precision  machined.  All 
specimens  should  be  inspected  for  flaws  or  voids,  rejecting  all  samples 
with  visible  defects  or  inhomogeneities.  Specimen  storage  end  pretest 
conditioning  should  t>e  consistent  with  test  objectives. 

TEST  METHOD:  the  tab-end  specimen,  conditioned  at  a  constant 
temperature,  is  clamped  in  the  jaws  of  the  tester  and  extended 
at  a  constant  crosshead  speed  to  a  predetermined  length  where  the 
crosshead  is  stopped.  The  decay  of  force  at  the  extended  length  is 
measured  as  time  progresses.  The  conditioning,  temperature  should  be 
maintained  within  :°F  during  the  duration  of  the  test.  With  reference 
to  Detail  1  and  Detail  2,  the  following  constants  tor  the  test  analysis 
are  defined: 
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FORCE,  F,  db#) 

C0£S$HEAD  DISPLACEMENT,  £,(M 


t 

Strain  levels  Cq between  0.01  m  0.10  are  commonly  employed 
in  tnls  test.  Three  to  five  replicates  at  eacli  strain  level  and  tempera¬ 
ture  are  advisable.  Test  durations  of  the  order  of  103  and  IQ*  times  tr 
are  required  to  adequately  define  the  relaxation  curves. 
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Isothermal  data  reduction:  the  relaxation  modulus,  averaged 
from  replicate  tests  at  a  given  temperature. 


ti 


] 

«?• 

E 


E  (t)  = 


F*1  +  ej 


A„  c„ 
0  0 


four  times  greater  than  i  O  tT  only -is  calculated  apd  plotted  on  log- 
log  graph  paper.  Table  I  illustrates  calculation  of  the  relaxation 
modulus  at  T  =  /u°K  figure  1  depicts  tne  data  of  fable  1  in  addition 
to  data  for  several  other  temperatures . 

10.3.2  DETERMINATION  OF  THE  SHIFT  FACTOR 

The  following  reduction  process  does  not  include  the  absolute  .. 
temperature  reduction  term.  For  most  engineering  purposes  the  effect 


of  such  simpllfrcation  is  trivial.  An  arbitrary  reference  temperature 

T  is  selected.  Conveniently,  the  test  temperature  nearest  the  ambient 
s 

*,  .  i  ' 

laboratory  room  temperature  Is  chosen  {70-80°F).  For  date  at  test 
temperatures  T  less  than  Ts,  data  Sre 'shlftet!  to  the  left;  The  relative 
shift  a. „  necessary  to  bring  adjacent  curves  into  superposition  is  . 

£ 


determined.  For  example,  from  Detail  3, 


«n*  or  2-oe  *  Tog  t2  -  iog  %i 
M 

asz *  H.  or  log  a^g  -  log  t’  >•  log  t! 


o 


-DETAIL  3 

10.6 


4. 


Figure  1.  Stress  Relaxation  Data/ 
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the  shift  factor  ay  for  temperature  Ti  i’S  a^  as  given.  The  shi.ft 

£  *  » 

factor  for  temperature  T2  is  given  by  ay^  X  aj^  (or  log  ay^  +  log 

ay^).  The  process  is  repeated  for  each  temperature;  trie  shift  factor 

for  <lata  at  the>  lowest  temperature  is  given  by  the  product  of  the  aT 
"  ’  x 

(or  the  sum  of  the  log- aT  ).’ 

<■  ■'  x 

.  For  data  at  test- temperature  T  greater  than  T  ,  data  are  shifted 

to  the  right.  Jhe  relative  shift  aT  necessary  td  bring  adjacent 

x 

curves  into  Superposition  is  determined.  For  example,  with  reference 

•  *  4  4  „  <;  •  - 

to  Detail  4,-  <■  • 


**3  -  loe  t3  -  log  t4 

r 

I 

«  log  -  log  t4 


the- shift  factor^  for  temperature  T3  is  as  given.  The  shift  factor 

for  temperature  T;,  is  ay^-  xay^  (or  Tog  f.log  aTJ  *  log  ay).  ,  r 

The  shifts  aT.  are  shown  on  Figure  1  and  the  associated  calcu- 
'x  •  f 

Tations  for  determination  of  log  aT  are  shown  in  Table  II .  The 

pircled  notation  in  the- "log  a^.  colunn  of  Table  II  identify  the 

‘M  .  . 

shifts  showtr  in  Figure  T.  , 


Conversion  of  the  data  of  Figure  1  to  master  or  reduced  formas 
accomplished  by  performing  the  shift  ay  for  the  data  at  each  tempera¬ 
ture.  This  corresponds  to  division  of  the  time. scale  for  the  data  at 

\  v , 

•  ■  *  V 

each  temperature  by  the  value  of  aT  for  that  temperature.  More 
convenient!^,  the  operation  is  conducted  logarithmically  (log  t/at  = 

'  log  t  -  log.aT)«  *  * 

•  <  t 

The  calculation  of  t/s^  i.~  illustrate^  itf  Table  III,  Cel  «>. 

'  (t,/  -  m 

The  reduced  master  relaxation  modulus  curve  is  shown  in  Figure 2  along 
with  'the  shift  factor- versus  temperature  curve.  The  master  relaxation 
modulus  .purve  displays  the  modulus  versus  time  behavior  of  the  propel¬ 
lant  for  three  reference  temperatures,  Ts,  70°F,  in  the  figure. 

The  relaxation  curve  for  another  temperature  is  obtained  by 
«  shifting  the  master  time  scale.  The  shift  for  the  temperatures 
interest  Is- achieved  by  multiplication  along  the  time  scale  by  the 
value  of  aj  for  the  given  temperature  or,  logarithmically,  by  adding 
log  aT  to  the  master  time  scale.  Shifted  time  scales  for  temperatures 

r-  *  . 

of  1500°F,and  ~68°F  are  also  fhown  In  Ffgure  2. 


10.4  MATERIAL  CHARACTERIZATION 

The  definition  of  a  thermorheologically  simple  material  is 
generally  restricted,  by  implication  at  least.,  to  a  linear  visco¬ 
elastic  material.  That  is,  variations  in  the  value  of  the  relaxation 
modulus,  G(T,t)  with  time  are  considered  to  be  strain  Independent. 

When  the. material  is  indeed  linear,  the  use  of  the  reduced  time, 
C  s  t/a-j.  is  certainly  <juite  proper.  Practitioners, however,  have 
extended. t^e  concept  of  time-temparature  shifting  to  the  nonlinear 
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TABLE  III 
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range.  Although  this  chapter  is  not  going  to  go  into  nonlinear 
behavior;  which  is  reserved  for  Chapter  11,  consideration  will  be 
given  to  time- temperature  shifting. 

One  of  the  earliest  attempts  at  using  shift  factors  f^-nc^l  i  near 
materials  Is  essentially  implicit  In  the  work  of  Guth,  et  al  In 
Guth's  formulation  he  assunes  that  the  stress,  o,  as  a  function  of 
finite  stretch,  X,  and  time  t  may  be  expressed  as 

cr(A,t)  ■,  F(X)*G(t) 


where  F{x)  Is  some  measure  of  finite  deformation.  For  example,  if 
a  Neo-Hookean  bei^avior  is  asstzned  ^ 

F(A)  «  A2  -  X"1  for  simple  elongation 
F(a)  «  a  for  simple  shear 


where  a  Is  the. finite  shear  deformation. 

Stem  and  Tobolsky  ^  found  that  the  above  factorization  worked 

»  V  ' 

quite  well  when  applied  to  relaxation  In  the  simple  elongation  of 
polysulfide  rubbers. 

•  « 

Essentially,  one  defines  the  relaxation  modulus  In  these  cases  as 


G(t)  -  o{>.,t)/F(x) 

rather  than  as 

G(t)  «  o(t)/X 


O 
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As  pointed  out  by  Staverman  and  Schwarz! 1  *%  any  measure  of 

V 

strain  vrtilchN^uses  the  G(t)  curves  to  fall  op  a  single  lina  may 
be  used.  It  should  be  noted  that  for  Neo-Hookean  and  many  other 
materials,  the  relation  between  shear  deformation  and  tne  finite 
measure  of  shear  strain  Is  linear  up  to  rather  large  values,  say 
100X  strain. 

Where  such  factorable  relations  between  the  measure  of  strain 
and  the  time  dependency  hold,  one  may  always  achieve  a  single  relaxa¬ 
tion  curve.  Thus,  in  these  factorable  instances  the  transition  to  a 
different  temperature  involves  the  simple  substitution  of  reduced 
time  £  *  t/a-j.  for  the  real  time  t  as  Is  done  in  linear  viscoelasticity. 

One  further  remark  is  In  order  here.  Where  the  above  factori¬ 
zation  is  possible,  one  may  express  the  finite  strain  measure  F(A)  as 


F(A)  =*  ae(A  -  !)  -  ae  e 


where  e  is  the  usual  infinitesimal  measure  of  strain.  The  term  a  , 

e 

called  herein  a  strain-shift  factor  is  simply  (and  obviously)  a 
function  of  the  stretch  A  or  alternatively,  the  strain  e.  For  an 
ideal  Neo-Hookean  material  In  simple  tension  with,  as  before 


F(A)  «  A2  -  A’ 


the  expression  for  a  will  then  be 

,  *  -  1 

®e  A*  -  "  A” 
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One  may  thus  follow  the  following  sequence  of  steps  if 
o(X.t)  «  F(X)G(t) 

then  for  a  superposition  with  respect  to  F (X) 
o(t)  *  G(0)F(t)  +  J  G(t''T)F[X(T)]dr 

T“0 

•  •  \ 
where  G,  F  denote  time  derivatives  and  F(t)  and  F(Q)  denote  the  value 

of  F  for  x(t)  and  X (0)  respectively. 

2 

Now  the  use  of  the  strain-shift  factor 


ae  e  »  F(X) 


3 


results  in,  as  above, 


o(t)  *=  ae  e  G(t) 


or  for  superposition 


j  G(.t-T)e(T 


or 


o(t)  *  a£  G{0)e(t)  +  a£  j  G{.t-T)e(t)dT 

T»0 


-  r  * 

o(t)  *  a£  £(0)c(t)  +  a£  I  ,  G(t-x)c(T)dT 


0 


l  f 
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Having  thus  made  the  transition  from  linear,  to  nonlinear  (or  strain 
dependent  moduli)  one  may  now  carry  out  the, time- temperature 


Z 


The  term  ae  may  differ  from  Je  depending  upon  whether  one  finds  it 
as  defined  above  or  from  certain  rate  tests.  As  defined  here, 

®£  t  *£• 
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upe/pc 
real-time  t  yielding 


superposition  by  simply  substituting  the  reduced  time  £  =  t/aT  for 


ail)  «  F[XfO)lG{£)Vri1'^t^c)e(T)dT  . 


>  •  '  £=0 

The  first  term  bn  the  right  hand  side  Is, simply  the  elastic  response^ 
to  a  step  function  and  the  Integral  is  now  the  strain-shifted,  time- 
temperature  shifted  usual  form  of  a  linear  superposition  integral. 

It  must  be  remembered,  however,  that  Ye  is  a  function  of  strain  e. 

In  practice  then,  one  attempts  to  first  reduce  all  relaxation 
modulus  curves  taken  at  one  temperature  and  several  'strain  levels  to 
a  single  curve  by  vertically  shifting  an  amount  ef.  for  each  curve. 
Where  the  results  are  acceptable,  factorization  may  be  assumed.  Then, 
one  shifts  each  of  these  single  curves  (obtained  over  a  series  of 
different  temperatures)  horizontally  by  an  amount  log  aT  on  a  plot  of 
log  G  versus  log  t. 

The  resultant  shift  factor  curves,  ae  versus  strain  and  aT  versus 
temperature  may  then  be  used  to  carry  out  analysis.  Again,  It  must  be 
pointed  out  that  the  above  method  "works  when  It  works".  That  is,  the 
factorization  may  not  be  Imposed,  rather  It  must  be  determined  and 
verified  experiments lly. 

It  will  be  shown  in  Chapter  11  that  the  above  procedure  Is  the 
essence  of  almost  all  currently  used  nonlinear  methods- 


10.5  TRANSIENT  PROBLEMS 


•  The  previous  discussion  was  confined  to  tests  and  analysis  run 
at  different  but  constant  temperatures.  The  major  problem  in  solid 
rocket  grain  design  relative  to  thermal  effects  Is,  however,  a  coupled 
thermomechanlcal  problem.  This  problem  arises  In  case-bonded  grains 
where  the  cooling  produces  shrinkage  which  leads  to  self-imposed 
stresses.  - 

The  only  currently  used  method  in  grain  analysis  for  coping  with 
the  transient  thermal  problem  rests  on  the  Moreland-Lee  shift  hypothesis, 
wherein  the  reduced  time^f&r  a  variable  temperature  is  defined  as 


.  The  above  integral  representation  Was  put  forth  as  a  logical 
'  possibility.  Thus  for  a  material  which  is  factorable,  thermorheo logically 
simple  and  which  Is  subject  to  a  time-varying  temperature,  the  above  - 
form  for  S  Is  generally. used. 

Unfortunately,  the  results  of  analysis  based  upon  the  above 
-assumptions  is  rarely  In  accord  with  experiment.  In  general,  where 
experimenters  have  conducted  simple  elongation  tests  at  constant  cross¬ 
head  speed  while  simultaneously  cooling  the  specimen,  tbfe  predicted 
results  have  been  In  orror  wlth  respect  to  the  observed  data.  The  ' 
difference  has  bean  reported  as  ranging  from  a  factor  of  3  to  as  high  as 
a  factor  of  8. 

The  errors  observed  have  occurred  at  strain  levels  where  the 
finite  deformation  alone  was  considered-  to  contribute  little  to  the 
results.  It  thus  appears  that  either 
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.  The  Moreland-l.ee  transient  shift  expression 

A  y»  .-  ^ 

'does  not  represent. the  physics  of  the 
problem,  or 

The  coupling  between  strain  and  temperature  X 

change  Is  a  more,  complex  physical  relation-  •  / 
ship  In  the  transient  case  than  can  be 

>  .  *  i 

handled  by  currently  used  methods. 

Further  discussion  of  the  nonHnearities  such  as  the  above  will  - 

%  /.  ■  - 

be  deferred  to  Chapter  11.  '  «  -  * 


id.6  SOLUTION  METHODS 

Solution  qf  the  linear,  reduced  time  equations  of  thehnovisco- 
elasticity  is  in  principle  identical  ,to°the  solution  of  the  ordinary 

lineal? "viscoelastic  problem  and  has  been,  covered  elsewhere  in  this 

%  .*  v  0- 

text.  ‘  ’  ;  "  • 

The  computer  problem,  when  the  temperature  field  is  prescribe^. 
Is  relatively  straightforward.  Assuming  one  has  set  up  one  of  the  . 
finite  element  problems  currently  in  use  which  can  hahdle  Elements 


can  h^fi 


with  differing  moduli,  the  use  then  of  a  reduced  time  £  and  an  available 

modulus  versus  5  tabulation  will  provide  the  answers  to  the  transient  thermal 

* 

stress  problem.  Depending  on  the  time  interval  used  however,  restrictions 
occasioned  by  numerical  stability  problems  may  result  if  the  temperature 

u  .  u  * 

V  ‘  ,  ' 

change  Imposed  is  too  fast.  Only  experience  on  one’s  computer  with. a  ✓  . 
particular  algorithm  will  solve  the  above  trouble,  however. 

Where  the  time- temperature  field  is  not  specified,  but  a  thermal  - 
boundary  input  is  given,  the  problem  is  still  rather  straightforward.'  ‘f 


( 
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In  this. case,  an  uncoupled  Mat  conduction  equation  is  generally  ‘ 

*  «  t  •  * 

specified  and  Its  temperature  output  Is  n/sed  intermittently  to 

'  *  *  <r  ' 

specify  the. resultant  temperature  field.  Depending  on  the  rate  of  ■  ’  ' 
temperature  change,  the  conduction  equation  will  have  to  be  solved 
at  intervals  suf  f  1  ci.ent  tyl  th  respect  to  the4 relaxation  solution  to  / 
e^ure  proper  .values  for  the_  element  moduli.  In  general,  Qne  will  use 
some^ort  i>f  a  marching  solution.' 

—  *  v  ' 

•  -  The  use  of  the  Moreland-Lee  transient  reduced  time  expression  Is, 

to’the  writers'  knowledge,  implicit  in  all  current  computer  programs (e.g. [6]) 
v  ■  .  ' 

Where  greater  precision  Is  desired,  one  could  factor  in  change^  in*  .  \ 

speclf/ic  heat  and  conductivity  for  the  elements  as  a  function  .of  strain  "  - 

*  t  ^  v  * 

and  temperature.  In  the  writers'  opinion,  however, -inch  additional 

complications  ar®  entirely  unwarranted  as  are  any  other  attempts  at 

using  coupled  thepmoviscoelasticity  at  this  time  (as  in  vibration  and 
*  *-  '  p  *  . 
thermal  problems  Involving  the  generation  of  heat  through  mechanical 

,  *  *  c  „ 

dissipation),  in  solving  rocket  grain  design  problems., 

■  - '  ..it  o 

The  reason. for  the  above  comment  is  based  on  the  fact  that  there 

*  \  K 

Xr  <- 

Is  presently  no  satisfactorily  proven  nor  accepted  method  for 

V  V 

analytically  predicting  the  results  of  a  simultaneous  cooling  and 

:3 

9  .  ,  4 

stretching  experiment  in  simple  tension  or  in  biaxial  tension  in  the 

v  i  v 

laboratory.  *•  - 

The  use  of  a  strain  shift  factor,  however,  is  recommended  as  an  ’ 
aid  to  obtaining  more  accurate  (physically)  results.  Fo^  example,  the 


paper  by  Martin  . 
should  be  noted. 


which  essentially  uses  such  a  vertical  or  a£  shift 
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10.8  NOMENCLATURE 

9 

f  - 

A  '»  Area 

aT  “v< Time-Temperature  Shift  Function 
-  a. .{ *  Strain  Shift  Function' 

F  “  /Finite  Strain  Measure 
v  G  *  Relaxation  Modulus 
,  h  *  ‘Specimen  Thickness’ 

1  *  Length  - 

*  i  k 

\  * 

t  .  ■ 

T  *  Temperature 
Tq  *  Reference  Temperature 

t  *  Time  m 

/ 


a  =  Finite  Stress  Deformation 
e  *  Strain  -  . 

A  » ,  ^Extension  Jlatlo 
a  *  Stress'  1‘  , 

£  ■  Reduced  Time 


\  c 
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XI.  NONLINEAR  VISCOELASTICITY 
% -  -  - 

11.1  INTRODUCTION 

The  ability  to  predict  analytically  the  mechanical  response  of  a 
structure  requires  as  a  prerequisite  the  characterization  or  mathematical 
description  of  the  mechanical  response  of  each  of  the  materials  in  the 
structure.  These  mathematical  descriptors  of  the  constituent  material 
response,  or  constitutive  equations,  as  they  are  called,  together  with  a 
knowledge  of  the  applied  surface  loads  and  displacements  and  the  field 
equations  of  engineering  mechanics,  comprise  a  system  of  equations  whose 
solution  yields  the  state  of  stress  and  strain  for  every  point  within  the 
body.  To  predict  the  success  or  failure  of  a  grain  design  requires  compar¬ 
ing  the  calculated  stress  or  strain  states  within  the  body  to  some  failure 

criterion.  One  therefore  finds  that  an  analysis  of  a  structure  Is  only 

/  f  % 

as  good  as  the  constitutive  equations  defining  material  response  and  also 
that  a  failure  analysis  Is  of  little  consequence  If  the  predicted  state  of 
stress  Is  largely  In  error.  Also,  the  determination  of  general  failure 
criterion  for  three-dimensional  states  of  stress  generally  requires  the 
calculation  of  the  Ytress  state  In  laboratory  samples  subjected  to  multi- 
axial  loading  conditions.  Thus  the  determination  of  appropriate  failure 
criteria  Is  also  dependent  on  the  'constitutive  equations  defining  material 


response. 

While  the  sequence  constitutive  equation,  loads  definition,  structural 
analysis  and  failure  definition  are  obviously  totally  Interrelated,  and 
the  final  usable  answer  to 'a  performance  prediction  Is  equally  dependent 
upon  the  accuracy  of  each  of  the  above  elements  In  a  design,  the  discus¬ 
sion  here  is  concerned  mainly  with  the  development  of  acceptable 

■  - -  .  V*' 

3  constitutive  equations. 
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Thero  seems  to  be  general  agreement  among  practitioners  In  the  field 
of  solid  propellant  characterization  that  the  primary  causes  of  material  ‘ 
nonl Inearl  ties  are:  - 

•  Large  strain  effects  In  the  polymer  occurring  at  relatively 
low  macro-strains  caused  by  strain  magnifications  on  the 
microscale  resulting  from  the  high  sgilds  loading, 

°  Irreversible  or  only  partially  reversible  effects  both  in 
the  polymer  and  at  polymer-particulate  Interfaces  caused 
by  both  adhesive  and  cohesive  failure  In  the  polymer  or 
filler. 

o  Honli near 1 ties  produced  by  coupled  mechanical  and  thermal 
effects;  e.g.,  simultaneous  cooling  and  straining. 


All  of  the  above  effects  lead  to  essentially  the  same  general  form 

>  of  constitutive  equation.  , 

The  problem  at  hand  Is  essentially  that  of 

0  Determining  which  of  the  several  possible  constitutive 
forms  Is  most  amenable  to  material  characterization  and 

0  Selecting  from  those  amenable  to  characterization  the 
one  which  promises  to  be  best  suited  for  future  solid 
rocket  grain  structural  analysis. 

It  is,  of  course,  extremely  important  to  keep  In  mind  that  any  type 

'  •  .  \ 

of  equation  selected  for  investigation  must  be  of  a  form  suitable  for 
multi-axial  use.  Secondly,  any  system  of  equations  selected  must  inherently 
contain  the  elements  of  nonequlllbrium  thermodynamics;  otherwise  It  Is 
destined  to  failure  when  used  In  thermo  mechanically  coupled  situations.  This 

.  *v  x  ' 

latter  fact  is  responsible  In  part  for  past  failures  In  attempts  to  predict 
the  results  of  simultaneous  cooling  and  straining  tests.  These  failures 
stem  largely  from  the  fact  that  the  time-temperature  superposition  tech¬ 
niques  employed  normally  assune  a  common  shift  factor  which  is  often 
Incorrect  under  the  conditions  of  Interest. 


11.1.1  LINEAR  VERSUS  NONLINEAR  ANALYSIS 


w 
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Attempts  to  describe  the  mechanical  response  of  materials  have 
classically  taken  two  paths,  (a)  the  theoretical  development  of  mathemati¬ 
cally  complete  constitutive  equations  describing  the  behavior  of  hypotheti¬ 
cal  materials  and,  (b)  the  experimental  determination  and  subsequent 
empirical  mathematical  description  of  the  behavior  of  real  materials  to  a 
limited  set  of  loading  conditions.  Neither  approach  stands' alone  and  each 
approach  has  its  merits  and  difficulties.  The  complete  mathematical  descrip¬ 
tion  of  a  hypothetical  material  Is  of  little  value  to  the  engineer  If  he  has 
no  basis  upon  which  to  judge  whether  or  not  real  material  response  can  be 
described  by  the  theory,,  and  even  If  It  can  be,  can  the  parameters  In  the 
theory  be  determined  from  laboratory  tests?  On  the  other  hand,  the  mathe¬ 
matical  description  of  a  real  material  to. one  loading  condition  is  generally 
of  little  value  In  predicting  the  response  to  some  coapletely  different 
loading  condition  for  a  nonlinear  tutorial.  In  practice  one  finds  these 
two  approaches  must  be  brought  together.  This  process  Involves  interpreting 
experl  man  tally  based  empirical  relationships  In  terms  of  some  complete  v 
mathematical  description  of  a  hypothetical  material.  This  process 
represents  the  means  by  which  one  develops  a  meaningful  constitutive 
theory  for  modem  solid  propellants. 

In  the  search  for  a  description  of  a  material  response  characteristic, 
it  Is  Important  to  bear  in  mind  that  what  is  needed  Is  a  description  suffi¬ 
ciently  general  to  psrwit  a  meaningful  structural  analysis  of  the  system, 
and  that  it  is  not  necessary  to  refine  the  characterization  beyond  this 
point.  A  physically  meaningful  characterization  should  be  carried  out  over 
tie  -s pm-  types  of  loading  and  thermal  histories*  and  over  the  same  time 
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scales  as  the  system  Is  expected  to  experience  tn  actual  usage.  Hence,  the 
degree  of  refinement  of  the.  material  characterization  process  will  depend 

somewhat  upon  the  loading  conditions  and  the  extent  of  the  analysis. 

^  \ 

For  ideal  elastic  materials  exhi biting  no  energy  dissipation,  the 

■  \ 

state  of  stress  at  time  t  is  only  a 'function  of  tee  state  of  strain  at 
time  t  and  Is  Indepenlient  of  all  past  states  of  strain.  Viscoelastic 
materials  on  the  other  hand,  can  dissipate  energy^nd  the  state  of  stress 
at  time  t  In  general  depends  not  only  on  the  current  state  of  strain  but. 
also  on  the  entire  history  of  the  deformation.  The  material  characteriza¬ 
tion  process  for  viscoelastic  materials  Involves  determining  this  functional 
dependence  of  stress  on  strain  in  a  usable  form. 

Although  viscoelastic  materials  have  been  used  over  the  years  In 
many  engineering  situations,  the  attempt  to  accurately  determine  the 
state  of  stress  and  strain  In  solid  propellant  rocket  grains  has  been 
largely  responsible  for  the  recent  advances  In  viscoelastic  constitutive 
theory  and  reduclng_.ta.pract1c^  viscoelastics  tress  analysis.  In  the  last 
decade,  for  example,  the  solid  rocket  Industry  has  progressed  to  the  point 
where  It  now  has  tee  capability  of  performing  rather  sophisticated  two 
dimensional  thermal  stress  analyses  of  thermorheologl cal ly  simple,  linear 
viscoelastic  materials.  Including  transient  thermal  analysis.  Experience 
has  Indicated  that  for  the  two  major  loading  conditions  of  propellant 

grains,  thermal  cooling  and  pressurization*  the  predicted  strains  and  - 

/ 

displacements  in  case  bonded  propellant  grains  are  not  a  strong  function 
of  the  propellant  response  characteristics,  because  of  thi^  nearly  Incom-  ' 
press Ible  behavior  of  solid  propellants.  Ihus,  linear  elastic  or  linear 
viscoelastic  approximations  are  usually  quite  adequate  for  strain  and 
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displacement  predictions.  Determination  of  the  stresses  is  not  so  simple* 
however,  as  the  highly  nonlinear  viscoelastic  behavior  of  some  modern 
highly  solids  loaded  propellants  appears  to  produce  large  errors  in  pre¬ 
dictions  for  stresses  based  on  linear  viscoelastic  theory  [1-3].  Although 
some  attempts  have  been  made  to  treat  propellants  as  nonlinear  viscoelastic 
materials,  their  structural  analysis  in  Industrial  practice  has  almost 
without  exception,  been  based  on  linear  viscoelastic  or  linear  elastic 
methods..  Initial  design  determination  is  usually  analytical,  and  design 
refinements  are  typically  based  upon  a  combination  of  experience  and 
experiment.  v 

The  prime  reasons  for  the  continued  use  of  linear  theory  in  analysis 
are :  ■  *- 

o  The  methods  are  relatively  inexpensive  to  use.  - 

j 

(  -  o  The  usage  Is,  almost  without  exception*  state-of-the-art 

in  industry. 

o  There  has  been  no  consensus,  of  ooipjon  with  respect  to  ~ 
alternate  nonlinear  methods  for  eftfier  characterization 
or  analysis. 

The  reasons  for  the  aforementioned  lack  of  concensus,. relative  to 
nonlinear  analysis  methods  stems  from: 

o  Technical  disagreements  as  to  the  proven  validity  of 
-  -  currently  pronosed  nonlinear  methods  of  characterization 
and  analysis.  - 

o  The  rather  high  cost  of  laboratory  characterization  and 
computer  analysis  for  most  proposed  methods. 

o  The  generally  expressed  feeling  that  nonlinear  analyses 
either  Drovide  answers  but  little  different  from  a 
linear  analysis  or,  alternatively,  linear  analyses  pro¬ 
vides  answers  on  the  conservative  side. 

This  latter  reason  for  the  continuation  of  linear  analysis  methods 

is  based  on  the  fact  that  the  dominant  nonlinearity  observed  of  propellants 
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is  a  stress  softening  due  to  dewetting  mechanisms  [4,5].  It  Is  thus  the 
feeling  of  many  fn  the  industry  that  by  characterizing  the  propellant  as 
a  linear  viscoelastic  solid,  at  small  strains  in  the  absence  of  dewetting, 
the  subsequent  stress  analysis  will  provide  a  ct.  servatl ve  estimate  for 
the  upper  bound  of  the  stresses  in  any  motor  configuration.  However, 

recent  theoretical  and  experimental  efforts  indicate  that  linear  theories 

\ 

bksed  on  small  strain  characterization  do  not  necessarily  provide  a  con¬ 
servative  estimate  for  the  predicted  stress  states,  and  that  in  fact, 
linear  predictions  are  often  substantially  lower  than  '*"<per1 mentally 
observed  £1,2,6]. 

Stresses  two  to 'four  fold  higher  than  predicted  have  been  reported 
by  a  number  of  observers  [1,2].  Complicating  matters  Is  the  fact  that 
many  of  the  nonlinear,  viscoelastic  constitutive  theories  and  analyses 
used  Indicate  that  linear  methods  should  provide  a  conservative  upper 
bound  for  the  stresses  [e.g. ,  6,7]. 

Clearly,  one  of  the  major  prpbleras  is  providing  a  pnysically  reallstl 
mathematical  description  of  propellant  response.  If  meaningful  stress 
analyses  are  to  be  performed  on  propellant  structures,  mathematical 
representations  containing  the  devices  necessary  to  describe  the  pro¬ 
pellant's  response  must  be  found  and  applied. 

The  presentation  herein  Is  Intended  to  review  and  extend  the  theoret¬ 
ical  framework  for  nonlinear  thermoviscoelasticity,  compare  specific 
applications  of  most  currently  used  theories,  and  present  In  some  detail 
recent  efforts  not  necessarily  readily  available  elsewhere. 

'  < 

Specific  step-by-step  methods  of  analysis  are  not  presented  at  this 

time.  Discussions  of  the  many  nonlinear  methods  of  analysis  may  be  readily 
found  in  the  open  literature,  and  the  supplement  to  this  handbook  In 
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preparation  under*  Air  Force  sponsorship  win  present  details  of  performing  a 
nonlinear  analysis.  Our  Intention  here  is  to  provide  a  background  to  the 

-  r 

subject  and  a  rational  basis  from  which  nonlinear  constitutive  theories  for 
solid  propellants  may  be  developed. 

rl. 2  MECHANISMS  OF  NONLINEAR  VISCOELASTIC  BEHAVIOR 

The  source  of  the  non linearities  in  the  viscoelastic  response  of  com¬ 
posite  solid  propellants  is  not  difficult  to  understand  from  a  microscopic 
point  of  view.  A  general  composite  solid  propellant  is  composed  of  a  solid 
oxidizer  in  a  rubbery  polymeric  material  with  various  other  additives  to 
Influence  burning  rate,  specific  Impulse,  mechanical  properties,  and  pro¬ 
cessing  characteristics.  The  mechanical  behavior  of  propellant  Is  most  . 
greatly  Influenced  by  the  polymer  and  other  specific  additives  for  modification 
of  these  properties.  Although  the  binder  becomes  the  major  load  bearing 
material  In  the  propellant  matrix, \$ome  bonding  to  the  solid  additives  and 
oxidizer  causes  these  materials  to  become  Involved  in  the  mechanical  behavior 
of  the  propellant. 

Generally  speaking,  at  low  strains  propellants  are  nearly  incompressible 
while  at  large  strains  they  become  highly  compressible  and  exhibit  large 
amounts  of  volumetric  dilatation  during  uniaxial  testing  [5].  The  yielding 
behavior  is  characteristic  of  these  materials  and  is  always  coincidental 
with  the  increase  in  volume.  This  sudden  change  in  modulus  is  one  type  of  . 
nonlinearity  that  Is  well  known  and  recognized  by  most  workers  In  the  field. 

At  these  larger  strains,  the  relaxations  modulus  becomes  very  strain  and 

A 

dilatation  dependent,  and  this  naturally  means  nonlinear  behavior. 

On  the  microstructural  scale,  failure  begins  early  in  the  stress-strain 

history  and  is  first  obseryable  as  a  vacuole  In  the  polymer  near  the  surface  . 

of  the  filler  in  the  direction  of  stretch  [5],  These  vacuoles  Increase  in 
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size  and  nunfcarwith  Increasing ‘strain  which  causes  the  volumetric  increase. 

Vacuoles  fora  in  the  bihdeF  at  locations  of  high  stress  and  stress  gradients. 

Once  ;the  vacuole  forms,  the  neighboring  material  is  relieved  of  some  of  Its 
,  '  v.  •••:*.*•,  '  '  /  ‘  ‘  *  i 

strain  energy’ which  is  spent  v1n  vacuole  growth.  This  growth  reduces  stresses 

•  •  •  <j  '  ''  /  '  , 

v  and  stress  gradients  Mn  the  vicinity  of  the  vacuole  and  thus  reduces  its 

i  *  7  /  *  & 

propensity  to' propagate:  Vacuole  growth  also  reduces  the  1 nf! uence  of 

i  >  '  ’  1  •*.  «*  .  <•»..•,»■  / 

Yfljler  particles  In  the  neighborhood  of  the  vacuole  and  resdlts  in  the 

V  •  '  -0 '  \ 

v  yielding  observed  of  t%  stress-strain  behavior  and  the  Strain  dependence  - 
of  th^.relaxatlorT 'lu.  ius  at  large  strains.  Each  filler  particle  isia  v' 


potenyi^l^jjuole  site,  and 'experimental  evidence -[5]  indicates  that  70 
to  1<HE  of  the  filler  particles  on  a  volumetric  scale  'have  vacuoles 


immediately,  adjacent  to  thenrin  the  direction  of  stretch  at  large  strains. 

*  ■  ’  . 4 s/  •*  ;;  * 

A  measure  of  the  relaxaFtioq  modulus  of  the  cured  Hinder  material 

.shows  that  remitted  'to  the  rubbery  equilibrium  modulus  occurs  very 

0  -  '  .  *  ’  ~x  '■  *  *  .  ^  ‘  ' 

rapidly  at  roam  temperature.  The  relaxation  modulus  determined  op  propel^an 

made  with  the  same  binder  is  considerably  greater  and  relaxes  at  a  much 
slower  yate.’,  The  equilibrium  modulus  is  not  obtained-ln  106  m1ndtes  (two 

'  *  .  r-  .  -  '4 

years)  and  may  not  really  exist  for  propellant  al though » the  ra£e  of  change^ 

.  v 

becomes  so  slow  that  for  practical  purposes  it  may  be  used  when  the^elaXa- 

*  *-  .  **  *  ‘  \ 

tlon  time  1s> Within  the  time  frame  of  consideration.  The  relaxiiti on  modul i 

of  a  polybi/ cadi  end  aprylic  acid/acrylonltule  terpolymer  (PBAN)  hinder  and 

*  «. 

a  propellant  made  with  this  binder  (TP^fkHl)  are  presented  in  Figure  1. 

*  j  «  *  , 

© 

The  -relaxation  modulus  was  measured  at  three  different0' strain  levels 
(2,  lj8  and  2050  on.tife  binder  material  with  no  change  In  the  relaxation 
spectrum.  \  „  ’  *  (  \ 

Relaxation  In^a  binder  material  occurs  because  the  normally  colled 
„  polymer  chains  of  which' the  material  structure  is  composed  are  being* 

^  ^  -  ’  -  t  ^ 
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FIGURE  I.  RELAXATION  MODULUS  OF  TP^HIOll  PROI^ttANT  AND  PBAN  BINDER 


M I 


/ 

* '  r 


mechanically  forced  to  uncoil'.  The?^  structural  linkages  are  going  to 

* 

•  '*  0  ,  *> 

naturally  seek  the  lowest  possible  energy  configuration*  and  as  they  do  so, 
the  force  required  to  hold  them  at  the  new  length  decays.  The  time  to 

reach  this  lowest  strain  energy  condition  is  a  characteristic  function  of 

•  .  '  9 

the  polymeric  material.  Although  the  solids  added  to  the  binder  to  make 

& 

propellant  have  some  effect  upon  the  chemical  reactions ^fofmlng  the  polymer 
crosslink  network,  the  structure  Is  essentially'  the  same  when  the  binder 
system  Is  made  from  the  "same  Initial  ghemfcaW.  It  Is'  expected  that  the  .  ^ 

uncoiling  rate  of  the  polymer  chafnsln.a  propellant  will  be  somewhat 

C-  * 

similar  to  those  in  the  binder  when  subjected  to  the. same  strain  condition. 

t  •  * 

..  It  Is  readily  seen  In  Figure  1  that  the  relaxation  times  are  not  the  same 

*  .  it 

fqr  binder  and  propellant.  Since  the  filler  materials  In  a  propellant  are 

4  ,  *  />  (  *  *  >**"' 
bearing  part  of  the- load  doe  to  the  binder-particle  Interfacial  bond.  It  • 

Is  natural  to  suspect  that  part  of  the  load  change  with  time  Is  due  to 

these  solids-.  This  suspicion  Is  reinforced  In  Figure  which  represents 

data  published  by  Freudenthal  '['83  using  a  sodium  chloride  filled  poly-: 

•  ’  '  •  ,  .  ’  •  X  . 

-  urethane  polymer.  This  is  not  raant  to  say  that  the  solids  exhibit  time 

r  ♦  '  ' 

dependent  characteristic^  In  the  sane  time  regime  as  the- polymer! c  material, 
but  the  solids  have , reinforced  the  binder  and  bond  failure  will  result  in 

*  ,  %  .  t 

.  a  .  *  * 

loss  of  a  pseudo-crosslink  {dewetting).  Now  tt  Is  obvjous  that  a  dl^strlbu-  „ 

•  ,  *  •  V  _ 

tlon  of  loads.occurs  on  the  solid  particles  throdghbut  the  propellant  matrix. 
This. causes  particulate-polymer  1nterf$cial  separation  to  occur  at  various 
t^mes  resulting  in  a  type  of  relaxation.  This  relaxation  occurs  not  only 
at  a -.different  rate  from  the  polymer  chain  uncoiling  mechanism  but  also 

-  is  affected  differently  by  temperature /'and  load  changes.  Whenever  two  or 
mofe  reactions  are  occurring  simultaneously  and  they  are  dependent  to 
different  degrees  on  external  conditions  nonlinear  response  to  those  conditions 


will  frequently  result. 
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Measurement  of  the  relaxation  modulus  under  superimposed  hydrostatic 
pressure  shows  a  smaller  relaxation  and  an  earlier  approach  to  an  equilibrium 

,  C  *  '  0  '  ' 

modulus  (Figure  1).  Pressure  has  no  effect  on  the  binder  relaxation  spectrum. 
Since  pressure  reduces  the  tendency  forjgwettlng,  the  hypothesis  that  part 
of  the  relaxation  is  due  to* binder- filler  interfacial  separatlgn  Is 
substantiated.  .  ' 


It  Is. apparent  that  polymer  chain  uncoiling  and  de^ettfng  are  hot  the 
only  relaxation  mechanisms.  It  Is  quite  likely  that  particle-particle 
Interactions  plqy  a  role  In  the  relaxation  process.  All  of  thes^mechanlsms 
create  microscopic  nonhomogeneities  that  add  up  to  produce  a  nonhomogeneous 
material;  Another  important. souf^ce  of  propellant  nonlinearity  gives  rise 
to  the often  observed  hysteresis  effects.  Whereas  non] inearf ties  In  the 
stress-strain  behavior  for  monotorjl c  loading  situations  hove  been  accounted 

*  •  •  ,  ,  ,  -v 

r  1 

for  using  models  relating  volumetric  dilatation  to  the  frequency  of  vacuole 

formation,  assuming  all  dilatation  may  be  attributed  to  vacuole  formation, 

* 

these  models,  while  capable  of  some  Irreversible  effects,  do  not  properly 

•i 

predict  the  observed  hysteresis  many  propellants  exhibit,  typical  hysteresis 

.  «  **  <  '  .  ’ 

effects  are  shown  In  Figure  3.  *  These  hysteresis  effects  and  much  , of  the 
viscoelastic  behavior  of  propellants  has  been  attributed  to  time  dependent 
failure  of  the  polymer  on  a  molecular  basis  .[9  -183.'  This  phenomenon  is 
commonly  known  as  the  “Mullins*  Effect*  and'ls  tirae»dependent  in  propellants. 
Several  models  have  been  proposed  for  modeling  this  effect  [9  -27].  The 
polymeric  chain  failure  associated  with  hysteresis  effects  proceeds  vol li¬ 
ma  trie  dilatation  and  Is  most  likely  responsible  for  the  nonlinear  behavior 
*  •-  , 

observed  of  solid  propellants  at  Small  strains.  The  models  developed 

p  "  j 

explaining  this  effect  have  to  date  all  been  one-dimensional.  The  simplest  , 
«K>del  [22]  is  based  on  the  following  key”  assumptions: 


_  V 


1]  A  distribution  of  poiys»r  chain  effective  lengths  or 

"sleekness"  between  neighboring  filler  particles.  « 

11)  The  microscopic  strain  in  any  given  chain  is  pro- 

-  portion*!  to  the  axial  applied  strain,  the  proportiona¬ 
lity  constant  differing  from  chain  to  chain. 

Ill)  Each  polymer  chain  has  the  same  elastic  stress-strain  lav. 

1 v)  Each  polymer  chain  ruptures  and  remains  ^ruptured  if  at 
any  time  In  Its  history  its  strain  exceeds  a  critical 

value  e 

max 

Proceeding  with  this  model  and  a  suggested  representation  of 
Fitzgerald  [23],  Farris  [8]  developed  a  uniaxial  constitutive  theory 
making  use  of  memory  function  norm  1  which  agrees  extremely  well 'with 
experimental  results. 

There  is  every  indication  that  dewetting  and  time  dependent  chain 
failure  are  the  dominant  mechanisms  of  nonlinearity  in  solid  propellants. 
These  mechanisms  are  adequately  characterized  through  the  use  of  memory 

function  norms  Indtroduced  Implicitly  by  Greene  and  Rlvlln  [24]  and  Trues dell 

,  % 

and  Noll  [2&]  explicitly  by  Coleman  and  Noll  Eft  ]  and  Coleman  and  Mizel 
[27-29]s  suggested  for  solid  propellants  by  FltzgeralrTtSO],  formalized 
'  by  Hufferd  [31]  and  applied  to  solid  propellant  behavior  by  F^ls  [9,20,32]. 

u 

l 

11.3  CLASSIFICATION  OF  VISCOELASTIC  CONSTITUTIVE  EQUATIONS 

The  class  of  materials  termed  viscoelastic  has  different  meanings 
to  different  groups.  Generally  speaking,  most  experimentalists  would 
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classic  as  viscoelastic  all  elastic  solid  materials  displaying  time 
depended  response  such  as  relaxation  and  creep*  no  matter  what  the  cause. 
Here,  elastic  Is  interpreted  in  the  sens*  of  complete  recovery  of  shape 

when  tractions  are  removed.  Most  theorists,  on  the  other  hand,  restrict 

*  i 

the  meaning  of  viscoelastic  materials  to  elastic  solids  possessing  fluid, 
characteristics.  These  hypothetical  viscoelastic  materials  can  have  a 
certain  amount  of  rigidity  characteristic  of  elastic  materials,  yet  can 
dissipate  energy  by  viscous  damping  as  do  some  fluids.  To  the  theorist', 
the  elastic  solid  and  the  viscous  fluid  are  but  two  types  of  viscoelastic 
materials. 

In  real  materials  tins  dependent  response  to  mechanical  disturbances 
can  have  many  causes  only  one  of  whleh  is  Internal  viscosity.  Other  sources 
of  time  effects  are  aging,  thermally  activated  molecular  bond  ruptures  and 

’♦  J 

*  formation,  and  time  dependent  mechanical  degradation  of  the  materia rs 
microstructure,  such  as  the  previously  mentioned  dewetting  or  hysteresis 
effects.  These  are  a  few  of  possibly  many  mechanisms  that  can  and  do  cause 
time  dependency  In  material  response,  and  In  a  broad  sense,  may  all  be 
Interrupted  as  viscoelastic. 

Generally  speaking,  viscoelastic  response  can  be  characterized  as 
fading  memory  behavior  with  different  characteristics  which  distinguish 
the  different  types  of  behavior  experimentally  observed.  The  four  fading 
memory  characteristics  which  appear  to  encompass  the  majority  If  not  all 
engineering  materials  are  &l  jj: 

1)  Norml  Fading  Memory 

11)  Failing  Memory 

111)  Flnitfe  Memory 
iv)  Permanent  Memory 
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Normal  fading  memory  constitutive  theory  represents  a  time  memory 
mechanism  wherein  the  transient  portion  of  the  response  decays  with  time 
whenever  the  state  of  sthain  is  held  constant  after  Isom  Initial  strain 

i 

disturbance.  For  very  slow  rates  of  strain,  or  constant  states  of  strain 
at  long  times,  the  state  of  stress  for  a  material  possessing  normal  fading 
memory  characteristics  Is  given  by  a  nonlinear  elastic  stress-strain  law, 
dependent  only  on  the  current  state  of  strain  and  independent  of  any 
previous  strain  states.  It  is  this  type  of  behavior  that  has  received 

considerable  theoretical  interest  In  recent  years.  Linear  elasticity  and 

*  ,  *  , 

linear  viscoelasticity  are  often  thought  of  as  normal 'fading  memory  theories. 


A  normal  fading  memory  can  be  modeled  by  ah  "assemblage  of  (nonlinear) 
springs  and  dashpots.  , 

A  failing  memory  materl al  Tbrgets  its  entire  past  abruptly,  and  a 
finite  memory  material  has  no  recollection  of  any  event  In  its  history 
which  occurred  prior  to  a  certain  fixed,  time. 

t 

Permanent  memory  viscoelastic  materials  can  be  simply  defined  as 
naterlals  wherein  all  the  effects  of  past  deformation  states  are  not 
forgotten  and  therefore  still  Influence  the  current  stress  state. 

The  use  of  the  word  "memory*  herein  Is  perhaps  in  need  of  sane  clarifi¬ 
cation.  For  example,  a  linear  elastic  solid  whose  present  response,  say 
the  stress  field,  is  dependent  only  upon  the  present  value  of  the  strain 
field, is  often  therefore  referred  to  as  a  material  with  no  meitiory,  l.e., 
a  material  whose  response  is  not  dependent  upon  the  specific  history  of 
strain.  In  another  sense,  however,  a  linear  elastic  material  possesses 
a  perfect  memory  with  respect  to  its  Initial  state,  l.e.,  remove  all 
stresses  or  strains  and  the  material  configuration  returns  to  its  unique 


o 
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rest  stata.  Alternatively,  a  linear  elastic  material  ni«y  be  interpreted 
as  a  falling  memory  material,  i.e.,  choosing  the  reference  configuration 
of  the*  body  to  be  a  configuration  occupied  by  the  body  *t  some  fixed  time, 

1  i 

then  the  material  has  no  recollection  of  any  experience  it  has  at  any 
other  timai'  • 

,  r»  ■> 

"ibf:  4 

A  second  category  of  Idealised  behavior  is  contained  in  the  so-called 
hypoelastic  materials  In  which  “the  stress  at  the  present  time  depends 
only  on  "the  order  In  which  the  body  has  occupied  its  past  configurations 
but  not  on  the  time  rate  at  which  these  past  conflguratrons  were- traversed. 
It  follows  that  hypoelastic  materials  need  not  have  a  (normal)  fading 
nemoiy^S ].  This  class  of  material,  specialized  by  Truesdell  and  Noll 
with  respect  to  stress  rates  leads  to  a  representation  homogeneous 
in  strain  rate;  that  Is,  #  material  response  which  obeys  the  law  of  scalar 
multiplication  In  strain  rate  {i.e.,  homogeneity),  but  ^ot  additivity 
{I.e.,  superposition)  in  the  strain  itself.  Thus,  a  iypoelastlc  material 
is  one  exhibiting  permanent  memory  characteristics. 

A  permanent  memory  theory- is  necessary  to  describe  time  and  path 
sensitive  stress  states  not  caused  by  internal  viscosity,  such  as  failure 
or  slippage  of  the  materials  microstructure  or  other  time- irreversible 
microstructural  changes  like  crystallization.  The  theory  of  plasticity 
and  viscoplasticity  are  by  necessity  permanent  memory  constitutive 
theories,  as  are  the  aforementioned  hypoelastic  theories.  Permanent 

memory  time  and  path  effects  may  also  be  observed  in  “elastic"  materials 

.  *  * 

which  recover  thejr  original  shape  when  all  surface  tractions  are  moved. 
In  contrast  to.  fading  memory  constitutive  theory,  little  work  has  been 
done  in  reducing  permanent  memory'  viscoelastic  constitutive  theory 

to  practice  or  developing  specific  representations  for  permanent  ... 
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meiixjry  materials.  Considerable  effort  has  been  spent  attempting  to 
describe  the  behavior  of  certain  permanent  memory  materials*  such  as 
materials  exhibiting  plastic  flow;  however,  these  specialized  theories 

.  -r  t 

are  not  applicable  to  permanent  memory  viscoelastic  materials.  There  is, 

.i 

j, 

of  course,  a  real  need  for  a  permanent  sastreVy  viscoelastic  theory,’  since 

% 

nearly  all  viscoelastic  materials  used  as  structural  materials  exhibit 
permanent  memory  characteristics.  Tire  rubber,  composite  and  double 
base  solid  propellants,  rubber  asphalt  concrete,  rock  and  masonry 
materials,  most  metals  and  plastics,  and  nearly  all  composite  materials 
are,  in  fact,  all  permanent  memory  materials.  It  is  true  that  the  stress 
states  In  a  few  of  the  above  materials  at  small  deformations  and  at  states 
<not.  approaching  failure  can  be  described  by  fading  memory  constitutive 
theory;  however,  this  Is  of  little  value  if  accurate  failure  predictions 
or  margins  of  safety  are  required  from  an  analysis.  For  some  materials 
such  as  solid  propellants,  fading  memory  viscoelastic  predictions  are 
often  times  greatly  in  error  dyen  at  smallstralns  and  conditions  far 
below  failure  t|  ,2,9 ,21 ,22].  , 
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11*4  RECENT  DEVELOPMENTS  IN  CONSTITUTIVE  EQUATIONS  '  , . 

*  "  * 

The  most  recanlj  University  of  Utah  Project  THEMIS  report  [33]  compares 

'I 

and  contrasts  University  developments  with  previous  constitutive  theories  of 

i 

1 

Green  and  Rlvlin  [24],  Coleman  and  Noll  [26,34],  Llanis  [35-38],.  Findley 

i 

and  co-workers  [39 ,40],  Lockett  £41,42],  Gottcnberg  [43],  Schapery  [44-47], 
Dong  [48,49],  Huffard  [31],  Fitzgerald  [23,30],  and  Fa  rls  [9,22  32]/  Rather^ ; 
than  repeat  these  comparisons,  opr  intention  Is  to  only  summarize  here  those  . 
approaches  suitable  for  the  development  of  a  usable  solid  propellant  cons tl- . 
tutfve  theory.  These  developments  include  the  mechanisms  requlred^or  describ¬ 
ing  Irreversible  effects  associated  with  dewetting  and  polymer  chain,  slippage 

and  failure.  These  mechanisms  are  most  readily  included  through  intro- 

*  *  *  % 

ductlon  of  s  monory  function  norm  which  allows  for  permanent  memory  ’char¬ 
acteristics  as  well  as  normal  fading  memory  behavior  under  certain  leading 
conditions. '  Green  and  Rfv11n[24]  first  Introduced  a  constitutive. theory, 

for  nonlinear  materials  capabte  of  exhibiting  permanent  memory  character- 

* 

istlcs.  For  Initially  Isotropic  materials  their  representation  has  the 


P(«)  G  (v)  «  *(o)(t)  +  [*  *0>{tt  T#  g(T ) }  di 
^  P<?  j0 

-  ■  •  '  ^  e  *' 

tt  ^ 

+  j  |  ^  (t,  t2,  g(T^)g(T2^  dli  ^t2  +  "  -f11;1*  > 

.  < 

t  t  f  t 

+  f  4^  {t‘,  tv  Tn,  g(t1)g.(T2)...g(xn)}  dTl  dt2...dtn 

■^0  0  0  '  ‘j-*" 


where  Is  a  homogeneous  polynomial  scalar  invarlat  of  the  deformation 

gradient  ■  g(r^) 5...  g(tn\  linear  In  each  of  them  and  a  function  o’f.t, 

t, ,  T0.. «»t  .  This  representation  includes  the  representations-  developed 
ten 
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at  the, University  of  Utah  and  those  of  Farris  [8,321.  From  a  practical  point 

'  4,t  ‘  ?  - 

of  view,  however*,  the  expansion  is -riot  tod  useful;  0nat[S0]  and  others 
*  *  •'  v  * 
ha^ye  argued  that  many  t^rms^of  the  expansion  may  be  required  t<^ represent 

constitutive  relations  which  although  continuous  are  not  smooth.  However, 

•  ■  \  /  .  '  »  i 

It  will  be  noted  id  a  later  section  that.thq  accuracy  of  the  functional  ex- 

panslon  cannot  In  general  be  Increased  by^merely  addlqg  hlghdPorder  Integrals 

,  ’  -  -  .  •,  ■  '  •  ' 

s1n£e^the  kernel  functions  are  dependent  upon  both  the  order  of  the;expansionr*' 
.  ,  *  V  ?***■  * 

*  A  *'  *  c 
end  the  rar$d  of  «.ue  approximation. 

■  *  •->,  ;  ‘  ' 

Dong[48.49]  has  proposed  an  ^toitract  extension  of  the  multiple  Integral 
expanslon-ipcorporatlng^  various  time  and  strain-memory  mechanisms.  This 
formulation  1  S' based  on  tlfe  use  of  several  chroriologlcaVvariab: >«  for  - 
the.  Independent  ordering  of  events,  each. of  which  represents  a  different 
and  Independent  memory  mechanism.  If  time  Is  the  only  chronologlqal'' 

t  '  '  *  .  \ 

variable,  then  the  Green-Rlvlln  equation's  ar.e  recovered.  Dong's  prin-  • 

/  >  •  ** 

>  cl pie  Contribution  Is  Including  more  than  one  type  of  memory  mech¬ 


anism  into  a  constitutive  equation  and  also  the  manner  In  which  It 

•  -  v  •  -  *  .  t-  (' 
must  br  incorporated.  For  non-time  memory  mechanisms,  Dong's  fchron- 

ologtcal  variables  are  functionals  of  the  deformation  histories- 

.  ‘  '  \ 

This  approach  is  essentially  the  same?  as  that  used  by  $chaperyl44-47].  Th$ 

'  ■'  ■  .  '  \  '  ! 

main  difference  is  that  the  form  of  Schapery's  equation  and  the  reduced 

Jtitpe^arlables.were  derived  from  a  therrooi>rtamte  i*odel  and  Incorporates 

*’  /  '  *  > 

a  single  memory  mechanism,  whereas  Dong’s  Approach  Is  purely  mathe¬ 
matical  which  cag  combine  many  memory  mechanisms.  Unfortunately,  the 

,  £  , 

multiple  integral  expansion  of  Dong '^constitutive  functional  is  con- 

c  •  “  ,  > 

[  *  • 

sider'ablv  more. complicated  than  the  Sreen-RIvl In  expansion  and  hence  is 

t  *  ,  ,  *  i  \ 

even  more  impractical  to  use  for  characterizing-  material  response. 


\ 
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.  "  Schapery' s'  non-linear  constitutive  theory  [44-47],  is  derived  from 
thermodynamic  principles  and  Its  mathenatical  form  is  very  simitar 
to  the  Boltzmann  superposition  integral  form  of  linear  vistoelas- 

Jt  .  .  .  , 

ticity.  .The  one-dimensional  equivalent  of  Schapery's  three-dii^dhsional 
equation  has  the  form  :  *  Y 


ft  d(h9e)  < 

a  -  hfiEee  +  h}  J  AE(p-p')  -gf-  d 


(11-2) 


where  e  is  the  Infinitesimal"  strain  measure  and  p  .alid  p'  are  the  current 

^  ,  j  v  •  *  *£* 

value*' and  generic  value  of  a  reduced  time  defined  as 

-  ‘  ■  \  •  Jf 
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The, strain,  dependent  properties  InSchapery's  equations  are  he,  h, ,  h?, 
and  Ae>  Variations  In  the  first  three  a^e  due  to  higher  order  strain 
effects  in  the  Helmholtz  free  energy  vrfiile  changes  In  the  property  Ap 

„  *  .  .  e 

arise  Ufom  similar  strong  strain  Influences  in  tpth  entropy  production 

.  and  free  energy.  It. is  only  through  certain  types  of  strain  dependent 

reduced  times  that  the  equation  can  contain  permanent  memory  behajvion. 

■  If  the  function  A£  is  consort,  the  equation  reduces  to  a  fading  mwnory 

constitutive  equation.  For  non»4sothermal  conditions/  the  functions  h  *  „ 
*  ,v  ■*  .  e 

and  Afi  are  dependent  upon  temperature  as  well  as  strain.  In  this  manner, 
the  often  referred  to  "theraorbeologieally  simple"  materials  can  be 
included  in  the  representation.'  The  temperature  dependent  reduced 

.  .  t  ' 
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'  time  produces  .an  "equivalence"  between  time  ar;d  temperature  observed  In 

many  polymeric  materials  having  viscous  darnel iw.*  Tljls  equivalence 

‘  „  > .  "  .  • 

results  from  the  assumption  that  all  hidden  coordinates  are  affected 

^  *  “  >  - 

Equally  by  the  Independent  constitutive  variables.  Thjs  assumption 
implies,  for  exampld,  a 'common  nonlinearity  In' all  elements  of  the 
material  model  and  requires  nearly  equal  relaxation  or  retardation 

•  i  v"  '  ,  ,  ’  . 

times.  Herein  lies  the  failure  of  this  approach  to  adequately  describe 
the  results  of  simultaneous  cooling  and  straining-tests.  For  the  time 
scale  associated  with  cooling  a  solid  rochet  motor  or  simultaneous . 

^cooling  *nd  straining  of  a  propellant  test  sample,  the  relaxation  times 

.  .  0  3  ‘  ■ 

are  considerably  different  and  longer,  and  the  assumption  of  a  conroon  shift 

factor  is  no  longer  necessarily,  valid.  Mechanisms  do  exist  within  Schapery's 

approach  for  Introducing  discrete  shift  factors  for  various;  portions  of  the 

relaxation  spectrum  (1\e.;  different  nonlinear  mechanisms);  however,  these 
*  '  .  “  *  * 
modifications  sacrifice  nr,uch  of  the  simplicity  and  appeal  of  Schapery'-s  . 

•  »,  r  * 

*  -  ^  . 

constitutive  gjeery  by  complicating  the  elimination  of  hidden' Variable  de¬ 
pendence.  ..Additional  integral  terms  must  be  added  with  different  material 
functions.  . 

I  y  *  •  •  t 

'  / 

Like  the  Llanls  fading  memory  constitutive ;theory  [35-3$],  Schapery’s.V' 
equation  permits  fairly  straightforward  material  characterization  inas- 
much  as  the  same  relaxation  function  appears  as  In  linear  viscoelasticity 

'  J '  +  '  *•'  -V  ,  <  ' 

■  .  /.  ‘‘  ■  , 

theory.  The  ciftracterlzatlon  process -can  be  completed  by  performing 
a  few  multi-step  relaxation  tests  to  different  strain  levels  and 
graphically  superposing  reduced  experimental  data.  The  three  dimensional 
equations  for  Isotropic  materials  In  this  type  of  representation  have 
the  same  basic  form  as  that  given  above.  Two  equations  are  required 
however,  one  expressing  deviaforic  stress  In  terms  of  dev icteric  strain. 
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the  other  expressing  dllatatlonal  stress  In  terms  of  dll station® 1  strain. 
These?  equations  have  been  applied  successfully  to  the%or,l  Inear  behavior 
of  fading  memory  and  permanent  memory  polymeric  and  metal  systems  for 
monotcnlc  loading  situations.  Because  of  the  single  Integral  nature 
of  his  equation,  and  hence,  the  fairly  simple  characterization  process, 
Schapery's  constitutive  equations  are  particularly  attractive,  especially  / 
for  fading  memory  materials.  For  permanent  memory  behavior,  the  ability 
of  the  researcher  to  construct  shift  functions  A  that  agree  with 

*,  »  >  Is 

experimental  data. makes  the  approach  more  complicated;  however,  this  . 
will  most  likely  be  true  with  any  permanent  smcfy  theory.  Because  of  the 
broader  scope  of  permanent  memory  viscoelastic  materials,  more 
'  coirpl ex  mathematical  representations  are  often  needed  to  describe  their 
response.  Sdiapery  has  shown  that  if  the  snlft  function'  *  [e(t)]'\ 
then,  rate  Independent  plasticity  will  result.  This  observation  Is  not 
immediately  obvious  from  the  constitutive  equations  which  demonstrates  , 
‘that  one  must  develop  an  Intuition  for  particular  nonlinear' constitutive 
-  representations..'  - 

(Several  workers  havq  proposed  the  explicit  rise  of  function  noims  , 
for  characterizing  the  memory  response  of  materials.  Coleman  and. 

Noll  [26]  proposed  the  use  of  the  L  and  L  ‘  norms  of- the  deformation 

P  **  4 

gradient,  however,  without  elaboration.  Coleman  and  Hlzel  [27-29]  havai 

since  concluded  rather t penetrating  studies  exploring  the  L2  and  Lp  norms 

*  .  * 

for  fading  meibory  materials.  Fitzgerald  [30]  presented  the  use  of  the 

Chebychev  norm  as  a  model  for  the  Mullins*  effect.  Hufferd  [31]  has 

discussed  the  coupling  of  a  norm  representation  with  fading  memory 
/  w  * 

/  assumptioris,  and  recently  Coleman  and  Owen  [51]  presented  &  theory  of 
thermodynamics  of  materials  with  permanent  memory  which  Is  a  special  0 
case  of  Hufferd^s  developments.  Sffcereas  these  investigations  have  dealt 
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with  general  material  behavior  ffwn  the  cqntiquun  mechanics  point  of 
view,  Farris  [9*32j  hasctotalned  explicit  engineering  relations  for 
uniaxial  loading  of  materials  having  mathdmatictfHy  homogeneous  constl  — 
tutive  equations.  His  results,  as  alluded  to  before,  are  contained 

within  the  more  general  theories  of  Green  and  Rlvlln,  Dong,  Schapery  and 

■t 


Hufferd. 


,  Farris'  constitutive  theory,  as  mentioned- before,  was  obtained  by 
modeling  the  failing  microstructure  of  parti fcul ate  filled  polymeric 
composites.  Farris,  like  Mulllhs  In  1947,  observed  that .many  filled 

f  C  \ 

polymeric  materials  ,were  time  dependent  in  their  response  to  mechanical 
disturbances  even  though  the  filter  particles  and  the  polymeric  binder 
were  for  all  practical  purposes  elastic.  Mont  of  these  materials  are 
not  only  tlmecdependent,  but  exhibit  permanent  memory  response  in 
which  stress  or  strain  softening  is  characteristic.  It  was,  also  observed 
that  many  of  these  materials  obey  the  homogeneity  principle  pf  constitutive 
linearity, (l.e. ;  scalar  multiplication)  while  they  da  not  follow  the 
superposition  or  additivity  principle.  He  subsequently  developed  and 
experimentally  verified,  a  one- dimensional  constitutive  theory  and 
analysis  method  valid  for  nonlinear  materials  havirfe  mathematically 
homogeneous  constitutive  equations.  He  has  farther  demonstrated  that 
for  severa ^classes  of  his  constitutive  theory  a  linear  solution  to  a 
proportional  boundary  valued  problem  is  admissible  for  part  of  the 
solution,  either  the  stresses  or  the  strains,  but  not  both, while  the 

o 

remaining  part  of  the  solution  must  be  obtained  by  substituting  the 

.  time  dependent  linear  solutions.  Into  the  nonlinear  constitutive  equation. 

This  approach  satisfies  the  equations  of  equilibrium,  strain  compatibility 

conditions  and  the  proportional  boundary  conditions  and  is  shown  to  be 

a  valid  solution  to  the  problem.  For  Isotropic  materials,  Farris'  three- 

dimensional  constitutive  equations  have  the  form 
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1J(VtJ  61j  f  K0[Mxk,£),  I2(xk,c)»  I,(xk,c),  t,T]  ek(r)dT 

€■0  5»0  £*o  * 

(11-5) 

ft  t  t  t  t 

+  J  K1[I1(xk,5).I1(xk,$),  I2{xk.s),  Is(xk,e),  t,T]e^(r)dr 

S*°  C-o  s-o  c-o  J 


where  the  kernels  are  functionals  of  the  histories  of  the  strain 
Invariants  as ^well  as  , functions  of  the  current  and  generic  values  of  time. 

To  satisfy  the  homogeneity  condition*  he  has  demonstrated  that  the 

< 

^kernel  functions  must  be  homogeneous  to  degree  zero,  or  equivalently, 
they  must  remain  Invariant  to  any  scalar  multiple  of  the  deformation 

y  *  * 

history;  that  Is* 
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r  ,  t  t  t 

K  [bij  (xk>  S),b  I2(xk,£)»b  l^(xk» £) »t,t3 

K  *o  5  *o  £  *o  . 

t  t  t‘ 

*  K  [ti(xk,c),Iji(xk,c),I s(xk,5),t,f3 

£  *o  £  *o  £«o 


where  b  Is  an  arbtlfrary  scalar.  The  constitutive  equation  with  this  con¬ 
straint  possesses  the  property  that  once  the  stress  output  to  a  particular 

>  '  . 

strain  Input  is  known.  It  Is  also  known  for  any  scalar  multiple  of  that 


Input. 


Tor  proportional  boundary  conditions,  the  equations  reduce  to  the 


'\  t  t  — 

■  s1j  (Q  ko[f^>’tlT]  8»(x  k-t!  dT  - 


tt  t 
+  Ki£f(5),tW3  ®ij(xk*T)dT 


(11-7) 
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where  f(£)  Is  the  proportional  time  function  .  The  kernel  functionals  . 
now  contain  no  spatial  measures  and  It  Is  a  simple  matter  to  demonstrate 
that  for  certain  classes  of  the  constitutive  equations,  such  a?  the  kernels 
being  proportional  to  each  other,  a  linear  solution  for  the  displacement 

field  Is  valid  while  the  stresses  will  be  nonlinear  and  can  be  obtained  by 

,  * 

substituting  the  time  dependent  linear  displacement  solution  Into  the  con*' 
stltutlve  equation.  . 

Ths  main  difficulty  1h  using  Farris'  equations  Is  In  determining  the 
form  of  the  kernel  functionals.  These  functionals  can  be  any  functionals 
homogeneous  to  degree  zero.  Using  L  norms  and  exponential  time  functions 

r 

material  characterization  can  be  accomplished  without  too  much  difficulty 
In  one-dimension  by  curve  fitting  using  Infinitesimal  strain  measures. . 

For  finite  strain  measures  and  a  general  three-dimensional  theory,  the 

t 

curve  fitting  process  Is  considerably  more  complicated  however.  Farris' 
equations  also  suffer  from  the  same  difficulties  as  other  theories  for 
the  probleftt  of  simultaneous  cooling  and  straining.  Namely,  his  equations' 
for  "thermorheologlcally  simple  materials*  are  based  on  the  questionable 
assumption  of  a  single  common  shift  factor.  Also,  not  being  founded  on 

thermodynamic^  principles,  there  Is  no  ready  way  to  Introduce  multiple  shift 

* 

factor  mechanisms.  ^ 
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11.5  EQUATION  DEVELOPMENT 

From  the  discussions  of  the  previous  sections,  one  sees  then  a 
general  form  of  constitutive  equation  which' will  properly  include  both 
fading  memory  effects  (such  as  relaxation  caused  by  internal  rearrangements) 
and  permanent,  memory  effects  (su Jn  as  polymer^hain  failure)  is  required 
Tor  solid  propellant  characterization.  Evident  in  the  previous  discussions 
is  the  fact  that  published  efforts  to,  date  have  for  the  most  part  dealt 
either  entirely  with  one  or.  the  other  of  the  above  effects.  For  example, 
Schapery's  approach  considers  internal  variables  of  the  fading  type  and 
curve  fits  data  to  account  for  non! Inearl  ties,  and  obtains  permanent 
memory  Characteristics  only  under  restrictive  conditions.  Conversely, 

Farris  and  Fitzgerald  have  published  strictly  permanent  memory  (microfallure 
and  dewetting  effects)  relations  which  were  also  curve  fitted. 

Just  as  a  shift-factor  At,  may  always  be  obtained  by  shifting  {l.e., 
curve  fitting)  isothermal  data,  so  do  the  above-mentioned^approaches  always 
yield  a  good  approximation  to  the  specific  tests  to  which  the  data  is 
,  fitted.  As  previously  mentioned,  all  previously  published  methods  usually 
fail  under  thermomechanical  coupling  (l.e.,  simultaneous  cooling  and 
v ^ straining,  not  heating  and  straining)  and/or  extensions  to  multi-axial 
conditions.'  The  reason  Is  .that  real  propellants,  with  the  possible 
exception  of  certain  polyurethanes.,,  are  indeed  influenced  by  internal 
relaxation,  internal  microfailures  (irreversible),  and  internal  micro¬ 
failures  which  are  only  partially  reversible  (rehealing).  Thus,  any. 
theoretical  equation  must  contain  impTicitly  the  capability  to  account 
for  these  various  effective  "relaxation"  producing  mechanisms. 

How  then  to  approach  the  problem  when  it  is  known  that,  based  on 
simultaneous  cooling  and  straining,  there  is  not  a  common  time-temperature 
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shift  factor  nor,  based  on  long-term  creep  data,  is  there  a  common  -  ' 

/ 

Ae  shift  factor.  That  is,  a  common  general  shift  factor  AQ  does  not 
account  for  much  of  the  observed  data  on  coupling  and  long-term  creep. 

Without  being  unnecessarily  mathematical,  let  us  state  that  the 
stress,  T,  is  some  functional  of  the  finite  deformation  gradient  history, 
Ft,  the  temperature  history,  ©t,  and  some  finite  number  of  internal 

configuration  effects,  a,,  a,  ,  .  .  .  a.  ,  th£j  is _ _ 

T(t)  =  f  [Ft,  0^,  at  ].  .  01-8) 

The  above  leads  to  the  multiple  integral  approach;  complex,  unwieldy, 
and  not  including  permanent  memory  effects  in  the  form  given  here.  A 
second  approach,  the  so-called  state  variable  approach  wherein 

T  «  f[F(t),  0(t),  F(t),  0(t),  «|(t),  a.(t)]  (11-9) 

allows,  vjlth  dependent  0|,  a  rather  straightforward  nonlinear  viscoelastic 

approach  using  only  present ^values  of  the  independent  variables.  However, 

°  / 

by  assuming  the  time  dependency  of  the  internal  relaxation  processes 
A.j'  as  having  a  common  time  and  strain  factor,  one  obtains  the  Staverman  . 


solution 


T(t)  - /  6(t  -  t)  F(A)dx 


(11-10) 


where  F(a)  is  somefinite  deformation  measure  and  G(t  -  *)  is  a  common 
time  factor.  Schapery's  previous  publications  do  exactly  this  by  assuming  - 
a  conmon  Aj.  and  by  assuming  that  the  finite  strain  measure,  F(A),  is 
F(a)  =  Aee  '  ' 

where  e  iS  the  infinitesimal,  linear  strain,  and  A  is  a  common,  factorable 
»  ° 

large  strain  multiplier  obtained  experimentally,  iVe.;  by  vertical  shifting 

-  *  o  * 

of  relaxation  cqrves.  ; 

A  third  approach,  originally  suggested  by  Coleman  and  Truesdell  and 
Noll,  then  presented  by  Fitzgerald  ahd  finally,  made  explicitly  Fitzgfera Id 
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and  Farris  [22]  and  Hufferd  [31]  and  more  recently  by  Farris  [9] 
is 


T-fcimip] 


where  ||Fljp  Is  the  Lp  Lebesquc  norm.  This  leads  to  the  Mullins  effect, 
or  as  shown  in  recently  published  works,  to  a  rather  nice  representation  for 
isothermal  variable  load  histories.  The  above  bases  observed  relaxation 
on  internal  damage.  Again,  this  plus  any  one  of  the  above  methods  leads  to 
a  combined  relaxation-damage  Vepresentati on  for  isothermal  conditions  or 
for  non-lsojth^rmal  conditions  where  a  common  exists. 


( 

s 


.  \ 
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11.6  A  GENERAL  THEORY  OF  FADING  MEMORY  ”  ‘  ' 

The  conclusion  that  the  current  response  functionals  of  a 
material  body  are  determined  by  the  past  history  of  the  body  is 
based  on  past  physical  experience  with  many  real  materials.  In 
attempting  to  formulate  constitutive  theories  for  general  nonlinear 
materials  with  ■rntmcry  it  is  soon  realized  that  arbitrary  dependence 
upon  the  entire  history  of  the  bodj^  leads  to  an  extremely  cimbersome 
theory  with  complex,  physically  prohibitive  experimental  difficulties 
associated  with  determining  the  material  functions  characterizing 

O  1 

the  material  response.  Accordingly,  simpler  mathematical  treatments 

a  ' 

have  been  introduced  which  approximate  one  or  more  aspects  of  the  1 
behavior  of  real  materials.  Thus  far  the  only  memory  atfcrTbute.  of  . 

real  material  behavior  considered  irr  any  detail!  has  been  that  of 

.  _  i 

fading  memory.  The  common  statement  of  the  principle  of '.fading  memory 

-  K  s 

is  the  statement  that  events  that  occurred'in  the. distant  past  should L, 
have  less  influence  in  determining  the  current  material  response  than 
those  that  occurred  in  the  recent  past.  The  difficulties,  and  defi¬ 
ciencies,  associated  with  this  Interpretation  of  fading  memory  have 
been  discussed  above.  One  of  the  major  criticisms  of  current  fading 

memory  theories  is  with  the  restriction  that  the  memory  of  a  simple 
£  "  “  ■ 

material  monotonioally  fades  in  time.  A  more  general  principle  of 

fading  memory  Is  presented  here  which  accomodates  more  general  memory 

\  v 

*'  t 

behavior  and  ii  more  closely  related  to  the  observed1  physical  behavior 
of  real  materials.  The  statement  of  this  principle  may  be  given  as  [31] 
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PHYSICAL  PRINCIPLE  OF  FADING  MEMORY  ■ 

Certain  events  in  the  long  past  thermomechanical, 
history  of  a  material  body  B  have  lees  influence 
-■  -  in  determining  the  current  values. of  the  material  ' 

response  them  those  in  the  recent  past. 

t 

Physically,  this  principle  does  not  ignore  completely  the 
eyents  that  occurred  in  the  past  history  of  body,  but  rather, 
allows"  for  certain  distant  past  events  to  have  an  appreciable  in¬ 
fluence  on  the  current  material  respon*  ,  while  the  memory  of  other 
events  tiny  fade , or  remain  constant  in  time.  This  capability  is 
absent  from  all  existing ‘fading  memory  theories. 

From  [31]  and  the  above  statement,  of  a  fading  memory  principle,  it  is 
suggested  that  all  real  engineering  materials  may  be  treated  as  fading 
memory  materials.  It  is  shown  here  that  this  is  Indeed  the  case  within  the 
0  restrictions  of  thermomechanlcal  constitutive  theory.  A  cl asstfl cation  of 
fading  memory  characteristics  is  given,  ano  a  short  summary  of  ther  approaches 


of  previous  workers  is  provided  fo,  comparison  with  the  results  presented  ‘ 

f  here.  The  influence  of  memory  on  material  response  Is  characterized  by 
*■*•*,»  t  , 
the  ■formal  development  of. a  memory  function  nor^n  which  possesses  the  desirable 


physical  attributes  suggested  In  the  following* section. 

..  ■  1  ■  ,  V  .  •  ‘  • 


t  , 

11.6.1.  CLASSIFICATION  OF  FADING  MEMORY  CHARACTERISTICS 

The  justification,  and  reasonability,  of  the  proposition., that  •* 
real  materials  are  fading  memory  materials  is  based' on  an  analogy  . 
with  the  behavior  of  animal  intelligence.  This. analogy  suggests.  .. 
consideration  of  materials  with  the  following  types  of  memory  . 


beha<  .  .r: 


■  / 
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•  i  )  Perfect  Memory  <•  ■T  /  - 

*  if),  Accelerating  Memory  „  ‘  • 

\  *  m 

*Mii)  Fading  Memory  •''  "  . 

K. 

'  '  v  (  r 

•  A  perfect-memory  material  ie  a  mate-fiat,  which  remen.  ire 
■totally  its  entire  past.-  Thus*,  tlL* -current  response  of  material  .. 

V  ”  ^  * 

W  i  1*11  ptlf  i  cCt  DiSHiC  ry  is  infl uenced  by  the  totality  of  all  -past 
events.'  There  are  few,  if  any,  known  examples'  of  this  class  of  ~ 

0,  ••  *  *»  *.  V 

’>  materials,  *ome  livigg  organism  may  possess- jchi s  memory  charac-  ; 

’  '  X, 

'  teristip.  ". 

'  /  *  ? 

An"  accelerating  memory  material  is  "a  -matern  al  -ifi  which  dir- 

*  »  (  *  c  - 
C'  9  ‘  .  ' . 

turbances  in  the  past  prcrpdgate  in  an  unstable  manner  with  time. 
Again,  examples  of  these  matei^als  are  most  likely  living  biological 
^'">l3feena1s -such  as  nerves~or  'musclfes.  For  the  purposes  of  this  study 
r  these  types  of  materials  are  excluded  by  the  time-translation  invari- 
ance  requirements’  of  the  axiom  of  frame^ir.differpnce.  • 


_ 


*  ’  ,  From  the  above -discussion' it* appears  then  that  real  ehgi neeri ng 
materials  are  fading  memory  materials,-'  Intuitively,  this  seems 
reasonable.  It  is  clf-ar  that  a-  material  should  not  remember  Its 
\  entire  past,  but  rather,. in  some  sense,^  should  respond  less  to  lor.j 

v  '  it 

-  *  past  events  ip  its  xhermomechanical  history  than  to  recent  jones.  It 
is  well  known  however/  that  real  -nfhterials  respond  differently  under 
different  loading  sitaatf^l.  Thus,  if  all  engineering  materials  may 
be  classified  as  fading  memory  materials,  then  thebe  must  be  different 
characteristics  which  distinguish  the  different  types  of  behavior  ex- 

,  "  c  -  •  j 

perimentaily  observed.  Four  fading  memory  characteristics  ere  pro¬ 
posed.  here,  fnich  appear  to  -encompass  the  majority,'  if  not  all. 

'  engine^  Hng  materials:  .  , 


( 
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'}  Normal  fading  Memory. 

2.)  Failing  Memory. 

3)  Finite  Memory. 

4)  Permanent  Memory. 

■  A  fading  memory  material  with  normal  fading  memory  characteristics 
ie  a  material  which  responds  less  to  lo^past  events  in  its  therno- 
me chant  cal  history  them  to  recent  ones.  This  definition  is  analogous 
to  those  used  by  previous  workers  for  fading  memory  materials.  A 
failing  memory  mdte'rials  forgets  its  entire  past  abruptly.  A  materia 
with  finite  memory  has  Ho  recolleaH™ 

- *'*^**'  W*  -M/Oi rUl-lj 

which  occurred  prior  to  a  certain  fired  time',  and  finally,  pemment 
mmerg  ts~charaor*?i)sga  ty  -a  ■muiirlo'’  which  never  forger*  entirely  it 
poet  history.  This  last  characteristic  defines  a  material  which  re- 
cal is^nart  of  its  thermomechcnical  history  while  forge; tiny  other  - 
parts  .  This  condition  allows  certain  events  in  the  past  history 
of  the  material  to  have  a  strono  influence  on  the  current  response 
functionals  of  the  material.  These  definitions  are  motivated  physi¬ 
cally  by  materials  which  may  exhibit  elastic  or  inelastic  response 

SJI3 re 

fir wsm- ? 

raa,::,  F5.?ss, 

P^ferrecL^  c1rcuHstmc«s*  Th^  latter  1nter^retetiS''ir^5lJn 

"It  is  to  be  emp.Wizc.d'tha*  'n  the  i ■  *•' 

material  with  perm&ner'  ^r-.rv  WnL  »  £  atlon  ?1Vwn  here  a 

perfect  memory  material/-  it  Z  re^ow  have  a-  pcrfect  memory.  A 
entire  past  history  from  '//  /  /=  totally  its 


v-  /  ^  <- .  '* 


under  certain  loading  ^onditions,  stress  relaxation  or- creep  under 
other  conditions  and  hysterisn  uRder  still  anotner  loading  environ- 

i.  • 

ment.  These  ideas  proviued-tbe  motivation -for-the-fopiulation  of  ,the^  • 

new  principle  of  fading  memory  stated  above.  ' 

* 

It  is  worthwhile  to'  comment. briefly  on  the  interpretation  of 
classical  theories  of  material^  in  relation  to  the  fading  memory 
concepts  proposed  in  this  research.  The  position  of  elastic  materials  ’ 

is  the  most  difficult  to  state  precisely*  even  though  the  theory  of 

■>  v  * 

elasticity  is  the  oldest  theory  of  material  behavior.  This  statement 
is  made  because  elastic  materials  are  strangely  atypical  of  othe^* 
materials,  and  hence,  their-* Behavior  may  be  interpreted  In  a  number 
of  different  ways  which  for  the  most  part,  although  correct,  are 
often  misleading.  Truesdell  {52 ]  has  pointed  out  that  the  classical, 
theory  of  (finite)  elasticity  (or  therrooelastTcity)  occupies  four 
different  positions  In  modem  constitutive  theory2 3 4 5: 

1)  As  the  general  ineory  of  simple  materials 

1  ''  .  t 

in  equilibrium. 

2)  As  a  theory  of  special  materials  in  all 

•  _ > 

deformation' processes  .  ' 

3)  As  the  common  approximation  for  all  simple 
materials  with  fading  memory  if  deformed 

_  very  slowly. " 

4)  As  the  common  apr^ximation  for  all  simple 
materials  with  fading  memory  if  deformed 

very  fast.  -  » 

3  In  terms  of  the  physical  theory  of  fading  memory  intrcduced  frers, 
i  terns  ~30  ?nd  4)  are  valid  only  for  fading  memory  materials  having  . 
normal  fading  memory  behavior.  ^  material  with  permanent  memory 
behavior  may  very  well  retain  its  permanent  memory  characteristics 
e^cn  when  deformed  Kvery  rapidly  or  very  slowly; 
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With  these  ide^s  an  elastic  material  is  sometimes  interpreted  as  a 
perfect  memory  material  because  it  remembers  only  its  reference 
configuration  and  does  not  remember  any  other.  This  interpre¬ 
tation  does  not  reflect  the  arbitrariness  of  the  reference  con¬ 
figuration  which  may  be  a  configuration  occupied  by  the  body 
aeons  ago  or  one  nanose.cond  ago  or  one  not  occupied  at  ell  by 

-  the  body.  An  interpretation  which  agrees  with  the  memory 

,1  * 

characteristics  proposed  here  results  if  the  reference  configu- 

’  * 

•  Nation  of  the  body  is  chosen  to -be  a  configuration  occupied 

by  the  body  at  some  fixed  f  time.  In  this  situation  an  elastic 

' _ _5 

^.materiaT  htti  no  recollection  whatsoever  of  any  experience 
it  had  any. earlier  time,  and  thus  fesy  be  charactef  fwd  as  jf 

«  •  1  ■  r  * 

fading  memory  materis&l  with  failing  memory  chavaat  ~:rietio0. 

J t  is  observed  thatrviscou?  materials  such  as,  for  axjMpjt, 


classical  Newtonian  fluids  in  which  the  Stress  is  «  fuRCfcUd  of  thfe 
rate  of  deformation  have  falling  awncry  characteristics.  In  facS* 
general  materials  of  the  ^differential  type  (i.e. ?  *»te rials  whoso 
response  functionals  are  functions  snly  of  "the  derivatives  of  the 
independent  variables  at  the  current  i1sj»  «p  to  soma  order  v)  are 
falling  memory  rnatorials. 

'  inear  and  nonlinear  viscoelastic  materials  as  currently  form- 
latod  areyssnvaon,  well  known  examples  «f  tutorials  havisg  none a) 
fading  m^yry  characteristics. 

s  A  perfectly  plastic  material  It  the  classical  exis^le  of  a 

Ni 

material  with  permanent  memory  characteristics.  Such  *  mattrfa^ 
when  deformed  beyond  its  yield  surface  resssmber*  forever  tha  yield 
psirrt  upon  further  loading  or  unloading  unless 'annealed,  in  which 
case  one  Is'  thsn.  dealing  with  atnew  and  different  material . 
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Tha  authors  are  unaware  of  any  material  which  may  b*  called  8 

typical  example  of  a  material  having  finite  memory.  If  such  mmvy 

characteristics  exist  in  real  materials  they  are  most  likely  quite 

•  \ 
difficult  to  observe  and  separate  from  other  fading  memory  charac- 

\  . - -  -  - 

terfstlcs.  One  can  easily  visualize  coupling  between  finite  «a«ory 
and  normal  fading  memory  characteristics*  and  between  finite  mesary 
and  permanent  memory  behavior. 

It  is  obvious  that  the  fading  memory  characteristics  of  »ate~ 

*  a  ,  ' 

rials  with  memory  are  not  mutually  exclusive.  It  is  also  quite 
apparent  from  the  above  discussions  and  the  statement  of  a  physical 
fading  memory  principle  that  the  type  of  fading  memory  exhibited  by  a 
material  is  largely  determined  by  the  loading  environment.  Wader 
certain  thennomechanical  environments  a  material  maj)  display  one 
type  of  f adi r.g y»6m3ry~beha vi or  while  under  otltqr  conditions  the. 
same  material  may  dfspla^t^tally  different  behavior.  One  example 
of-#4s t*heftomena -nas-eJready been -mentioned-.*- — 
materials  exist  as  limiting  cases  of  nor?a«  fading  memory  wttHaH- 

*  o 

Falling  memory  behavior  is  also  a  limiting  case  of  finite  Fi- 

alt*  samoiy-materials  may  also  exhibit  permanent  memory  characteristics. 

.  .  « 

.  .  -  -  •»  - 

El  as*' c?pl  as  tic  materials  are  examples  of  materials  having  falling 

memory  characteristics  for  all  deformations;  below  their  yield  surface, 

,  *  .  **  «* 

but  which  exhibit  permanent  memory  characteristics. once  yielded. 

Certain  filled  polymers,  asphalt  concretes  and  solid  propellants < 
exhibit  normal  fading  memory  characteristics  under  step  and  monotonic 
V'-ilng  situations,  evinced  by  stress  relaxation  anjl  creep,  and 

i  .  •  t 

permanent  memory  characteristics  under  repeated  loading  or  Interrupted 
leading  situations,  typically  evidenced  by  iiystertsis  upon  unloading. 


'f  :  ’ 


The  response  of  certain  filled,  and  unfilled  elastomers,  polymers, 
t,and  certain  biological  materials  to  monotonic  loadings  may 

i  ■  ! 

r  ~ . 

often  be  described  by  large  deformation  elasticity  theory  or 

nibber  elasticity  theory.  These  same  materials  upon  unloading 

exhibit  essentially  a  Mullin’s  effect  which  upon  further 

loading  is  manifest  as  a  permanent  me.„3ry  characteristic.  Certain 
\ 

rigid  plastics  exhibit  linear  or  mildly  nonlinear,  elastic,  or  weakly 
viscoelastic,  behavior  until  deformect  to  the  extent  that  permanent 
set  is  noted.  Unless  annealed,  xipon.  further  loading  these  materials, 
exhibit  permanent  memory  character! 'tics.  These  examples  reflect 
this  author’s  experience  with  certain  materials.  The  reader  is  most 
likely  able  to  add  to  this  list  from  his  own  experience. 

o  * 

Two  important  observations  may  be.  drawn  from  the  Illustrations 

V 

w  of  memcrv  coupling  effects  of  the  previous  ^paragraph.* - - - *" 

1 )  The  fading  memory  characteristics  of  a 
'  material  with  memory  are  essentially 

dstexrined  by  the  loading  environment. 

2)  The  secondary  memory  characteristic  of 

j 

most  real  materials ,  and  real  leading 

.  '  .A 

situations ,  is  manifest  as  permanent 

memory  behavior, .  almost  irrespective  of 
tia2  primary  fading  memory  cha'-act  eristic. 


** The  notable  exception  to  this  statement  is  the  elastic  or  elastic- 
plastic  material  which  Is  nevft  deformed  beyond  its  yield  point.  Only 
primary  memory  characteristics  are  evident  in  this  exception  however. 
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Although  the  first  statement  is  Implied  In  the  results 
of  previous  theories  of  fading  memory;  neither  of  these  observations 
have  been  explicitly  stated  for  general  loading  situations.  It  will 
be  observed  In  a  subsequent  discussion  that  these  observations  provide 

ths  very  important  physical  motive,  tier:  for  the  mathematical  development 
of  a  fading  memory  measure  for  real  materials  subjected  to  real 
processes. 

.  P 

11.6.2  POSITION  OF  PREVIOUS  FADING  MEMORY  THEORIES 


A  summary  of  six  previous  fading  memory  theories  of  simple 
materials  is  now  provided  for  later  Illustration  of  the  wider  range 
of  applicability  of  the  memory  influence  measure  developed  during 
the  course  of  this  research  s.  It  wilf  be  observed  that  some  of  these 
discussions  with  the  exception  of Green and  Rivlin’s  contributions 

are  quite  brief  since  our  purpose  in  reviewing  earlier  works  Is  to 

■  •" _  % 

point  out  only  those  features  of  previous  theories  which  are  relevant 

o 


The  recent  conti  .outions  of  Owen  and  Williams  [53]  and  Owen  [54] 
have  bean  deliberately  omitted  from  consideration  here.  Neither  work 
allows  viscoelastic  materials  within  the  clsss  of  materials  they  dis¬ 
cuss.  In  addition,  Owen  a;;d  Williams  restrict  their  attention  to  rate 
Independent  materials  with  nseincry  whose  response  functions  (function¬ 
als)  are  both  differentiable  and  invariant  under  static  continuations. 
These  materials  do  not  exhibit  internal  dissipation  and  are,  in 
essence,  hypoalastic  materials.  On  the  other  hand,  the  materials 
considered  by  Owar.  need  not  exhibit  fading  memory  nor  is  his  analysis 
limited  to  rate-independent  materials.  However,  the  underlying 
assumocions  of  his  theory,  supposedly  applicable  to  elastic-plastic 
behavior,  are  physically  suspect, 
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to  the  developments  of  this  research*.  ^Tfie  more  interested  reader  Is 
strongly  encouraged  to  seek  out  the  list  of  works  referenced  here  for 
a  more  in-depth  analysis  and  appreciation  of  the  contributions  pf 

previous  Workers.  ,  - 

.  /  1 

GREEN-RI VLIN  THEORY 

The  first  rigorous  treatment  of  a  mechanical  constitutive 
theory  of  nonlinear  materials  with  memory, was  presented  by  Green, 
Rivlin  and  Spencer  [24,  55,56]  and  will  be  referred  to  as  the 
Gr*en~Rivlin  formulation  in  jthis  work.  Their  work  has  been  re¬ 
viewed  and  extended  by  Pipkin  (57  ],  Rivlin  [58],  C’-idt  [50]  and 
Pipkin  and  Rogers  [5?],  among  others. 

Assuming  that  the  stress  tensor  was  a  continuous  functional 
over  the  compact  space  of  continuous  deformation  histories,  then 
using  invariance  requirements  akin  to  those  suggested 1  Jy_01d„rpyd_[60], 
assuming  non-aging  behavior  (equivalent  to  the  time- translation  in¬ 
variance  requirement  of 'the  principle  of  material  frame-1 odifference) , 
using  results  from  the  theory*  of  matrix  invariants  and  firally 
making  use  of  the  Weierstrass  theorem  oh. uniform  approximation,  of 
continuous  functions  by  polynomials,, Green  and  Rivlin  [24]  derived 
approximations  to  the  stress  functionals  for  hereditary  materials 
in  the  form  of  a  Voltarra-Freohct’ multi  pie  Integral  expansion 
1  (i.e.,  sum  of  multiple  integrals)  in  which  the  Integrands  of  the 

various  Integrals  contain  matrix  products  of  the  strain  tensor  and 

»  s* 

invariants  of  these  matrix  products. 

67he  theory  of  Green  and  Rivlin  is  discussed  in  greater  detail  since 
supposedly  .arbitra ry  dependence  on  the  deformation  history  is 
allowed,  and  proponents  of  this  approach  attempt  to  apply  it  to 
materials  and  loading  processes  where  its  applicability  is  physically 
and  theoretically  suspect.  ,  * 
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It  is  generally  believed  that  the  Volterra-Frechet  multiple 
integral  representation  admits  arbitrary  dependence  on  the  defor¬ 
mation  history  and  is  capable  of  representing  the  mechanical  be¬ 
havior  of  the  most  general  nonlinear  material  with  memory.  There 

N»  o 

is  insufficient  evidence  to  support  such  a  claim,  however.  Quite  ^ 
the  contrary,  there  is  physical  arid  theoretical  evidence  whi  ch 
suggests  that  the  multiple  integral  may  be  incapable  of  representing 
path  sensitive  phenomena  (e.g.,  inelastic  deformations;  see,  e.g., 
Wang  and  Onat  Dsf,62 ]  and  Onat  [50]),  however  a  rigorous  proof  of 
this  statement  has  not  yet  been  obtained.  Although  a  formal  proof  of 
the  failure  of  the  Grefcn-Rivlin  formulation  to -represent  permanent 
memory  behavior  or  path  sensitive  behavior  is  outside  the  scope  o* 
this  work,  sufficient  conditions  for  such  a  proof  are  given  which 
from  an  intuitive  physical  point  of  view  appear  to  be  reasonable 


necessary  conditions  also. 

Obviously,  the  Green- Ri vl i n^foraulati on  can. exhibit  failing 
memory  characteristics  for  certain  materials  (e.g.,  nonlinear  ' 

i  • 

elasticity).  Finite  and  normal  fading  memory  characteristics  are 

\  r-  ✓  * 

also  evident.  If  It  is  proposed  that  the  kernel  functions  in  the 
various  multiple  integrals  vanish  if  any  of  time-difference  arguments 
become  greater  than  some  fixed  time  Vnd  if  this  time  is  interpreted 
as  belonging  to  the  material,  then  the  material  physically  has 

7  f 

strictly  finite  memory  . 

TIf7 as  mentioned  in  footnote  lof  this  section,  only  that  class  of 
deformations  that  correspond  to  a  state  Of  rest  prior  to  a  fixoo  time 
is  allowed,  then  the  static  continuation  for  such  a  deformation  his¬ 
tory  generally  fails  to  be  of  the  same  class.  This  implies  the 
physically  undesirable  result  t]iat  stress  relaxation  ,s  excluded,  ano 
motivates  the  preferred?- ami  certainly  more  physically  reasonable 
association  of  time  with  the  material  itself. 

'  n.4a.  ;  • 


If  the  kernel  functions  are  monotone  strictly-decreasing 
functions  of  time,  the  Green-Rivlin  formulation  gives  rise  to  strong 

■5* 

fading  memory  behavior,  this  behavior  has  been  observed  for  many 

ii 


plastics  ar»u  -.olymers'ln  which  the  kernels  behave  as  exponentially  i 


decaying  functions  of  time. 


.  The  physical  requirement  that  f.se  constitutive  functionals 
remain  bounded  as  the  present  time  t  approaches  Infinity  imposes 
the  requirement  that  the  kernel,  functions  must  also* be  well  behaved 
at  sufficiently  large  times.  It  is  clear  that  the  Green-Rivlin 
formulation  for  materials  with  finite  memory  and  normal  fading 
memory  characteristics  satisfy  this  physical  requirement.  Wang  [63] 
has  proved  that  as  a  result  of  this  physical,  requirement  the  kernels 
must  vanish  as  the  present  time  variable  tends  to  infinity  fo^ 

materials  whose  deformations  are  completely  recoverable  upon  un- - 

•  -----  .  .  ' 

loading.  Several  plastics  (e.g*,  polyvinyl  chloride,  oriented  . 

*  '  i 

polypropylene)  possess  this  property. 

Thus  far  nothing  has  been  said  here  which  excludes  the  use  of 
the  multiple  irtegral  expansion  to  represent  permanent  memory  be¬ 
havior  or  general  path  sensitive  phenomena  (e.g. ,  plasticity).'  >  It 
Is  net  clear  that  the  physical  requirement  of  a  bounded  response  a* 
large  times  excludes  representation  of  permanent  memory  behavior,  by  - 
a  sum  of  multiple  integrals  except  for  certain  exceptional  cases, 
such  as  for-  example,  tertiary  creep  of  metals.  There  is  definite 
experimental  evidence  however,  which  points  out  the  impractical ities 
of  using  the  Green-Rivlin  formulation  to  represent  permanent  memory 
behavior  or  path  sensitive  phenomena.  Qualitative^  arid  intuitively 

V  C  # 
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appealing  quantitative  arguments  can  also  be  presented  which  suggest 

/,  i 

that  the' Vclterra-Frechet  multiple  integral  representation  may  be 
incapable  of  representing  general  path  sensitive  phenomena. 

From  their  failure  to  predict  the  isothermal  behavior  of  cormcr- 

clally  pure  1100  aluminum  at  300°  F  under  time-dependent  uniaxial 

\ 

*  '  \ 

stress  by  the  first  few  ienfis  of  the  multiple  integral  suni  Wofiy  and 
Onat  [62]  argued  that  many  terms  of  the  expansion  may  be  required  to 
represent  constitutive -relations  which  although  c-ontinuoue  are  not 
smooth'.  The  same  argument  has  been  repeated  by  Onat  an'd  Wang  [61].  ' 
Pipkin  r573 *  Onat  [501  and  others  for  constitutive  functionals 

which  are  continuous  but  apparently  not  smooth.  However,  the 

‘  V 

accuracy  of  the  function?!  expansion  cannot  in  general  be  increased 
by  merely  adding  higher  order  Integra’s  since  the  kernel  functions 

O 

are  dependent  upon  both  the  order  of  the  expansion  and  the' range  - 
of  the  approximation.  It  is  normally  assumed  that  this  situation 

does  not  arise  in  the  special  case  of  viscoelastic  solids.  This 

►->  v 

assumption  is  almost  sufficient  by  Itself  to  restrict  the  multiple 

integral  expansion  a  priori'  to  strong  fading  memory  materials.  In 

particular,  it  is  assumed  that  the  approximation  can  be  treated  as 

an. analogy  to  a  Taylor's  series  expansion  of  an  analytic  function. 

* 

The  smalle?  the  strain  history  is,  .then  the  fewer  the  number  of  terms 

■*  •>  *  a  j 

needed  in  the  functional  power  series.  Greater  .accuracy  is‘  then'ob^ 

0  ’  * 

tain e<f  by  simply  adding  more  higher  order  integrals,'  and  the  kernels 
are  then  independent  of  the  number  of  terms  in  the  expansion.  *  - 
*  The' validity  of  the  assumption  that  greater  accuracy  is  obtained 

9 

by  merely  ‘adding, or)  more  higher  order  integrals  has  pot  been  verified 

**■  **  > 

because  of  tRe* Enormous  experimental  difficulties  encountered. 
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Lockett  [41]"  has  pointed  out  that  more  than  1-00 1  independent  tests 
are  necessa>7  to  define  the  twelve  material  functions  ir.  even  the 
third  order  theory.  Such  an  extensive  test  program  has  never  been 
undertaken  for  obvious  reac.-s,  and  it  is  totally  Impractical  to 
seriously  consider  higher  order  approximation  theories  requlr.ig  an 
order  of  magnitude  more  difficult  test  program  to  evaluate  the 
material  functions.  Thus,  as  a  practical  matter  it  is . immaterial 
whether  or  not  the  .Vo 1  terra- Frechet  integral  expansion  Is  theoreti¬ 
cally  capable  of  representing  permanent  memory  or  path  sensitive 
behavior  if  such  a  representation  is  going  to  require  more  than  three 
terms  of  the  expansion.  <  ,  . 

Turning  row  to  slightly  more  ri gorges  considerations,  there  is 
theoretical -evidence  which  questions  the  ability/of  representing 
path  dependent  behavior  by  the  Green-Rfvlin  formulation  at  any 
level  of  approximation.-  From  energy  considerations  Herrmann  [64]  „ 
was  able  to  derive  constitutive  relations  for  materials  capable  jf 

experiencing  instantaneous  deformations  but  not  capable  c  nstan- 

'  ■  ‘  > 

taneous  energy  dissipation  which  are  formally  identical  to  the 

►  * 

Volterra-Frechet  integral  expansion.  Christensen  and  Naghdi  [65], 

using  a  representation  for  the  Helmholtif *ee  energy  functional 
*  , 

.(and  hence,,  the  stress  functional)  which'  .essential iy  followed  .from 

C  '  ' 

Che  initial  assumptions  of  Greatf'and' KTvlin  [24jy  as  relaxedby 

■  '  ,  ,  «  '  .  %  V  ' 

Ctiacon  and  R.ivlin  [66],  demonstrated  that 'sufficient,  conditions  for' 
..satisfaction  of  the  dissipation  inequality  (i.e. ,  Claus : us- Duhem 

inequality)  are  that  the  material  be  incapable  of.  exhibiting  energy 

.  *  -  y  . 
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dissipation  Thsy  also  noted  in  the  isothermal  case  that  the 
dissipation  inequality  is  satisfied  for  all  admissible  processes 

and  material  functions  which  nay  be  represented  as  a  sequence  of 

0  4  * 

decaying  exponentials  and  have  a  form  corresponding  to  those  util- 

!■ 

ized  by  Hunter  [67]  (e.g. ,  k(Zt-Ti-T2,)  etc).  This  latter  case  is, 

off  course,  a  special  type  of  normal  fading  memory  behavior. 

The  above  paragraph  points  out  that  a  sufficient  condition  for 
r 

the  validity  of  the  Volterra-Frechet  representation  of  the  mechanical 
behavior  of  a  material  with  memory  is  that  the  material  be  Incapable 
of  energy  dissipation.  Since  this  is  only  a  sufficient  condition  it 
should  be  noted  that  there  may  be  other  physical  conditions  preclud¬ 
ing  a  lack  of  energy  dissipation  as  a  sufficient  condition  for  the 
Green-Rivlin  formulation.  However,  it  seems  likely  that  these  other 
physical  conditions,  such  as  direct  assumptions  regarding  the  form 
of  the  kernel  functions  (e.g.,  decaying  exponentials),  may  also 
exclude  representation  of  permanent  memory  behavior  or  general  path 
sensitive  phenomena. 

In  the  authors'  opinion  it  seems  unlikely  that  the  Volterra-Frechet' 

multiple  integral  expansion,  as  currently  formulated  and  employed, 

can  represent  general  permanent  memory  or  path  dependent  behavior, 

/  ) 
although  it  is  generally  accepted  as  having  this  capability.  This 


•Christensen  and  Naghdi's  development  is  supposedly  for  non-isotherm^ 
behavior,  however  the  material  functions  depend  only  on  a  reference, 
temperature,  A  nor- isothermal  theory  in  which  the  material  functions 
depend  upon  variable  temperature  as  a  function  of  both  time  and  space 
is  outside  of  the  scope  of  their  development  mainly  as  a  consequence 
of  the  linearization  of  their  theory. 


o 


a 


o 
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statement  gains  support  from  two  sources.  First,  the  demonstrated 
success  of  the  multiple  integral  sum  appears  to  be  mainly  due  to  a 
fortuitous  selection  of  materials  and  leading  environments.  In 

V  t 

particular,  only  the  isothermal  situation  has  been  considered  with 

*  •  * 

polymers  and  plastics  and  loading  conditions  in  which  only  normal 
.  „  fading  memory  characteristics  are  apparent.  Secondly,  for  more 

b 

complicated  materials,  fading  memory  characteristics  and  loading 
situations  the  applicability  of  the  Green-Rivlin  formulation  has  not 
been  substantiated.  In  particular,  the  isothermal  representation 
has  been  unsuccessful  in .representing  the  behavior  of  aluminum  in 
the  vicinity  of  Its  ideal i2ed  yield  surface,  and  there  is  insufficient 
evidence  to  support  the  claim  that  greater  accuracy  can  be  obtained 
by  merely  adding  more  higher  order  integrals.  General  path  sensitive 
behavior  involves  internal  dissipation  of  energy  and  certainly  a 

j 

portion  if  not  all  of  the  energy  dissipation  goes  into  raising  the. 
temperature  of  the  material.  This  behavior  is  evident  in  the  nigh 
temperature  creep,  of  concrete  and  metals  and  the  inelastic  defor¬ 
mation  of  materials  in  general.  It  is  also  noted  that  permanent 
memory  effects  are  evident  in  these  situations.  Thus,  it  seems 

t 

unreasonable  to  expect  the  Green-Rivlin  approach  to  be  capable  of 
representing  these  kinds  of  material  .behavior  and  loading  environ¬ 
ments.  Certainly  one  must  acknowledge  that  the  thermodynamic 


approach  presented  here 


which  allows  for  non- isothermal 


environments  with  coupling  between  thermal  and  mechanical  effects 

A 

and  physically  realistic  memory  behavior  stands  a  greater  chance 
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of  SuCCeis  in  describing  the  behavior  of  materials  and  processes  . 
involving  dissipation  of  energy.  •  _  .  . 

COLEMAN-NOLL  THEORY 

Coleman  and  Noll  [26,34  and  Coleman  [68,69]  introduced  thfe 
physical  assumption  that  the  memory  of  a  simple  material  fades  in 
time.  This  statement  of  a  fading  memory  principle  corresponds  to 
the  idea  of  a  fading  memory  with  novmil  fading  memory  characteristics 
introduced  in  this  research,  Coleman  and  Noll's  assumption  of 

.  t 

fading  memory  was  given  a  precise  mathematical  meaning  through  the 
introduction  of  a  norm  which  places  greater  emphasis  on  events  that 
occurred  in  the,, recent  past  than  those  which  occurred  in  the  distant 
past.  The  physical  meaning  of  their  fading  memory  principle  yas  ' 

-a 

then  interpreted  mathematically  as  an  assumption- on  the  continuity 

of  the -constitutive  functionals  with  respect  to  convergence  in  this 

* 

norm  defining  the  topology  of  histories.  . 

For  the  purposes  of  this  discussion  it  suffices  to  consider  a 
constitutive  functional  equation  of  the  form 

00 

g(t)  «  G  {f (s) }  ,  (11 

s=o 

where  G  may -represent  any  one  of  the  constitutive  functionals,  and 
f{s)  may  likewise  represent  the  history  of  any  one  of  the  independent 
constitutive  variables  for  0  <_  s  <  ®  . 

•  To  render  the  mathematical  idea  of  fading  memory  more  precisely, 
Coleman  and  Noll  introduced  the  influenci  functions  h(s).  which 


characterizes  the  rate  at  wh;ch  the  memory  fades.  An  influence 
function  h  of  order  r  ( r  >  4  fs  required  to  he  a  positive  monotone- 
decreasing,  continuous  function  of  s  which  gees  to  ze.-o  rapidly  4s 
s  *».  Tf  the  fi rst  -two  conditions  hold  then  a  sufficient  con¬ 
dition  for  the  last  condition  to  hold  is  that  h(s)  decays  to  zero 
in  such  a  way  that  the  limit  relation 


.Urn  srh(s)  -  0 
s-~° 


(11-14) 


monotonically  for  large  s.  For  example,  the  function 


ir<s)  -  (s>l)’p 


'  1 1  1  r  \ 

i  i  l  -  i  J  } 


is  an  influence  function  of  order  r  for  r  <  p,  and  the  exponential 
function 


h(>)  *  exp(-es)  ,  e  >  0 


(li-K) 


Is  an  influence  function  of  arbitrary  orde~. 

The  recollection  of  a  particular  history  f(s)  was  first  defined 

analogously  to  the  l  norms  for  a  alven  influence  function  h  and  a 

P  '  * 

given  p; 


i ! f ( * ) I ! h  \f* C|f(s)(  h(s)]p  ds]/P  if  1  <  p  <  «  ;  01-17) 
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ess  bup  jf(s)jh(s)  if  p  =  «-  ; 


(11-18) 


where  |f(s)|  is  the  magnitude  of  the  history  f(s).  In  later  works 
'the  norm  was  simplified  to  consideration  of  a  fixed  value  of  p  =  2, 


Mfl  ih  “  [  jf  |f(s)T  h ( s ) ^  dsj  ' 

e» 

Identifying  two  functions  as  being  equal  when  they  differ  only  on 
sets  of  measure  zero’,  end  defining  an  inner  product  by  the  relation 

f 2 ( * )] h  =[y*  f  1  (s)f2(s)h(s)2  ds] 


(11-19) 


>(11-20) 


then  the  space  at  all  histories  f(* )  for  which  ||f(-)||h  is  finite 
forms  a  Hijbert/space  for  each  Influence  function  of  order  r  >  s*. 

With  these  definitions  the  tools  of  modem  analysis  were  then 
applied  to  study  various  principles  of  fading  memory. 

Physically,  the  memory  characteristics  of  a  material,  deter¬ 
mined  by  (19)  may  be  interpreted  as  a  weighted  root-mean-square 
average  of  the  history  f(’)  where  the  weighting  function  determines 
the  Influence  of  past  events  upon  the  current  value§  of  the  consti¬ 
tutive  functionals. 

The  physical  idea  of  fading  memory  is  now  expressed  mathematically 
as  the  requirement  that  the  material  have  snail  recollection.  Three 
kinds  of  histories  have  small  recollection.  A  history  which  has 
deviated  little  from  the  rest  history  throughout  the  entire  past 
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has  small  recollection.-,  Secondly,  since  the  influence  fur.ctiun 

>  , 

assigns  little  weight  to  the  part  o+  the  s~axis  where  s  is  large, 

a  history  such  that  jf{°)l  is  small  for  the  recent  past,  though 

\ 

perhaps  large  in  the  distant  past,  has  srnal  1  recollection.  This 
example  corresponds  to  the  case  when  the  material  has  beer,  nearly 
at  rest  for  a  long  time,  finally,  if  jf(*)j  is  large  only  on  a 
set  of  small  measure,  the  recollection  of  f  will  be  small.  This 

case  corresponds,  for  example,  to  a  large  deformation  during  a  vary 

\ 

brief  period  of  time  in  the  past.  From  these  examples  if  is  seen 
that  histories  having  small  recollection  are  those  histories  which 
have  been  close  to  the  rest  histr  •  in  the  recent  past.  Coleman 
and  Nol-1  made  assumptions  and  proved  theorems  concerning  materials 
nearly  at  rest,  which  corresponds  to  a  neighborhood  of  the  origin 
in  the  space  of  histories.  ,  - 

In  order  to' construct  -a  family  of  histories  having  small  recol¬ 
lection,  Coleman  and  Noll  introduced  the  concept  of  alow  motions. 

They  made  thls’idea  precise  through  the  use  of  the  retardation  r 

-  .  01 

with  retardation  factor  a,  0  <  a  <_  1  ,  which  is  the  linear  trans¬ 
formation  f  -»■  t  defined  for  all  histories  f  by 
a 

'  * 

y  * 

(raf)(s)  =  fa(s)  *  f ( as )  .  (11-21) 

The  retardation  replaces  a  given  history  by  one  which  is  essentially 

the  same  but  slower.  Any  severe  deformation  is  removed  further  and 

/ 

further  i r tr  the  pas l,  #:i:cn  ins  materiel  ooes  not  remember  well ,  an 
smooth  histories  near  the  present  time  are  given  more  weight. 
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With  the  above  Ideas  Coleman  and  NnTi  stated  and  proved  waak 
and  strong  principles  of  fading  memory.  Their  weak  statement  of 
a, fading  memory  orinciple  is  essentially  .the  requirement  that  there 
exist  an  influence  function  h  of  order  r  >  1/2  'such  that  tha 
constitutive  functional  G  of  (13)  is  Frechet-differentiable  at  the 
zero  history  in  the  Hilbert  space  of  histories.  The  nth-order 
'  stronger  principle  of  fading  memory  is  the  requirement  that  there 
exist  an  influence  function  of  order  r  >  n  +  1/2  such  t*  it  the 
constitutive  functional  be  n-times  Frechet  different! ablet  By 


sufficiently  retarding  any  given  motion  one  can  justify  approximating 

> 

the  constitutive  functional  of  the  retarded  motion  by  a  multilinear 
function  of  time  derivatives  of  the  given  motion  A  the  present 
time.  This  theorem  gives  the  result  that  the  nth-order  fovUn- 
Ein-oksen  material  may  be  interpreted  as  an  asymptotic  approximation 
to  the  theory  of  general  simple  materials  obeying  Coleman  and  Noll's 
strong  principle  of  fading  memory  for  sut ficient.y  slow  motions. 

Several  deficiencies  may  be  found  in  a  theory  of  materials  which 
uses  ( 1 7)  and  (18)  or  (13)  to  characterize  the  effects  of  memory. 
For  one  thing,  the  norm  is  weighted  with  a  decaying  obi i viator  so 
that  finite  an-'  permanent  memory  characteristics  are  excluded.  It 
is  also  noted  that  there  is  no  unique  way  of  choosing  the  Influence 


4  An  ^  i  e  ) 

I  (VI!  II  ^  W  /  • 


The  Influence  ^unction  h(s) 


is  net  s  materiel 


function  although  the  existence  (rfjJLjjls)  of  the  required  type 
is  a  material  property.  FurtJtJ^r,  the  arbitrary  numbers  p  in  C") 


are  extremely  difficult,  if  not  impossible,  to  determine  ex-jerimen 


tally. 
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WANG'S  THEORIES 


Wang  [70,71]  has  proposed  two  fading  memory  theories.  Wang's 

first  theory  general izes  the  results  of  CO ieman  and  Noll  discussed 

/ 

.>  immediately  above.  In  place  of  the  influence  function  utilized  by 
Coleman  and  Noll,  Wang  formulates  a  principle  of  fading  memory  by 
means  of  an  obliviatirig  measure.  An  obliviating  measure  y  on  the 
real  time  axis  [0,“)  is  the  Lebesgue-Stieltjes  measure  associated 
with  a  non-decreasing  Tower  semi -continuous  real  function  a( s) 
with  the  properties:  ' 

i )  a(s)  -  0  for  s  0  ; 
i,i)  <r(s)  is  bounded,  i.e.,  lim  a(s)  =  M  <  «. 

,  S-x»  v 

From’ condition  (ii)  y  {[0,»))  =  M.  In  terms  of  the  obliviating 

measure  y,  the  recollection  of  a  history  f(s)  is  defined  by 

•  *, 

[£,*>,*  if  (11-22! 

If  o (s)  is  continuously  differentiable,  the  function 

h(s)  *  £■  01-23) 

serves  the  purpose  of  Coleman  and  Noll's  influence  function  if  it 


\ 


i 

i 


. 

i  ' 


> 


* 
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mono  torn  cal  ly  decrease*;  when  s  is  large.  Alternatively,  if  h(s) 
Is  an  influence  function  as  deftned  above  and  we  set 


AD  =  J  h(s)2  ds 

*J 


for  ail.  Borel  sets  I  e{0,<»),  ‘then  g  is  an  obliviating  measure  and 
(22)  reduces  to  (19).  Although  the  greater  generality  of  an 
obliviating  measure  includes  a  broador  class  of  materials  as  being 
endowed  with  fading  memory,  Wang's  theory  suffers  from  the  same 
deficiencies  as  Coleman  and  Noll's  theory  discussed  previously.  • 
Permanent  and  finite  me  mJhy  characteristics  are  excluded  and  there 
is  no  unigue  way  of  determining  the  functions  d(s). 

In  this  same  work  Wang  [70]  remarks  upon  the  possibility  of 
extending  his  formulation  of  a  principle  of- fading  memory  to  a  much 

bigger  class  of  deformation  histories.  Considering  the  class  of  ^ 

^  . 

all  deformation  histories  measurable  with  tespect  to  a  preassigned 

« 

obliviatfng  measure,  Wang  introduce$~a  metric  function  d  which 

makes  this*'' class  a  Frechet  space*  The  metric  function  d,  associated 

» 

with  a  preassigned  obliviating  measure,  defined  by 


D(s)-E 
T  +  p) 


du 


(n-25) 


where  D  and  E  are  two  histories,  can  oe  shown  to  giye  the  desired 
topology  on  the  space  of  all  measurable  histories.  Namely,  a 


sequence  of  histories  Dn(s)  converges  In 


+r\ 

VW  v,  \  «.  , 
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n  -*•  ®  if  and  only  if  d(D^,E)  -*  0  as  n  -*■  <*>. 

Wang's  [71]  second  theory  is  based  upon  the  topology  of  uniform 

\  ’  ] 

convergence  on  compact  sets  rather  than  the  Hilbert-space  topology  of. 

Coleiiianand  Noi  l  discussed  previously.  Most  of  conclusions  of  the 

approximation  theorems  proved  by  Coleman  and  Noll  [26]  remain  un-  , 

changed; however,  the  definition  of  fading  memory  is  different.  Wang's 

formulation  is  moti vaterfby  the  desire  to  satisfy  the  stress  relaxa- 
•  *■ 

-  **  "  ( 
tion  theorem  trivially  and  to  include  finite  memory  as  a  special  • 

of  fading  memory. 

Before  discussing  Wang's  results  for  weak  arid  strong  fading 
memory  some  introductory  notions  will  fir>t  be  given.  Consider  the  . 
mechanical  constitutive  relation  for  alfimple  material  the  form 


T(t)  *  T  {C(t-s)}  '  , 
s=o 


(11<26'K 


where  C(fc-s)  is  the  history  of  the  right  Cauchy-Green  tensor..  The 

-  “} 

order  of  a  simple  material  is  defined  to  be  the  smallest  integer  p 

•  » 

/  '  w 

(o  <_  p  £  <*•)  such  that  /  does  .not  depend  explicitly  on  C'y'(t)  if 


Y  >  P- 


The  davair^  of  tne  constitutive  functional,  denoted  by  V{T) 


y.  9 

is  defined  to  be' the  class  of  all  (f  positive-definite  symmetric 
tensor-valued  functions  C(t)  where  t.<  f  and  p  is  the  order  of  the 
material.  Let  T  be  of  the  order  p  ,  and  let  C^(t),  n  -  1.2,*-*, 
C(t)  be  in  V(T).  Then  is  said  to  converge  to  C(t)  if 


cW(t)  -*•  C^(t).  uniformly  on  every  finite .  interval  on  for 


all 


Finally  a  conlinuous  constitutive  functional  T  is  defined 
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to  be  a  functional  everywhere  continuous  f^ith' respect  to  the  topolog.v 

.•  on  v(T).  ^  ••  . ' 

With  the,  above  definitions^  simple  material  is  said  to  obey  the 
weak  principal' of  fading  memory  i,f  its  constitutive,- functional  is. 

0  i  1  »  .  “ 

/  •-  ,  /  .  K 

\  .continuous  at  every  rest  .history  (i.e.,  C(^r-s)  =  C(t)  for  all  s  >_  0) 
with'  respect- to  tne  topology  defined  ^nU(7).  The  a-retardation  is 
defined  and  used  in  aty  analogous  manner  to  that.  Of’ Coleman  and  Npll 

'  *■  *  t  r  **  j 

-  discussed  above.  Wang  obseVves  that  any  linear  constitutive  func- 

tional  that  hap  a  linear  dependence  on  the  deformation  history  near 

.  £  =  -<*>,  s.u6h  as  tha  linearly  viscoelastic  material,  cannot  satisfy 

his -weak  principle  of  fading  memory. 

The  above  definition*  implies  that  a  simple  material  obeying  the*  » 

.  0  •  -  >  ' 
weak  principle  of  fading  memory  must  have  ttio'  material  memory  para- 

meters:  the  time  of  sentience'  n  and  the  grade  of  sentience  6  . 

v  °  0  / 

Briefly  the  Idea  behind  the  time  of  sentience  of  a  material  (for  a 
certafn  fixed  rest  history  C)  is  that  if  a  material  obeys  Wang's 
principle  of  fading  memory,  then  for  every  t  >  05  therS  exist  numbers 
6  >  0  and  n  >  0  such  that  if  |D^(t)  *  C^| '  <_  e  for  a  1,1  0  <_  y  <_  p 

when  t  then  |T(P(t)  -  ^(C)[  <^e.  Henck,  if  the-deviation 

6  ' 

of  B(t)  from  the  rest  History  C  is  sufficiently  small  for  a 'suffi¬ 
ciently  long  period  of  time?  then  no  matter  what  happened  before  the,> 


htr 


time;'4-n  the  present  stre$s> cannot  differ  arbitrarily  from  the  static 
,  *4  ■  _  s~^'  - 


stress.  That  is,  the  present  stress*  remains  bounded  for  all-  possible 

i  *  *  f\%/ 

de formations  that  occurred  before  t  -  rj.  If  it  happens  that  n'Ts  not 
large  enough,  then  no  matter  how  small  the  deviation  6  Is,  for 
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t  the  collection  of  all  possible  present  stresses  is 

7  *  *■ 

unbounded.  .The  least  upper  bound  for  all  such  n's  is  then  defined 

to-W  the<  time  of  sentience  nQ.  Thus,  n0  is  the  number  such  that 
*  - 
if  n  >  nQ,  Then  it  is  possible  to  render  the  collection 

■|t{D(i)}|  }i/y/(t)  -  |  <_  6,  for  all  0  <_y  when  t  e[f-o»£]j 

bounded  by  letting  6  be  sufficiently  small.  Roughly  speaking,  the  .  „ 

-  t 

time  .of  sentience  divides  the  total .  memory  of  the  material  into  two 
parts:  the  time  Interval  [t-n0,t]  may  be  regarded  as  the  major 
mmoryt  while  the  interval  (-<*>, t-nQ]  is  the  minor  memory.  A 
finite  major  memory  means  that  the  present  stress  can  be 
made  to  Me  in  a  certain  compact -set  in  the  tensor  space  by  letting 
the  deviation  of  the  deformation  history  from  the  rest,  history  be 
sufficiently  small  for  a  sufficiently  long  period  of  time.  A  simple 

material  thus  obeys  Wang’s  weak  principle  of  fa^ihg  memory  if  It 

•  -  -  *  \ 

has  finite  major  memory.  Itrls  observed  that  the  idea  of  a  finite  j 

memory  characteristic  1 ntroduced T n  this  research  generalizes  Wang’s' 
concept  of  a  finite  major  memory. 

The  grade  of  sentience  Is  the  largest  possible  value  such 
that  if  s  <  6&  then  it  is  possible  to  render\the  collection  of  alM 
possible  present  stresses  bounded  if  |D^(t)  -  C^|  ^<5  for  all 
0  <  y'<  p  for  a  sufficiently  long  period  of  time.  Roughly  speaking., 
the  grade  of  sentience  divides  the  total  deviation  of  the  deformation 
.  history  from  the  rest  history, into,  two  parts.  The  deviation  less 
than  60  is  regarded  as  the  minor  deviation,  while  the  deviation 
greater  than  6  is  the  major  deviation.  A  positive  grade  of  sen- 

v 

tience  corresponds  to  the  fact  that  the  present  stresr  can  be  made  . 
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to  He  In  a  compact  set  by  letting  the  major  deviation  vanish  for 
a  sufficiently  long  period  of  time. 

The  time  of  sentience  n0  and  the  grade  of  sentience  d0  can 
be  used  as  parameters  in  comparing  the  memory  effects  of  various 
simple  materials  with  the  same  fixed  present  configuration. 

•  Wang's  strong  principle  of  fading  memory  of 'order  r,  for  a 
simple  material  Is  that  Its  constitutive  function  be  n-times  con¬ 
tinuously  Frechet  differentiable. 

•  As  mentioned  above,  Wang  defines  and  uses  the  a- retardation  of 
a  deformation  history.  In  the.  same  sense  as  Coleman  and  No-1 1 ,  to 
obtain  a  strong  approximation  theorem  which  is  equivalent  to  a 
Taylor's,  series  expansion  of  the  retardations  of  a  simple  material 
about  the  zero  time  of  sentience.  In  an  analogous  manner,  Wang 
Introduces  e-relaxatlons  and  obtains  a  Taylor's  series^ expansion  of 

V  y 

the  relaxations  of  a  simple  material  as  the  grade  of  sentience  6Q  -*■  *. 

Certain  special  cases  of  simple  materials  excluded  In  Coieman 
and  Noll's  theory  obey  Wang’s  weak  principle  of  fading  memory; 
namely,  elastic  materials,  Newtonian  fluids  and  the  general  Rivlln- 
Ericjcson  materials.  '-These  materials  all  have  time  of  sentience 
zero i  provided  these  response  functions  are. continuous  and  grade  v 
of  sentience  equal  to  +  •,  corresponding  to  the  fact  #iat  a  Continu¬ 
ous  function  is  bounded  if  its  argjnents  He  in  a  compact  set. 

It  is  noted  that  even  though  the  elastic  materials,  linearly 
viscous  fluids  and  materials  of  the  differential,  type  do  not  satisfy 
Coleman  and  Noll’s  weak  principled  fading  memory,  but  do  satisfy 
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Wang's  weak  principle  of  fading  memory,  Wang's  second  theory  Is  not 

a  generalization  of  Coleman  and  Noll's  since  the  topologies  and 

domains  of  the.  response  functionals  are  different  for  the  two  ' 

theories^  Truesdell  arid  Noll  [25]  point  out  that  even  If  the  domains 

t>f  the  response  functionals  are  restricted  such  thac  \s. Concepts  of 
'  + 

continuity  have  meaning  for  both  theories  there  are  still  materials 
having  fading  memory  In  the  sense  of  Coleman  and  Noll’s  theory,  but 
not  Wang's  second  theory  and,  conversely,  there  are  materials  having 
fading  memo ty  in  the  sense  of  Wang's  theory  but  not  In  the  sense  of 
Coleman  and  Noll.  This  fact  represents  one  serious  disadvantage  of 
Wang's  second  theory-  U  Is  clear  that  a  desirable  property  of 

new  fading  memory  theories  Is  that  they  generalize  and  contain  as 

>  ■ 

special  eases  previous  fading  memory  theories  if  at  all  possible. 
Another  deficiency  of  Wang's  second  theory,  which  Is  common  to  all 
existing  fading  memory  theories,  is  that  permanent  memory  behavior 

/ 

'  r» 

resulting  from  Inelastic  deformations  is  disallowed. 

''  o 

WAN6~ BOWEN  THEORY  *  •  • 

Wang  and  8owen  [72]  have  supposedly  constructed  a  theory  of 
nonlinear  materials  with  memory  more  general  than  that  of  Coleman  [68] 
which  contains  Coleman's  theory,  but  not  that  of  Wang.  They  consider* 
a  class  of  nonlinear  materials  cilled  materials  with  quasi-elastio 
response,  or  more  briefly,  quasi^elcsti.a  materials * 

Wang  and  Bowen,  claim  motivation  for  their  development  from  two 

*  .  * 

major  difficulties  of  Colejnari  and  Noll's  theories  which  turn  out  to 
be  Invalid  criticisms.  Their  first  criticism  Is  that  to  determine 


M  - 


the  history  of  a  material  particle  the  local  configuration  of  that 
particle  must  be  traced  back  to  past  infinity  (i.e. ,  s  -*■  «0.  This 
Is  a  valid  criticism  If  a  theory  considers  the  entire  past  history  of 
a  material  (I.e. »  perfect  memory),  but  In  view  of  Coleman  and  Noll’s 
fading  memory  hypotheses  this  Criticism  loses  most  of  its  validity. 
Secondly,  Wang  and  Bowen  claim  that  to  get  a  better  mathematical 
model  for  a  nonlinear  material  with  memory,  more  and  more  state 
.  variables  are  required  to  represent  the  local  configuration.  This 

"criticism  does  not  apply  to  a  continuum  theory.  The  state  variables 

r  \  t 

associated  with  the  internal  state  variable  approach  to  thermodynamic 
theories  become  functions  in  the  continuum. approach,  and  as  the 
previous  axiomatic  development  of  Hufferd  [31]  shows  the  only  functions 
N  required  are  the  histories  of  the  deformation,  temperature  and  temperature 
gradient. 

Wang  and  Bowen  base  their  development  on  two  ideas.  First  they 
consider  that  for  any  material  particle  there  exists  butjjog, fixed 
1-parameter  family  of  histories,  since  whatever  has  happened  In  the 
local  configuration  of  that  particle  in  the  past  remains  fixed  in 
the  histories  of  all  future  Instants,  The  time  parameter  t  Is  used 
as  a  representation  for  the  past  history  and  the  constitutive  func¬ 
tionals  are  replaced  by  functions.  Secondly,  it  is  claimed  that  a 
change  of  the  history  for  a  fixed  material  particle  corresponds  to 
a  change  of  the  parameter  t  since  the  history  is  a  member  of  a 
1 -parameter  family.  Specifically,  constitutive  equations  of  the 
form 
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«  *  f(F,e,g,t) 


(11-27) 


are  considered  where  f  is  the  instantaneous  response  function  of 
the  quasi-elastic  material  and  F,  e,  g,  t  denote  respectively,  the 
deformation  gradient,  the  temperature,  the  temperature  gradient  and 
the  time.  It  Is  assumed  that  the  function  is  continuously  differenti¬ 
able  in  all  four  arguments. 

Several  questions  arise  about  the  validity  of  Wang  and  Bowen's 
approach.  One  can  accept  the  argument  that  the  history  of  a  particle 
at  the  current  values  of  F,  e,  g  L>nd  t  has  already  happened.  However, 

It  Is  not  at  all  clear  that  a  different  history  and  even  different 

»> 

materials  arriving  at  the  same  values  of  the  arguments  F;  e,  g  and  t 
will  have  different  response  functions.  In  other  words,  Wang  and 
Bowen's  theory  presupposes  a  knowledge  of  the  response  of  every 
material  for  every  deformation- temperature  history  In  order  to  deter¬ 
mine  the  form  of  the  response  function  f  for  a  particular  material 
and  a  particular  history.  Another  point  of  concern  Is  that  Wang  and 
Bowen's  application  of  the  requirements  of  frame- indifference  involves 
only  coordinate  transformations  at  the  current  time  t  aivd-does  not 
consider  time-dependent  changes  of  the  reference  frame.  This  result 
might  be  interpreted  as  an  indication  of  the  applicability  of  their 
results  co  aging  materials,  but  the  applicability  to  other  materials 
is  questioned.  Wang  and  Bowen's  theory  also  excludes  the  general 
Rivl  in-Erickson  materials  since  the  stress  is  determined  by 
a  number  of  the  time,  derivatives  of  F. 
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The  major  crlcism  and  deficiency  associated  with  Wang  and  Bowen's 
^deyelapme^tv concerns  their  resulting  thermodynamic  constitutive 
j  theory.  Thei^^RiSSTy^do  include  the  concept  of  equilibrium, 

and  Hence  consideration  of  equilibrium  thermodynamic  processes  is 

\ 

outside  of  the  scope  of  their  developments.  Clearly  a  desirable 
trait  of.  any  non-equilibrium  thermodynamic  theory  is  that  the 
equilibrium  theory  be  Included  as  a  special  case. 

COLEHAN-MIZEL  THEORIES 

.  The  last  treatment  of  fading  memory  theories  to  be  discussed  are 

the  recent  developments  by  Coleman  and  Mizel  [ 27 , 2a3 •  This  discus- 

/ 

sion  will  be  particularly  brief  since  Coleman  and  Mizel's^s  3 
latest  treatment  generalizes  their  earlier  developments  and  also 
provides  a  starting  point  for  the  development  of  the  memory  influence 
measure  introduced  In  this  research. 

Coleman  and  Mizel  [27]  first  introduced  a  memory  influence 
measure  y  which  was  absolutely  continuous  with  respect  to  Lebesgue 
measure  over  (0,  «).  Denoting  a  function  in  their  class  of  histories 
by  a,  and  skipping  over  the  details  to  be  discussed  later,  the 
memory  norm  is  written 


o 


||a||P-  |.(0) I"  „#  ♦/ i«r(s)|P  k(5)0S 


(11-28)  \ 


where  ar  is  the  restriction  of  a  to  the  open  Interval  (0,»), 
o0  5  y({ol)  >  0  and  k  is  the  influence  function  associated  with 
the  influence  measure  y,  which  is  actually  the  Radon-Hikcdym 
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derivative  of  y;  i.e. , 


y* dv  5  u({a,W^^*y*  k(s)ds 
(a'.b)  a 


(11-29) 


for  every  interval  (a,b)  c  (0,®).  The  function  k  also  satisfies 
the  conditions 


k(s)  >.  0  ,  f  k(s) 
•J 


ds 


(11-30) 
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and  as  s  -*■  «  decays  to  zero- essentially  as  oO/s).  Thus  the  influence 
measure  possesses  the  normal  fading  memory  property.  The  equation 
(  28)  implies  that  the  Weight  given  to  the  present  value  a(0)  is  not 
negligible  when  compared  to  that,  assigned  to  the  entire  pest 
history,  but  the  weight  given  to  any  particular  past  value  is.  In 
other  words,  the  present  value  a(0)  of  a  history  a  has  approximately 

v 

the  same  importance  to  a  as  its  entire  past  history  a,..  The  norm 

,  v  » 

given  by  (28)  has  been  discussed  further  by  Coleman  and  Hizel  [39] 
in  relation  to  a  thenMynaml  c  theory  of  materials. 

Coleman  and  Mizel's  [28]  most  recent  contribution  Is  based  on 
a  more  general  influence  measure  v  and  the  norm  on  the  histories  1$ 
written  In  the  general  form 


j  |oj  |  “  |o(C)j  +  v(|aj  ) 


(11-31) 


This  result  will  be  observed  to  be  a  special  case  of  the  developments 
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here.  In  this  situation  Coleman  and  Mizei  admitted  only  the  normal 
fading  memory  characteristic  however,  and  did  net  explicity  consider 
the  fern  of  the  function  v{jar|).  It  is  clear  that  (31)  is  a 
generalization  of  (28} 

11.6.3  DEVELOPMENT  OF  A  MEMORY  FUNCTION  NORM 

Mathematically,  the  statement  of  the  physical  principle  of  fading 
given  in§n.g,  and  the  fading  memory  characteristics  of  a  material 
in  general  are  interpreted  as  certain  smoothness  or  continuity  re¬ 
quirements  on  the  constitutive  functionals  with  respect  to  the 
topology  defining  the  recollection  of  the  material.  One  of  the  main 
criticisms  of  previous  fading  memory  theories,  as  illustrated  in 
the  above  summaries  of  previous  work,  is  that  only  those  topologies 

o 

have  been  considered  which  give  rise  to  strong  fading  memory  charac¬ 
teristics  and  occasionally  finlt®  memory.  In  this  study  a  more 
general  memory  Influence  measure  than  that  employed  by  previous 

» 

workers  is  introduced  which  allows  for  more  physically  meaningful 
memory  behavior  for  a  wider  class  of  fading  memory  materials.  The 
development  of  this  memory  function  norm  is  motivated  by  the  mathe¬ 
matical  studies  of  l-ixemburg  and  Zaanen  [73,74]  on  nomed  Kothe 
spaces,  and  generalizes  and  extends  the  recent  work  of 
Coleman  and  Mlzel  [27,28].  The  development  presented  here  does  not 
seek  maximum  generality,  but  rather  anticipates  future  requirements  of 
subsequent  sections. 


; 
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'  -FADING  MEMORY  HYPOTHESFS 

For  the  purpose?  of  the  discussion  on  memory  given  here,  it 
suffices  to  consider  a  constitutive  functional  equation  of  the  form 

oo 

gU)  «  s  (f*j  , 

s=o 

where  G  may  represent  any  one  of  Ine  material  response  functionals, 
and 

f*(s)  =  f(t-s)  ,  0  <  s  <  * 


may  likewise  represent  the  history  of  any  of  the  independent  consti¬ 
tutive  variables. 

Like  the  axiomatic  development  of  thermomechanlcal 
constitutive  theory  presented  in  [31]  the  development  of  a  memory 
influence  measure  is  also  guided  by  past  physical  experience.  One 
common  attribute  of  the  different  memory  characteristics  is  the 

A 

physical  requirement  that,  it  should  be  possible  to  discuss  equilib¬ 
rium:  that  is, completely  static  processes.  It  is  also  required  that 
under  a  static  continuation  of  a  given  fixed  theraomecbanlcal  history 
the  values  of  the  response  functionals  should  tend  to  their  equilib¬ 
rium  values  as  t  ■*  »,  and  these  equilibrium  values  should  be  functions 
of  only  ecuilibrium  variables.  Furthermore,  inasmuch  as  the  function 
space  of  admissible  histories  introduced  subsequently  may  contain 
histones  which  assume  the  value  +  «  at  some  points,  it  is  also  re¬ 
quired  that  the> memory  norm  of  a  given  history  be  finite  in  the 
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neighborhood  of  some  time  if  the  norm  ijtself  is  finite  at  that  par¬ 
ticular  time.  Translating  these  requirements  into  slightly  more 

precise  statements,  the  norm  jj*ji  assigned  to  the  space  a f  admissible 
t  ' 

histories  f  is  subject  to  three  physical  requirements:  t 

1)  The  static  continuation,  of  the  histoi’y'f 

by'  an  mount  c  is  the  history  ft+a  of  f  up  ' 
t'  time  t+a,  for  c>C,  in  a  process  for 
which  f  has  the  history  f*  up  to  time  t 
and  Is  then  held  constant  in  the  interval 
[t.fc* a].  We  require  that  if  the  norm  of  f* 

n  is  finite ■,  then  the  norm  of  each  static 

-A. 

continuation  of  f*"  must  also  be  finite,  ar.d 
‘moreover,  if  the  distance  between  too 
distinct  histories  jjfj^-  f 2^ i {  is  £ero, 
v-  then  the  distance  between  their  static 
continuations  by  any  given  amount  must, 
also  be  zero. 

2)  The  a-secvion  ft-°  of  ffc  is  the  history  of 
f  up  to  the  earlier  time  fc-o,  o>0,  for  a 
process  in  which  f*  is  the  history  of  f 
up  to  time  t.  We  require  that  if  ff  has 
finite  norm ,  then  the  norm  of  each  a- 
section  of  f*  must  also  be  finite. 

3)  The  equilibrium  states  must  have  finite  norm; 
that  is,  if  f^s)  =  a,  a  constant,  then  it  is 
required  that  )  j  f *  1 1  <  «. 

11.64 


0 


o 


These  requirements  Impose  restrictions  on  the  space  of  admissible 

f  +  4.  4. 

histories  L  .  Namely,  if  f  e  L  then  L  should  contain  all  static 

*  +  •  +  .x' 

continuations  and  all  a-sections^  of  f".  Further,  the  space  L  sxu^Hd 

contain  the  constant  functions  ancfUhe  distance  between  two  distinct 

*  ■'» 

constant  functions  should  be  nonzero. 

4  '  * 

DEVELOPMENT  OF  A  MEMORY  FUNCTION  NORM 

We  let  u  be  a  non~trivial  z -finite,  positijte^regular  Bore! 

+  ‘  ^  - 

measure  on  [0,®)  and  L  denote  the  set, of  all  noil-negative  functions 

A  1  ' 

f(s)  on  [Q,»).  The  notation  du  denotes  integration,  with  respect 

j 

to  u*  over  the  whole  set  [0,®),  and  xE  -  Xg(s)  stands  for  the  charac¬ 
teristic  function  of  the  set  E  c  [0,®}.  A  function  f  e  L*  will  be 

K  -  ’ 

allowed  to  assume  a  value  of  +  ®  at  some  (discrete) points  s>[0,®),' 

but  not  at  all  points.  The  mapping  p  of  L+  into  [0,®)  is  called  a, 

nan-trivial  function  norm  whenever 

(i)  0  <  p(f)  <  ®  for  all  f  e  L+,  and  p(f)  =  0 

10 


if  and  only  if  f{s)  =  .0,  u  -  a.e. 

(ii)  p(fi  +  f2)  1  p(fi)  +  p(fz)  for 

f i ,  f2  e  L+;  and  p(af)  =  a  P(f)  for  all 

f  e  i+  and  all  constants  a  >_  0. 

(iii )  P(fi)  f.p(f2)  for  all  flf  f2  e  L+ 

o  9 

such  that  fx  f 2  * 


\ 


■V 


\  \j 

<  1 
1 

■  *  s 


The  notation  p  -  a.e.,  or  simply  a.e.  or  a  superposed  0  (e.a., 
f'{s)  «  0)  is  used  to  indicate  that  a  given  relation  holds  point- 
wise  almost  everifwherei  that  is,  for  all  s  e[0,®)  except  for  a 
set  E  with  51(E)  =  0. 
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(iv)  There  exists  at  least  one  f  e.t-+  such 

i  .  ‘  "  ,  '■  ■"  '  V  '  ’ 

that’O  ^  p(f)  <  ». •  r  • 

Properties  (i)  (riv)- are  standard  defining  characteristics  of  a 

4  ■'  4  i* 

norm.  'Property '(iv)  asstres  the. non- trivial  Sty  of  the  furtption 
norm  o.  1  This:  property  is  introduced  ts  exclude  the  trivial  ^case 
that  p{f)  =^®  for  every  f  e  L  which  is  mot  almost  everywhere  equal 

to  zero.  As  a. consequents,  y(E0,«y)  >  0.  The  function  norm  p  is 

,  .  .  « 

said  to  havd  the  sequential  Fatou- property  when  the  fol loving  prop- 
*  •  $  • 

erty.  holds:  ■' 


(v?,.if  ;f0,  fi,  f2. 


?  t  and  if  ffl  T  fft* 


•  pointwise  y  -  cue.  ,  -then  p(fR)  ?  p{fQ  '•  „■> 

If  all  five  of  these  properties  hold,  then  p  'is  qallad  a  non-trivi'al 
function  norm ,  relative  -o  y,  with  the  sequential  Fatou  property. 

-v  (  -  '  i  . 

For  the  most  part,  this  discussion  will  consider  only  functions 
satisfying  properties  (1)  -  (v)  enumerated  above. 

The  set  of  all  f  e  L+  satisfying  p(f)  <  *  is  denoted  by 

\ 

Lp  =  lp([0,“t.u)*  If  p  is  a  function  nrm  and  y-aTmost .equal  func¬ 
tions  are  identified  in  the  usual  way,  L  is  a  nermed  linear  snare 

R, 

with  respect  to  the  norm 


0 


mip  -  oW  - 


(11=34) 


Spaces  of  this  type  a re  sometimes  call  r.  ».■ ned  kotle  spaces.  Since 
p  has  been  required  to  possess  the  Fatou  property  L  is  norm  complete, 

*  i  *  p 

s> 

and  is  actually  a  Banach  function  space. 
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•  '  .  (•  ■ 

it  Is  evident  that  the  L— spaces  are  a  generalization  of  the 

more  familiar  L^-spaces- (1  <  p  <  «),  where 


(71-35)— 


and 


pp(f)  =  |J !  f!Pdyj^P  ,  1  <p,  <  »  ; 

p  (f)  -  eee  aup  jf| ,  p  =  ®  ,  '  (H-36) 


,A  theory  of  fading  memory  ’which  is  based  upon  more  general 
Banach  function  spates  than  the  Lp-sp$tces  has  several  advantages 
whici^  become  apparent  from  a  review  of  the  previous  discussion  in 

§11.6.2  of;l>a-norms  of  the  form! 

v  *  -  ft  ' 

O  v 

•  •  /"  •  /  • 

'  |  |f i  i P  =  f  |f|P,  dp  >  1  <  P  <  -  ,  (11-37)  » 

[o,«>  •  ’  *  . 

‘  .  -  l 

with  p  a  positive,  regular  Borel  measure  on  The  obvious  ob~ 

*-  I  1  ,  «r-  s“*  ' 

servation  Is  the  greater  generality  available  than  in  the  Lp-spaces, 
More  importantly,, however,  the  arbitrary  numbers  p  , 
are  eliminated,  and  the,  importance  '  of  tne  experimentally 
non-determWble  influence -function  k.,  used  extensively  by 

.  V  • 

Coleman  and ,Mlzel,  is  hde-6nphasized.- 

'  '■  *  ’*■*'.  . 

r 

Luxemburg  and  Zaanefi  t74]  point  out-  that  the  hypptbeses  do  not, 
exclude  the  existence  of  a  measurable,. subset  \  C  £0,»)  of  positive 
measure  such  that  not- only  p(xp)/  “  Jor  the  characteristic  function 
XB  of  B,  but  ever  p(xc)  *'  *  fGr  ewe»7  C  c  9  of  apy  Set  o*  positive 
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measure.  They  call  .any  set  having  this  property  a  o-pu?ely  infinite 
aet  or  $n  mfrie.diy  set.  If  8  Is  an  unfriendly  set,  thfen  ?ny  ' 
f  e  lp  vanishes  on  B.  In'  tnis  investigation  these  sets  will  not  be 
admitted.  It  can  bfe  shq§vn  [74]  that  there  is  a  largest  unfriendly  . 
set  B  .  determined  modulo  null  sets,  which  may  be  removed  from 

max  {  " 

cons  1  de  rati  tin  with  the’ measure  of  the  remaining  set  still  positive 
since  p  is  non- trivial.  A  function  norm  p  such  that  there  exists  no 

.  V.  '  '< 

p-purely  infinitely  subsets  is  called  Batizrated.'  All  of  the  function 

*  J-  t  f.  ' 

norms  introduced  and  discussed,  here,  including  those  dis¬ 
cussed.  previously  in  §11.6.2  are  saturated  norms.  Physically,  this- 

» .  •&  & 

situation. means ‘that  the  history  f  (s)  is  not  allowed  to  become 

unbounded  (i.e.,  infinite)  over  a  firsts  intense!  (distance)  of  the 
non-negative  real  (time)  axis  [0,«).  the  history  f*{ s )  is  allowed, 
however,  to  exhibit  jump  discontinuities,  characterized  by  step 
function  loading  situations,  at  discrete  isolated  points  s  e[0,»). 
The  history  r(s)  is  al^o-aHowad  to  assume 'Infinite  values  on  sets 

-  ~  -  —  .v 

of  measure  zero  (i.e,,  isolated  points),  characterized  by  Dirac  delta 

'  f  \ 

functi6n. inputs,  although  the  p-nofm  for  such  a  loading  situation  will 

\ 

remain  finite. 

flne  of  the  methods  to  construct  new  function  norms  .from  known 
ones  is  based  on  the  fact  chat  ..the  collection  of  all  function  norms,, 
with  the  set  (in  our  case  [0,»))  and  -the  measure  u  fixed  is  partially 
ordered  with  respect  to -the  natural  ordering:  ,  - 

f  •  v  c 

s  *  '  .  »  < 

*>  ^ 

P2  whenever  Pi(f)  *  02(f)  for  ’all.  ft  L  . 


r 


'v 


Given  .the  arbitrary  collection  of  non-trivial  function  norms  p  , 

v  » 

satisfying  1(1)  -  (vh'such  that  pt  ±  pQ  for  a  fixed  nontrivial  p0 
and  all  t>  then 


p{f)  »  eup  p-T(f) 


(11-38) 


O 


© 


Is  also  non-trlvial  and  satisfies  (i)  -  (v).  This  result  continues 
to  hold  If  all  the  p  are  semi -norms  Instead  of  norms,  provided  the 

i  T 

collection  {p^}  Is  total  In  the  sense  that  f  »0  whenever  pt(f)  *  0 
for  all  t  simultaneously. 

Further  properties  and  more  detailed  mathematical  analyses  on 

*  - 

4  the  L  -spaces,  and  general  Banach  spaces,  are  contained  In  the 

p  i 

penetrating  studies  of  Luxemburg  and  Zaanen  [73, 7<]. 

b 

Since  the  L^- spaces  generalize  the  tp-spaces  it  Is  clear  that  ‘ 
the  functloh  norm  p(f)  includes  the  memory  norms  of  Coleman  and  Noll 
and  Hang's  results  for  an  obllviating  measure.  The  close  connection 
between  p(f)  and  the  memory  semi-norms  (28)  and  (31)  of  Coleman 
and  Mlzel  Is  also  evident.  Thus,  the- previous  fading  memory  theories 
discussed  in  11.6.2  which  Involved  the  use  norms  of  semi-norms  to 

measure  the  memory  characteristics  of  a  material, m«y  be  regarded  as 

*  *  * 

■  memory  function  norms  for  materials  -exhibiting  normal  fading  memory 
characteristics.  Memory  function  norms  (semi -norms)  may  also  be" 
written  for  materials  exhibiting  other  memory  characteristics . 

For  example,  the  function  norm  ‘ 
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0(f)  -  |f(0)i 


(11-39) 


- - — -wayjJ^used  to  indicate  tKbt  the  memory  of,  the  material  Is  determined 

by  ^he  present  value  of  the  history  Implying  failing  memory  charac¬ 
teristics.  Permanent  memory  characteristics  may  he  characterised 
by 

*  p(f)  *  tae  atup  jf(s)J  .  (11~40) 

-  .  St[G,«0 

In  order  to  introduce  the  types  of  memory  .characteristics  discussed 
in  §11.6.1,  the  function  norm  will  be  written  in  the  form  r  ' 


■so 


O 


p(f)  *  p„(f)  +  Or(f)  . 


01-41) 


where  the  subscript  o  refers  to  a  velue  of  s  »  0,  end  the  subscript  r 

4 

denotes  the  restriction  to  the  open  interval  (0,«).  In  particular, 
the  memory  function  norm 


p(f)  *  |f{0)|  +  ej3  eup  |f(s)j  k(s) 
Ss(0,») 


(11-42) 


will  be  employed.  The  first  term  | f (0) I  introduces  the  Influence 
of  the  present  value  of  the  history,  and  the  secondHeim  Introduces 


iff 


Like  Coleman  and  Mizel's’[27,2£0  developments  there  is  an  atom 
in  measure  at  the  Current  time  in  this  decomposition. 

JVhe  motivation  for  consideration  of  a  memory  norm  in  this  form  stems 
from  the  earlier  work  of  Coleman  and  Noll  [2Q  and  Coleman  .  and 
Mizel  [27-29]. 
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memory  characteristics.  The  function  k  is  a  preassigned  positive 
function  which  is  bounded  and  measurable  on  (0,®).  It  can  be 
~31wwn  through  an  extension  of  an  argument  given  by  Coleman  and 
Mizel  [28]  that  if  k  is  essentially  monotone  decreasing  on  ’ 
(0*®),  then  this  last  term  gives  rise  to  normal  fading  memory 
characteristics.  This  proof  will  not  bs  given  here  since  it  Is 
quite  complicated  and  very  lengthy.  In  physical  theories  it  quite 
often  turns  out  that  fading  memory  is  characterized  by  decaying  ex¬ 
ponentials.  Thus*  the  function  k  may  be  assumed  to  be  of  the  form 


k(s)  *  exp(-ss)  ,  8  >  0 


(11-43) 


C 


to  exhibit  normal  fading  memory  behavior.  Permanent^rnemory  behavior 

Is  obtained  when  k{s)  ■  1  for  all  s,  and  elastic  response 

'  * 

may  result  when  k(s)  is  chosen  sufficiently  small. 

> 

A  further  discussion  of  the  memory  semi-norm  (42)  with  respect 
to  the  thermodynamic  developments  of  this  research  is  presented  in 
the  following  sections. 
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11.7  -FURTHER  DEVELOPMENT  OF  A  THERMODYNAMIC  CONSTITUTIVE  THEORY 
In  this  section  some  of  the  pertinent  results  of  the*  previous 
sections  are  summarized,  and  a  more  cotnpact  notation  is  Introduced 
to  simplify  subsequent  formalism.  Admissible  thermomeci.anical  and 
thermodynamic  processes  are  defined  precisely  and  the  Clausius-Duhem 
inequality  is  used  to  obtain  an  admissible  theraodynam' c  constitu¬ 
tive  theory  for  themomechanical  materials  obeying  the  fading  memory 
principle  proposed  in  the  previous  section.  Although  certain 
portions  of  this  development  parallel  those  of  previous  workers. 

It  will  be  observed  that  distinct  and  substantial  differences  exist 
between ,our  results  and  those  of  earlier  workers.  In  particular,  it 
will  be  noticed  that  in  most  cases  the  constitutive  theory  developed 
here  generalizes  and  combines  various  aspects  of  Coleman's 
[58,69,29]  thermodynamics  into  a  single  unified  theory  which  allows 
for  more  General,  and  more  meaningful,  physical  behavior  which  has 
heretofore  been  excluded  in  continuum  thermodynamic  theories 
proposed  for  materials  with  memory. 

11.7.1  THERMODYNAMIC  PRELIMINARIES 

This  research  is  concerned  with  simple  material  bodies  which  are 
subjected  to  thermomechanical  processes  only.  That  is,  a  nonpolar 
body  B  (body  couples  and  couple  stresses  are  assuned  absent)  is 
considered  which  is  subjected  to  only  combined  thermal  and  mechanical 
loading  situations.  The  specific  free  energy  the  specific 


G 


O 
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entropy  th  the  symmetric  stress  tensor  T  and  the  heat  flux  vector  q 
have  been  introduced  as  the  dependent  mechanical  and  thermal  consti¬ 
tutive  variables.  The  deformation  gradient  F  {equivalently  the 
right  Cauchy-Green  tensor  C)  and  the  absolute  temperature  e  are 
treated  as  the  independent  variables. 

The  mechanical  forces  acting  on  a  simple  material  body  b  are 
always  resolvable  into  a  body  force  field  and  a  field  of  symmetric 
stresses.  The  mass  density  p  has  been  assumed  to  be  continuous  at 
all  points  of  B  for  all  times  t,  and  it  has  been  further  assumed 
that  there  is  no  mass  diffusion  in  B%  however  the  body  is  allowed  to 
deform  and  conduct  heat.  A  material  point  in  b  is  denoted  by  X  and 

is  Identified  with  its  position  vector  X  relative  to  a  fixed  local 

12 

reference  configuration  s;.  The  spatial  position  of  the  material 

c 

point  X  at  time  t  is  described  by  the  motfon,  or  deformation,  of  the 

r  12 
particle  at  X  wif^  respect  to  the  reference  configuration  kq, 

x=x(X,t)  tll-44) 

A  therfnomecham'cal'X^rocess  in  b  is  characterized  by  eight  func¬ 
tions  of  X  and  t : 

TT - - — ' — 

We  use  the  notation  X  for  both  the  material  particle  X 
and  Its  position  vector  relative  to  the  reference  configuration 
k  .  It  is  supposed  that  the  context  will  prevent  any  undue 
confusion. 
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1}  The  spatial  position  in  3,  *  “  xU»i)* 

2)  The  absolute  temperature,  6  31  e{X,t)» 

(assumed  positive;  9  >  0)- 

3)  The  symmetric  Cauchy  stress  tensor, 

T  *  T(X,t). 

4}  The  specific  energy  per  unit  mass, 
e  *  -e(X,t). 

5)  The  specific  entropy  per  unit  mass, 
h  *  n(X,t)  • 

6}  The  heat  flux  vector,  - q  a  q(X,i). 

7)  The  specific  lody  force,  b  81  b(X*t)» 

(exerted  on  B  by  bodies  not  in  contact 

with  3).  /* 

8)  The  heat  supply  per  unit  mass  and  time, 

far  (X*i),  (absorbed  by  B  at  X  through 
radiation  from  the  external  world). 

Under  the  assumption  of  no  mass  diffusion,  the  above  set  of  eight 
functions  constitutes  a  local  thsmamechanieol  process  for  a 
nonpolar  My  3  If  and  only  if  the  local  foms  of  the  laws  of  balance 
of  energy  are  satisfied  at  all  material  points  X  in  3.  Actually 
only  the  first  six  functions  above  need  to  be  specified  to  determine 

*  t  «  and  a  have  been  specified  for 
the  process,  once  x»  &•  **  c*  n  8,16  q  B 


i*wc  of  con«ervat^on  of  mass  and  balance  of  moment  of  momentum 
,h4  Wvl  JlJ  dtSd  for  the  bodies  and  rations  cons^deredjere. 
in  particular,  conservation  of  mass  yields  vp/p0;  *  det  r  and  the 
balance  of  wment  of  momentum  requires  that  f  *  T  . 


11.74 


all  X  and  t  then  the  body  force  vector  b  and  the  scalar  heat  supply 

•  a 

are  uniquely  determined  by  the  requirement  that  the  process  satisfy 

y 

the  laws  of  balance  of  momentum  and  balance  of  energy. 

Under  suitable  smoothness  assumptions  In  a  sufficiently  small 
neighborhood  about  the  Interior  point  X,  the  local  law  of  balance 
of  linear  momentum  has  the  form 


div  T  +  pb  «  p£,  (11-45) 

and  the  local  law  of  balance  of  energy  is  written 


pe  *  T«L  -  div  q  +  pr  .  (11-46) 

The  dafom  xtion  gradient  at  X  relative  to  the  reference  configu¬ 
ration  tcQ  has  been  previously  defined  as  the  gradient  of  the  deforma-  . 
tlon  function  x(X,t), 

F  =  F(X,t)  s  yx(X.t)  .  (11-47) 

O 

The  motion  x(X,t)  has  been  assumed  to  be  a  smooth  homeomorphl sm  so  that 
F  is  always  continuously  invertible  in  b.  This  means  that  the 

■nr - - — — 

In  the  event  surfaces  of  discontinuity  exist  across  which  certain 
quantities  may  exhibit  jump  discontinuities  (45)  and  (46)  are 
replaced  by  the  appropriate  jump  equations  at  these  surfaces. 
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Jacobian  of  aSwith  respect  to  X  is  non  zero  in  B,  and  the  inverse 

\ 

-1  \ 

f  of  F  exists  and  f$  continuous  in  the  interior  of  B.  Thus,  as 
mentioned  previously,  the  mass  density  p  in  the  current  configuration 
at  time  t  is  related  to  the  mass  density  kq  in  the  reference  configu¬ 
ration  p ''  through  the  relation  < 

o 


(p/Pq)'1  =  det  F  ,  (11-48) 

where  the  reference  configuration  mass  density  p0  is  constant  in  time. 
Since  the  inverse'  F  ^  of  F  exists,  (47)  may  be  used  to  write  the 
velocity  gradient  L  in  the  fonn 

I.  6  F  F"1  .  (11-49) 


The  right  Cauchy-Green  strain  tensor  C  is  defined  in  terms  of  the 
deformation  gradient  by 


(11-50) 


Consider  the  specific  internal  entropy,  rw  as  composed  of  a  part  *ne 
representing  the  result  of  entropycflux  to  the  malarial  particle,  X,  and 
of  a  part  representing  the  result  of  internal  entropy  evolution  the 
material  particle  X,  so  n  *  ne  +  . 
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The  statement  of  Duhem  [75],  and  others,  that 


dS  =  — ~  +  dN 
with  dN  =  0 


(11-51) 

(11-52) 


was  intended  to  be  applicable  to  the  difference  between  two  equilibrium 

states,  A  and  B,  with  the  identifications 

°  d$,  the  total^dnange  in  entropy  S  of  a  macroscopic 
body  at  temperature  6  , 

o  dQ,  the  total  net  heat  change  in  the  body  and 
o  dN,  the  "transformation  noncompensde"  or  evolution 
of  entropy  occasioned  by  internal  irreversible  processes 
within  the  body. 


Assuming  that  natural  processes  require  a  finite  time  for  their  completion, 
is  defined  to  be  the  time  at  which  the  process  being  invest  qated  begins, 
and  tg  is  the  time  at  which  the  final  equilibrium  state,  B,  is  reached.  Then 


o 


(51)  and  (52)  may  be  written 


ill -53) 


and 


(11-54) 


It  is  understood  in  (53)  and  (54)  that  tA  is  independent,  that  is/^che 
process  may  be  started  at  any  given  time,  and  hence  the  above  definitions  are 
objective  with  respect  to  time.  Furthermore,  when  the  initial  equilibrium 
state..  A,  is  the  initial  rest^state,  the  lower  limit  of  integration  may  be 
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*  ,< , 


‘*1  . 


set  equal  to  t'.'  -  0  or  t.  =  -  ®»  without  1ossr  cf  generality.  Howeveri^e 

A  <v  ,  /  ■  ,  .'1  '  «  \  }  , 

>j>  t,  '  «*•  •*v  ' 

upper  limit  of  integration,  or  mole  specifically,  the  interval  of  Integration 

is  not  necessarily  an  independent  variable,  That  is,,  a  finite,  trime  Is  required 

for  the  body  to  respond  ,1 to  a  stimulus  and jtB  -  Isa  dependent  interval. 

This  depbndenv .delay  ^occurs,  for  example,  when  finite  conduct! vi ty ■ and  finite 

specific  heat  r.  ire-  ^’finite  inter  mV  fftir  thermal  equilibrium  to  be  reached/ 

••  <■  ,»  •  ,  ,  ( :  ' 
Similarly,  mechanical^  and  chemical  re  Taxation  processes^quire  finite  Inte'rVa^s 

of  time  for  equilibrium  to  occur  after  an' initial  disturbance.  \  % 

Equations  (53)  and  (^4)  are  global,  applying  to  the  entire  body.  For  * 

use  in  continuum  mechanics,  ij^s  desirable ‘‘to*  express  the  above  equations  in  % 

I  ZZr;**  ‘  '  ^ 

local  form.  Thus, -analogously  to  (53),  we  <fefi.n§  -  * 

1.  -  '•* ,  *  -  ’• 

-  1  *  -  •  • .  .'t  Vt '  **'  '  ' 

/  v  •  t  •  rt  •  t  ‘ 

r.i'divtaY  -  A.  •'  '..(11-55) 


Ur 


n 


e  9  p 

,  ^  0 

Carrying  out  the  divergence  operation vresults  (in 


•  .  _  r  di  v  q  <kq  . 

ne"  V  pp  ;  «e  . 

/  • 

where  g  s  grad  9,  the  spatial,  temperature  gradient. 
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The  Duhem  relations  now  become,  defining  m  as  the  specific  rate  of 

\  Am  N  .  «•  •  ' 

Internal  entropy  evolution  analogously  to  N, 


% 


Jpn  qx-  *  J pr’ie  dx  +  J*pn^  ’  dx 


\  " 


y  fP^d.  .-Je%div  q  dx  dx 

+ Jt pn^’dx 

with  all  inte^als  evaluated  over  the  interval  if tg]._ 

4*  . 
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(11-57) 


■T 
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Similarly,  relation  (54)  becomes 


o' 


h 


f  pm  dt  *  0 

'  .  i  *  t »  \ 


>.  •' 


(11-58) 


the  above  relation-will  be  termed  the  weak  postulate  of  entropy  evolution. 

,  *  .  V 

0  * 

■The  relation  (58)' permits  the  specific  rate  of  internal  entropy  to  assume 

/  ,  , 

negative  volues  so  long  as  the  integral  per  se  is  non-negative  over  all  allow- 

*  15-  , 

able  tins  intervals.  -  ,  . 

.  V  ‘ k  *“ ,  '  .  * 

foSNZATp-l  '(Weak  Principle  of  Entropy  Evolution)  -  * 

- - r~ - -  , 

■  ’’’he  focal  change  in  internal  entropy  between  any  two  equilibrium  states 

■  .  <  >  •  •  ;  •  .  v'  •  .v,  ^  7 

shall  be  non-negative,  that  is  •'  ■  •• 


n  •  ■  >  < 

f  pn^T  *■  0  '.  '  ■ 

■Vt.  , 


(11-58)  ‘ 


Tire  above  may  readily  be  written  so  as  to  include  state  discontinuities 

'  *  /  > 

with  respect  to,  time  wherein  ' 


[ni]  ^  0 


(11-59) 


Implies  that  the  internal  entropy  discontinuity  is  also  non-negative. 

•  decent  publications'in  contihuum  mechanics- have  put  forth  the ^so-called 

’  t 

-Clausius-Duhem  (C-D)  inequality  as  a  postulate  in  thermomechanics.  As  generally 
published,  the  C-D  inequality  isj$>t  the-same  as  (58),  which  Is  directly.^ 

/V'  ■  .  .  ■  ’  :- 

deri.vable  from  the  works  of  Duhem  ami  other  classical  thermodynami cists. 


^ITWTs  formulated  in  global  form,  the  implication .results  that  the 
internal  entropy  "change  m^y  be  negative  for  portions  /of  the  bos(ys  but  not  for 
the  entire  body,  however,  the  relation  must  hold  ror  any  portlotji  cf^jth^body, 

and  thus  the  lord  form  holds.  0 

'  .  *  > 
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The  C->D  inequality  as  generally  publisher's  Identical  to  the;  foil  owing  strong 

’  *  1 6  •  vi 

entropy  evblution  postulate'  [76] 

'  '  POSfVMTE  P.  (Strong  Principle  of  Entropy  Evolution) 

,  ■  '  o  * 

The  local  rate  of  change  of  specific  internal  entropy  ehall  be  hon-negativet 

j  • 

'  ,  i 

that  is  .  . 

'  i  j 

>  0  /  '  .  (D-6Cj)  \ 


•  It  is  obvious  that ’the  strong  principle  (60)  ii^Ties  thjs-we^Irpf^cTpTe- ^ 
(.58) *.  but‘that  the  weak  principle  does'  not  imply  ihe  strong  for  dependent  time 
ofreaction  intervals,  -  t^| 

•  *  *  t  « 

>  It- will' be  notlced  that  the  term  adiabatic  has  not  been  used  In  defining  ‘ 

t-  '  m  •  « e 

the  tsfcr  al ternate  forms  of  the  second  law  of  thermodynamics,  (58)  ard  (60). 

The  reason  is-' that  whereas  adiabatic  -has ''useful  meaning  for  global  bodies,  . 

*  r 

if  the  equivalent  to  adiabatic  for  a  local  formulation  would  be  ^ 

;  '  '  :  ‘  • 

.  „  *  r  ■£  *  0  ,  -no  energy  supply  from  external,  sources^  4 

0  < 

•  v  . 

■  w  •  °  div^=0  ,•  no  conductive  heat  flux.  . 

The  above,  on  ^  local  level,  imply  ni  energy  transfer  by  heat  at  a  material  point 
X  which  will  later  be  seen  to  ■'reply  a  materia]  with 

o  opaqueness  to  radiation  and  ; 

o  zero  thermal  conductivity.  -  '  *  .  ’ 

It  should  be  noted  that  all  phenomenological  relations  in  classical 
-(linearized)  thermodynamics  obey  both  the  strong  and  the  weak  postulates  of 


i 

‘rsThe  0*0  inequality,  for  example  in  Coleman's  work  [6&1»  uses  y=0  which,  on 
comparison  with  the  later  relations  developed  herein,  is  seen  to  be  identical  to 
(60).  ’ 
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entropy  evolution.  In  addition,  all  published  phenomenological  relations  in 

4  t 

the  thermodynamics  of  Irreversible  processes  (T. I. P. )  also  obey  both  postulates. 
However,  thd  basic  inequality, used  by  Prlgogine  [77]„or  especially  the  funda¬ 
mental  Inequality  used  by  Heixner  [78],  are  actually  weak  postulates  that 
anticipate  the  possibility  In  far  t**om  equilibrium  processes  that  n,  may  be 
negative  for  certain  times.  '  • 

8oth  Clausius  in  hls^lSoS  work  In.  which  ha.  stated 

r 

«•  .  5 

**  ;  .  S 

dS  *  ‘  .  '  •  (11  ~61 ) 

•  ,  ’  ,  j  ^  . 

S  *  1  r  * 

and  Duhem  In  1888  where  he  stated  ♦  • 


dS  *  +  dN 

dN  =  0 


(11-62). 


•  could  be  said  to  have  anticipated  our  strong  principle  of  entropy  evolution. 

*  .  *  e  '  O  ' 

However,  it  was  Coleman  [©8],  who  first  preciselyset  it  down  as  a  postulate  in 

continuum  mechanics.  ‘ - 

■''***.  ,  '  "  '  , 

Before  concluding  this  section,  we  set  down  a  lemma  to  Postulate  2 

’  -  ,  v  .  *  . 

-  LEMMA  1  .  (Strong  Principle  of  Entropy  Evolution)  * 

\  .  ,  .  *  * 

The  internal  specific  entropy  r)^  ia  a  weakly  r/ionotonically.  increasing 

function  of  time. 


The  prooKts  straightforward  from  (60)  ;  **  * 

* 

> 

S°“-  with  .appropriate  smoothness  assumptions,  the  decomoos iti on 


*  *  ne  +  n1 


leads  to^the  rate  equation 


n  *  ne  VM 


V-n  -  ne 


( 1 1 -63 ) 

(11-64) 

(11-65) 


which,  with  (56), yields 


11.81 


-  n  -  t»79)  +  (pef 1  diiNfk  (pcrT1  q-g 


\  I  I  '  W  j 


Introducing  the  fi  1 


stress  tensor  $»  defined  by 


S  •  (p/p,,.)'1  T(FT)_1 


01-67)  Q 


the  local  balance  law  (46)  may  be  written  in  the  alternate  form 


p.e  *  (p/t>0)  S'F  -  dlv  q  +  pr. 


(11-68) 


' •'Inserting  (68)  Into  (66)  the  strong  fora 


>nj  =  3n  "  e  +  p0  ^  S-F  -  (p6)  ^  q-g  >_ 


01-69) 


1:1 


of  the  local  rate  of  entropy  production  is  obtained.  .  . 

•  %  ,  „  a 

'The  epeei fie  free  energy  i>  (Helmholtz  free  energy  per  urflt  mass) 
is  defined  by  . 


f  K  e  -  0n 


01-70). 


Noting  that  l>  =  |  -  en  -  en *  may  ^  written  in  still  another  fom; 


er^  *  -  {♦  +  8n)  •>  pQ  ^  $*F  -  (p@)  ^  q-g  =  t)’  9 


(11-71) 


11.82 
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This  inequality,  known  as  the  C lausius-Duhem  inequality,  is  of  prime 
importance  in  determining  restrictions  on  the  acceptable  forms  of 
'  the- constitutive  functionals  for  admissible  processes. 

A  local  themanechar.ical  process  in  B  is  said  to  be  an  allowable 
local  tnsrmomechanical  process  if  it  is  compatible  with  the  local 

.  V  * 

balance  Uws  (45)  and  (46)  and  if  it  satisfies  the  postulate  of 
/ 

positive  rate  of  entropy  production  expressed  by  (71).  Evidently, 

,  then,  an  allowable  themomechanicai  process  is  a  thermodynamic 

process.  A  thermodynamic  process  is  said  to  be  an  admissible  thermo¬ 
dynamic  process  if  it  is  compatible  with  the  constitutive  equations 
at  each  point  X  of  B  for  all  times  t.  From  previous  discussions  it 

is  observed  that  for  every  choice  of  the  deformation  function  x  and 

0 

the  absolute  temperature  e,  as  functions  of  X  and  t,  there  corresponds 

a  unique  a<fe*fssible  thermodynamic  process  in  B.  The  spatial  position 
x  *  x;X,t)  and  the  temperature  e  *  e(X,t)  determine  the  Independent 
constitutive  variables.  The  constitutive  equations  then  yield  p,  n, 

T  (or  5),  and  q,  from  which  the  internal  energy  -t  =  +  6n  may 

be  calculated.  The  body  force  vector  b  and  the  heat  supply  c  may 
then  be  uniquely* determined  from  the  local  balance  laws  (45)  and 

(46)  or  (  68)  Although  the  body  force  b  and  the  heat  supply  o 

- 1 

determined  in  this  manner  appear  $6*  be  somewhat  artificial  In  nature, 
in  studying  the  restrictions  imposed  on  the  constitutive  functionals 
by  the  Clausius-Buhem  Inequality  this  result  allows  arbitrary 

t 

specification  of  certain  independent^  variables  with  the  knowledge 
that  there  will  exist  admissible  thermodynamic  process  correspond-' 
Ing  to  this  choice.  ’  ./ 


11.7.2  CONSTITUTIVE  ASSUMPTIONS 

The  axiomatic  development  of  [31]  leads  to  the  following  foms  for 

17  - 

the  constitutive  equations  : 

*  »  p  { C* ( s ) ,  et(s),  (Ft(s))V(s);  Xi  ,  *  (11-72) 

S“0 

.  '$  «  S  {C*(s),  e*(s),  (Ft(s))V(s)i  X)  ,  (H-73) 

s*o 

n  «  h  (Ct(s)t  e4(s),  (F*(s))V(s);  X)  ,  (11-74)  . 

s*o 

-  q  -  a  {C*(s),  9*(s),  (Ft(s))V(s);  X}  ,  (11-75) 

s*o  - 

» 

where  S  and  $  are  respectively  tensor  and  vector-valued  functionals 
and  p  and  h  are  scalar-valued  functionals  defined  over  the  field  of 
real -valued  functions  C4,  e4,  F4,  and  g4  of  s  for  0  ;<  s  <  »  and  for 
each  fixed  X  in  B.  In  these  equations  the  independent  variables 

c 


^Eyen  though  thermomechani cal  and  thermodynamic  processes  have  been 
formally  defined. in  terms  of  the  symmetric  Cauchy  stress  tensor  T, 
it  turns  out  to  be  simpler  in  applications  to  employ  one  of^the 
Piola-Kirchoff  stress  tensors.  This  result  follows*  from  the 
fact  that  the  stress  tensor  T  is  referred  to  the  .  „ 

current  deformed  configuration  whereas  the  strain  measurq 
employed  here  (i.e.,  C)  is  referenced  to  the  undeformed  reference 
configuration  <0,  and,  in  developing  a  constitutive  theory  using  the 
right  Cauchy-Green  tensor  C  it  is  more  appropriate  ,to  also  use  a 
stress  tensor  which  is  referred  to  the  undeformed  reference  configu¬ 
ration.  ..The  first  and  second  Piola-Kirchoff  stress  tensors  satisfy 
this  requirement,  however,  for  our  purposes  here  we  will  proceed 
with  only  the  first  Piola-Kirchoff  stress  tensor  S. 

/ 

11.84 

<  * 
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C^(s),  e*(s),  F*(s)  and  g^U)  denote  respectively  the  histories  of 
the  right  Cauchy-Green  strain  tensor  C,  the  absolute  temperature  8, 
the  deformation  gradient  F  and  the  gradient  of  the  temperature  in 
the  current  deformed  configuration  up  to  time  t.  That  is,  for 
example. 


(f  (s)  s  C(t-s)  ,  0  <  s  <  »  . 


(11-76) 


The  other  histories  et?  F*  and  g*  are  defined  in  an  identical 
manner. 

The  constitutive  equations  (72)  through  (75)  satisfy,  the 
fundamental  axioms  of  thermomechanical  constitutive  theory,  however  in 
the  sequel  !;e  intervening  manipulations  are  considerably  simplified 
if  the  following  slightly  different  set  of  constitutive  assumptions 
is  employed: 


p  {F*,  e*; 

g)  > 

(11-77) 

Se0  j 

! 

S  {F*i  Qtl 

g>  , 

(11-78) 

s*o  '  j 

j 

1 

.  i 

11.85 

/ 

t© 

n'"  h  (F^s  eti  g)  , 

5*0 


(n-79) 


q  *  <2  (F*»  e*;  g>  . 
$*o  - 


Oi-so) 

@ 


%y 


The  min  difference  between  this  set  of  constitutive  equations  and 
the  previous  set  (72)  through  (75)  is  a  result  of  relaxing  the 
fr^ea- Indifference  requirements  with  respect  to  arbitrary  orthogonal 
changes  of  reference  frame.  Space  and  time  translation  Invariance  is 
still  observed  however.  Relaxing  the  requirements  for  Invariance 

I 

under  arbitrary  rotations  allows  use  of  the  deformation  gradient  F  in 

t 

place  of  the  right  Cauchy-Green  tensor  C  and  g  In  place  of  F  g.  As 
a  result,  however,  the  response  functionals  in  (77)  through  (BO) 
are  different  from  those  In  (72)  through  (75)  even  though  we 
continue  to  use  the  same  notatibn  for  convenience.  The  constitutive 
equations  may  be  rephrased  in  an  objective  fqrm  rather  easily  follow- 

c 

Ing  our  study  of  the  consequences  of  the  Cl ausi us-Duham  Inequality. 

A  physical  restrietlonhas  also  been  introduced  Into  the  set  of 

constitutive  equations  (77)  throiigh  180)  which  Is  not  a  direct 

\ 

consequence  of  the  axiomatic  development.  Namely,  it  is  supposed  • 
that  the  response  functionals  are  functions  of  only  the  current 


11.86 


value  of  the  .tempera tore  gradient  at  the  material  point  X. 18 

v- 

In  writing  the  constitutive  equations  (77)  -  (8u)  explicit 

dependence  on  the  material  point  X  has  also  been  omitted  for  notatlonal 
convenience,  in  the  .discussions  that  follow  it  is  immaterial  whether 
or  not  the  body  B  is  materially  homogeneous  or  inhomogeneous.  All  of 


“The  j us tl  fi catl on  for  this  assumption  is  based  on  the  fact  that  there  Is 
presently  no  physical  evidence  which  suggests  that  the  respons  functionals 
should  be  Influenced  by  the  history  of  the  temperature  gradlen*.  Mathemati¬ 
cally*  this  assunfitlon  is  equivalent  to  assuming  that  the  history  of  the 
temperature  gradient  is  sufficiently  smooth  to  allow  a  Taylor's  series 
representation  in  time  about  the  current  time,  and  then  neglecting  all 
terms  beyond  the  first  term.  Although  this  assunption  appears  physically 
reasonable,  it  is  in  direct  contradiction  to  the  formal  axiomatic 
development  [31],  If  dependence  on  the  entire  history  is  initially 
assumed  then  it  can  be  shown  that  dependence  on  the  pasrhlstory  of  gt 
tsust  be  retained  in  the  ^ree  energy  functional  p.  In  a  previous  result 
the  author  [79]  demonst  -tej  that  the  .restrictions  irtposed  on  the  con¬ 
stitutive  equations  by  *«ie  Clausius-Duhem  inequality  are  quite  sensitive 
to  the  initial  constitutive  assumptions.  It  was  further  argued  that  the 
formal  development  of  a  thermomechanical  constitutive  theory  required  a 
consistent  set  of  constitutive  assumptions'.  In  accord  with  this  idea  one 
may  argue  that  the  history  of  the  temperature  gradient  should  be  included 
In  the  list  of  Independent  constitutive;  variables.  If  this  argument  is 
accepted  then  one  must  look  elsewhere  for  thermodynaml c  restrictions. 

One  possible  source  of  obtaining  thermodynamic  restrictions  which  has 
not  as  yet  been  fully  explored,  has  been  suggested  by  Fitzgerald  [30] 
extended  slightly  by  Hufferd  and  Fitzgerald  £79]  and  recently  put  on 
a  more  rigorous  foundation  by  Fitzgerald  [23 J.  On  the  other  handl 

however,  great  care  must  be -exercised  in  the  formal  development  of  con¬ 
stitutive  theories,  which  are  not  sufficiently  guided  by  physical  experience. 
Such  theories  will  always  bo  extremely  cumbersome  to  work  with  and  may 
not  relate  substantially  to  physical  reality.  The  approach  adopted  in 
this  study,  as  noted, ‘has  been  to  introduce  formalism  only  when  physical 
experience  is  unavailable.'  * 
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the  arguments  used  subsequently  are  valid  in  either  case.  Each  of 

the  arguments  of  the  response  functionals  depends  on  the  material 

* 

position  X  and  hence  on  the  reference  configuration  kq.  If  a 
reference  configuration  can  be  chosen  such  that  all  of  the  response 
functionals  are  independent  of  X,  then  the  body  is  said  to  be 
materially  homogeneous  and  all  points  X  in  B  are  equivalent.  If  no 
such  configuration  can  be  found  then  B  is  said  to  be  materially  in- 
horrtbgeneous  and  the  position  of  the  material  particle  X  must  be 
explicitly  considered. 

For  notational  convenience  the  arguments  of  the  response  func¬ 
tionals  in  (77)  -  (80)  wiyjje  replaced  by  the  set 

{F*,  e*;  F,  e,  g) 


\ 

where  the  subscript  r  denotes  the  restriction  to  the  open  Interval 
s  e(0,»),.and  where 


F  s  F*(0)  *  F(t)  , 

(11-81) 

-  e  =  e*(0)  ■  e(t)  . 

(11-82) 

The  functions 

\  F*(s)  s  Ft(s)  ,  0  <  s  <  »  ; 

(11-83) 

and 

e*(s)  *  e*($)  ,  0  <  s  <  « 

(11-84) 

are  called  the  p asi  histories  up  to  time  t  of  the  deformation  gradient 
F  and  the  temperature  e,  respectively.  It  is  required  that  the  his¬ 
tories*  have  a  limit  at  s  a  0,  typically  defined  by 


F  =  lim  F*(s)  . 
r  s*0  r 


(11-85) 


11.83 


In  generis!,  Fr  4-  F  and  sr  f  e.  Thus  introducing  the  past  histories 
F*  and  0^  allows  for  a  jump  discontinuity  in  the  deformation  gradient 

and  the  temperature  at  the  current!  time  t.  Had  we  continued  to.  use  the 

i 

total  ft* story  (so.,,  r ^ (s)  =  F{t-s};,  0  <_  s  <  «=)  or  the  difference 

history  defined,  for  example  by  j. 

i 

i 

Fj{o)  =  Ft(s)  -  F(tj  ,  0  <  s  <  (11-86) 

Q  I 

1 

l 

jumps  in  the  recent  history  would  hot  be  allowed  without  the  introduc¬ 
tion  of  auxi 1 1 i ary  histories.  Evidently,  for  smooth  recent  histo¬ 
ries,  F„  =  F  and  8*8. 
r  r 

Subsequent  notation  can  be  further  simplified  by  introducing  the 
notation  A  to  denote  the  ordered  pairs  (L ,X)  with  L  a  second  order 
tensor  and  a  a  scalar.  With  the  definitions 

aAj  +  8A2  *  a(Li,Aj)  +  P(L2»a2)  =  (aLj  +  6l-2»  otA j  +  0X2)  (11-87) 
and 

Aj  •  A2  =  (Li.M)  •  (L2,a2)  *  tr(L1L2T)  +  XiX2  (11-88) 

\ 

the  collection  of  all  A's  forms  a  Euclidean  vector  space  ^lcj  of  / 
dimension  10  with  the  natural  norm  •  *  • 

| A |  *  (A-A)*4  *  ‘(trLL*  +  ^ 

*The  set  of  vectors  of  the  form 

r--(F.e)  " 


»  v  ’ 

**  „tii 

(11-89) 

(n-9o) 


n.89 
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with  F,  the  deformation  gradient,  an  invertible  tenscfr,  and  e,  the  ( 

S  r 

temperature,  a  positive  number  form  a  cone  C  ih  '/^"0)'  .The  history' 
up  to  tirpe  t  of  the  'deformatioii^radierit  and  the  temperature  9in  a  local 


^ * 


i 

/  . 
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process  is  denoted  by  th$  <f unction  ■  / 

t 

t*  *  (FVe*)  ■« 

«<  * 

mapping  the  extended  hon-ndgative  real  axi-s  lJ,«)  into  C: 

"  *  «  ' 

4-  -V  .  t 

.  >*(s)  =  [Ft(sh  e*(s)3-C  e  ,  S.e  [0,»)  .  ;  01-92) 


The  restriction  tc  the  open  interval  (0,  »)  is  denoted  by '"•he  sub- 

'  *  -  .  v  4  • 

script  r:  . 


/ 

.  <3 


r*(s>  =  [F*fs),  ejte)j  e  Cr,  s  e  (0,»)  , 


01-93.}. 


where  C-  is  a  cone  in  the  space  o£  past  hlstorjes.-  The  strese-entrcpy 
pair 


'  z{t)  =  [pq1  SO),  - n (*)] 


(0-94)  •' 


at  time  t  is  also  an  element  of  y 


(io)  * 


With  the  above  shorthand  notations,  the  constitutive  equations 

*  t 

( 77 )  through  (80)  may  be  written  in  Ihe  simplified  form 

4  '  < 

•  11.90  ^  ,  :  '  n 


Q 


(-  M 


y/ 


.  * 


o- 


r 


t  s  p  (rf;  r,  gi 


.  s-o 

Ji 


(IT-95) 


i  -  s  {r;;-r,  g}  ,, 
'  s=o  r  . 


(n-96) , , 


Q'  ~  (rr;  r,  9 }  * 

s-o 


(11-97) 


wftare  the  functional  H  has  the  component?  * 

J 


5  =  (p«  5»  "  M  * 


(11-98] 


Xlln  terms  of.  the  above  definitions  the  Clausius-DuhenMnequality 
■  "  ■  ••  "•  ■  ’•  / 

(66)  may  be  written  in  the  form  - 

¥  » 

-  ;  '  (;  * 

*  -  e-t  +  (pe)"1  q-g  <  0  .  •.  (m-99) 

■  ■  ‘  ■  ,  .  '  .  . 

•*  <*  *  ' 

Equations  (95)  -  (97)  are"  the  form  of  the  constitutive  equations, 
and  (99)  is  the  form  of  the.  Claus lus-Dubem  inequality  which  will  be 
employed  in  subsequent  discussions.-  * 

Some  of  the  concepts  and  requirements  of  the  fading  memory  seml- 

•  *  V  '  , 

norm  introduced  ljvill.6.3  will  now  be  recalled  and  discussed- in  ,rel& 

■ .  ’  *  »  ,  • 

to  the  smoothness-  of  the  constitutive  functionals  p,  =  and 

.  ,  *  / 

The  Banach  function  space  of  Lebesgye-measurable  functions 

mapping' (0,.)  into  will  De  denoted  by  8r.  The  norm  on  8f  will 
be  denoted  by  |j-||r*=  pr(*)-  In  particular  we  will  be  interested 
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ft*  '' 


r 


in  the  set  of  elements1  of  Sr  mapping  (0,»)  Into  the  cone  S  discussed 


,  ^ 

Cr  *[r  ■  (F 9e )  1  r  cy^ydet  F  >  0,  a  >•  oj  ,  (11 1100) 


,  <  > 

The  set  of  elements  of  8  corresponding  to  functions  mapping  (0,») 

•  I  V  ”  r ' 

!■  into  Cr  forms,  in  turn,  a  cone  in  8f.  - 

7  The  properties  of  the  memory  function  hom  have  been  discussed 
•’  "  i  •  • 

in  §11.6. 3.  it  is  recalled  that  space  Br  is  required  to  have  the  fol- 

lowing  properties:  -  ”  >  * 

o  ,  3  ' 

i)  The  constant  funptions  are  in  Br;  i.e..  If 
n  is  in  ^10j  then  the  function  u(s)  *  o 
for  s  e(Q,»)  is 'in  8„.  •  .  '  •*  • 

11)  "(ha  space  X  contains  alt  Tight  and  left  '  x 

•  •'  c  ^  *4; 

,  ,  ,  translates*  of  its  elements.  If  i>  is  in  \ -  .  .  ' 


Bf,  then  -for  each  O  0  the  right  trans¬ 
late  and  the  left  translate  T^y$ 
defined  by 


|  0,  0  s  S  £  6 


,  5  <  $  <  *  : .  0 


(11.101) 


T/fUls)  *  ^(s+5)  .  0  <  r<  “ 


(11.102) 


are  also  in  B„. 

r 
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The  set  of  all  Labesgue  measurable  functions  A*  which  map  [0,»)y 
Into  ^10j  and  satisfy 


Kiir  <  * 


(1 1 .103) 


d 


Is'  dencted  l?y  B  and  Is  called  the  apace  of  total'  Matoriea.  The 

'  / 

elements  of  8  are  functions  which  take  on  values  in  V/,  \  with  the 
•  (.10; 

property '  - 


A  {0)| 


<  o 


(11.104). 


Introducing  the  function  norm 


11**11  *  |S*(s)l  +'  ! jA*| |r 


(11.105) 


with  the  usual  identification  of  equal  functions  8  is  a  Banach  space. 

,  l  c-  < 

Thus  the  norm  (icfc)  may  be  takers  to  be  of  the  form  given  by  (42); 

*  \  X  ' 


VI  -ET 


S  |A*|  I  =  |A^(C)j  +  088  aup  !a^(s)|4c(s)  . 

'S  e(0,“) 


(11 .105} 


..t 


-  < 

c- 


The  elements  of  8  corresponding  to  functions  r.  mapping  [0,»)  into 
/  •  - 

the  cone  e  form  a  cone  C  in  b  -and  it  ^'s  assured  that  for  each  fixed 
value  qf^g  in  v ^  the  domain  of  the  functional  p  5  and  $  are  this 
cone.  "  * 


*5 


V 
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The  constitutive  functionals  p,  5  and  $  are  assumed  to  be 

continuous  over  their  entire  domain  of  definition  C  t  V.<\ 

"  ,  '  "  \3/ 

relative  to  the  norm  .{4  06),  on  the  total  histories  and  the 

usual  norm  ) * |  on  It  is  further  assumed  that  the  free-energy 

^mctjional  p  is  continuously  Frechet- differentiable.  That  is,  when- 

N  * 

ever  ♦  and  v  are  such  that  r*  +  *  is  in.  C  and  v  is  in  Vf„\ 


✓  »' 

'  pjr*  +  a;  g  +  v)  *  p^;  g)  +  5p{r^;  g|$) 


(fl-107) 


+  3 gp(r*;  g)-v  +  o(i!*!l  +  | v! )  , 


(11-ioa) 


where  6p{r*;  g|-)'1s  a  linear  functional  defined  on  8  and  such  that 
«p{ rS  g|*)  is  jointly  continuous  in  r*,  g  and  $  for  all  r4  e  C, 
g  c  and  $  e.B,  while  g)  is  jointly  continuous  in  r*  e  C 

and  g  t  with  values  in  i^3j,  and 


1  |$i  | + j  v  S  1*1 1  +  iv 


(11-109)- 


•  * 

The  function  r  is  defined  by 


rc(s).-^'r‘(s).^r(T!| 


j  T*t-S 


•  *  £ 

for  almost  all  s'eCO,^).  The  function  is  defined  by 


•  (11-110) 


11.94 


rr*s*  *  F  r*T)  (n-no) 

T=t~S 

\ 

for  almost  all  s  e(0,®);  r*  Is  just  the  restriction  of  r*  to  (0,»). 

Finally  r  Is  defined  By 

J  .  - 

9 

il.7.3  THERMODYNAMIC  RESTRICTIONS  ON  CONSTITUTIVE  FUNCTIONALS 
It  follows  f ran  the  smoothness  assumption  for  p  that  the  tine 
‘derivative  of  y  exists  at  t  and  is  given  by 

,  '  i 

*(*)  e  «p( r4;  &|r*)  +  g)-g  ,  (11-112) 

with  r*  given  by  (109).  The  assumed  differentiability  of  p  implies 

•  V 

the  existence  and  continuity  of  the  partial  derivative  operators  s^p 
and  D  p.  def i  ned  by  [31  ] 

p(r*  +  r’9>  =  p(r^  9)  +-«rp(r%  g|*)  ♦  o(|J*||r),  (11-113) 

p(r*;  r  +  o,g)  *  p(r£;  r,g)  +  Drp(rc;  g)-n  +  o(|nj)  .  .(11-1.14)  * 

These  equations  hold  throughout  the  domain  of  p.  Using  013)  ,£n<f 
(114)  the  Clauslus-Duhsm  inequality  (99)  fflay  t,e  written  in  the  form 

* 

<"*  ' 

/ 

/ 


r(t)  =  (F(t),  e(t))i -  r*(s)  ■  (11-111) 

s=0 
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(11-1150 


\- 


[H(r^;  g)  -  Drp(r*;  g)]*f  -  6yip(r*i  g|f*) 

-  (pe)”1  ^(r^;  g)*g  - SgpCr*;  g)-g  >.0  . 

Recalling  previous  comments,  r*  *  (F^.e^e  C  and  gft)s  v,^  may 
be  arbitrarily  selected  with  the  assurance  that  there  will  exist  at 
least  one  admissible  local  thermodynamic  process  corresponding  to 
this  choice.  Furthermore  g  may  be  chosen  independently  of  r*  and 
g.  Thus  from  (115)  it  Is  deduced 

y,  *  % 

,  t 

'  3 gP  *  0  .  "  (11-116)  ,  • 

Thus  the  free  energy  functional  p  is  independent  of  the  (current)  value 

*  %■ 

of  the  temperature  gradient.  The  Inequality  (115)  may  thus  be 
wri  tten 


[s(r*;  g)  -  Drp(r*)]-r  -  s^r^r*)  “  (pe)rla(r*s  g)-g  >_  0  . 

(11-117) 

Th^j  procedure  followed  from  this  point  on  by  previous  workers 
has  been  to  claim  that  f  may  be  arbitrarily  selected  and  thin  to  re- 


‘  quire  the  generalized  stress  functional  h  to  be  independent  of  g. 

This  procedure,  as  we  shall  note  subsequently,  creates  difficulties  , 
for  certain  processes.  An  alternate,  equally  acceptable  and  possibly 
more  useful  approach  in  describing  real  material  behavior  Is  outlined 
here  which  removes  some  of  these  difficulties.  A  detailed  discussion 
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and  Intrapretation  of  the  assumption  Introduced  and  the  results 

* 

obtained  here,  as  well  as  a  comparison  with  previous  thermodynamic 
theories  Is,  delayed  until  the  following  section. 

-  A 

It  Is  first  noted  that  the  generalized  stress  functlbnal  may 
be  decomposed  In  the  following  manner  [31]: 


s(r*;  gj  -  se(r*)  +  oSfp*;  g) 


(11-118) 


where  s0  Is  a  functional  of  r*j  Independent  o^’g,  and  0h  Is  a  func-  > 
tional  of  r*  and  a  function  of  g.  Next,  In  analogy  with  previous 


thermodynamic  theories  the  association 


(11—119) 


Is  (warned Introducing  (118)  along  with  (119)  Into  (116)  It 
Is  concluded  that 


,=(r*;  g)-r  -  «pjo(r* |r*)  -  Pe']  a(r*;  g)-g  >_0. 


(11-120) 


The  quantity  s  defined  by 


«  a  [o=(r*;  g);r  -  6^p(r*|r*  )] 


(11-121 ) 


Is  called  the  internal  dissipation.  Thus,  (120)  simplifies  to 


/ 


the  rsduoed  dissipation  inequality. 


p06  >_  q*g 


(11-122) 


11.7.4  DISCUSSION  OF  RESULTS  AND  COMPARISON  WITH  PREVIOUS  THEORIES 

N - — . 

The  restrictions  Imposed  on  the  constitutive  functionals  and 
admissible  processes  by  the  requirement  that  the  local  rate  of  entropy 
production  be  non- negative  are  embodied  In  the  assumption  (119)  and 
the  dissipation  Inequality  (122). 

In  order  to  demonstrate  the  motivation  for  the  develooment  of 

*  i 

the  last  paragraph  in  the  previous  section  and!  to  demonstrate  the 

v"  ' 

limited  applicability  of  previous  thermodynamic- theories  we  return 
to  (117)  and  explore  In  greater  detail  the  restrictions  Imposed  on 

*  V  u 

admissible  processes  and  the  resulting  constitutive  functionals.. 
Equation  (117)  Is  Interpreted  as  imposing  restrictions  on  admissible 
processes  as  well  as  constitutive  functionals.  The  space  of  histories 
(processes)  for  which J  (1T7)  Is  postulated  to  be  valid  ‘includes 
histories  that  are  smooth  at  the.  current  time  as  well  as  histories 
'  that  exhibit  jimp  discontinuities  at  the  present  time.  For  histories 

that  possess  jumps  at  the  present  time  it  is  argued  that  r  may  be 

•  *  , 

specified  Independently  of  r  and  g.  One  then  concludes  that  the 
generalized  stress  functional  =o  is  independent  of  g  and  Is  deter¬ 
mined  from  the  free  energy  functional  through  functional  differentia-, 


9k. 

tion;  1 .e. , 


4?*)  =  Drp(rt)‘ 


(11-123) 


O 


G 


\ 
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The  internal  dissipation  6  is  then' defined  by 


s  V<r*IV  (11-124) 

and  the  dissipation  inequality 

p05  >_  q*§  (11-125) 

results. .  Since  6  is  Independent  of  g,  we  may  set  g  =  0  and  obtain 

6>Q.  (11-126) 

That,  is,  the  Internal  dissipation  is  non-negative.  This  latter 
Inequality  i$  interpreted  as  a  statement  that  the  Clausius-Duhem 
Inequal ity-implies  the  Cl ausius-Planck  inequality  [31], 

From  (124)  it  is  noted  that  histories  with  jumps  at  the  present  time 
are  incapable  of  exhibiting  Instantaneous  dissipation. 

The  above  argument  is  supposedly  valid  for  all  histories.  How¬ 
ever,  it  is  not  applicable  for  histories  which  are  smooth  at  the 
present  time.  For  histories  which  are  smooth  at  the  current  time  r 

may  not  be  selected  independently  of  rj,  In  particular  it  is  required 
•  *  , 
that  r  be  the  limit  of  the  restriction  v  as  s  +  0.  In  this  case  one 
(  4 

N 

cannot  conclude  that  =  is  Independent  of  g,  and  hence  the  subsequent 
arguments  are  not  valid. 


Returning  now  to  (118)  we  explore  the  validity  of  the  arguments 
leading  to'  (122)  for  histories  which  are  smooth  at  the  current  time. 
The  decomposition  (118)  is  motivated  by  experience  with  simpler 
theories  of  materials  of  the  differential  type.  These  materials  have 
be^n  studied  by  several  workers  including  a  recent  in-depth  study 

by  th»  -others  £79]. In  this  work  the  author  noted^that  a  decomposition 

%  1 

such  as  (11$)  may  be  obtained  for  the  stress  for  general  nth-order 
Rivlin-Erlcksen  materia. i  with  one  component  of  the  stress  derivable  . 
from  a  (non-equilibrium)  potential,  while  the  other  component,  called- 
the  extra  stress,  may  be  associated  with  higher  order  dissipative 
mechanisms.  In  the  situation  here,  the  generalized  stress  functional 
E  has  one  component  =0  which  is  derivable  from  the  'non-equilibrium 

i 

free  energy  functional  p,  while  the  remaining  component  0H\ gives  rise 

*  t 

to  instantaneous  dissipation.  The  assumption  embodied  in  (119)  Is. 
motivated  by  two  sources;  first,  (119)  is  a  result  of  application,  of 

the  Clausius-Duhsm  inequality  for  histories  with  jumps  at  the  present 

» 

time,  and  secondly,  a  similar  expression  is  obtained  in  studies  of; 

V 

*. 

materials  of  the  differencial  type.  The  association  (119)  leads  to 
the  definition  of  the  internal  dissipation  gi^en-by  (121)  in  - 
contrast  to  (124)  it  is  observed,  that  histories  which  are  smooth  at 
the  present  time  give  rise  to  instantaneous  dissipation.  This  is 
clearly  a  desirable  property  for  viscous  materials  and  general  Inelas¬ 
tic  deformations  such  as,  for  example,  plasticity?'  It  is  noted  that 
}  the  dissipation  inequality  (122)  is  formally  identical  to  (125)  with 
the  exception  that  <$  is  given  by  (121)  in  place  of  (124)  It  is 
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-’***'*  *  *  at  *  •  r?i  Y 


also  observed  that  for  smooth  histories  at  the  present  time  6,  given 
by  (122),  is  not  independent  of  g  and  hence  (126)  cannot  be  concluded. 
Thus,  the  internal  dissipation  may  be  negative  in  histories  smr.  £h 

at  the  present  time.  .  The  internal 

> 

dissipation  is  the  amount  by  which  internal  working  exceeds  the  rate 
of  grewth  of  internal,  energy  less  heat  storage,  or  alternatively  6/e 
is  the  amount  by  wMch  the  entropy  growth  pn  exceeds  the  quotient  of 
non-mechanical  power  by  temperature.^  Roughly  speaking,  a  negative  \ 
internal  dissipation  then  means  that  energy  can  be  added  to  a  body 
at  rate  faster  th»n  it  can  be  dissipated  by  internal  stress  working* 
or  heat  storage.  This  result  is  not  physically  unreasonable.  Thus,; 

c 

the  requirement  of  strictly  non-negative  dissipation  is  not  implied 
by  the  Clausius-Duhem  inequality  (except  in  a  homothermal  field)  for 
histories  continuous  a*  the  current  time.  .  This  requirement  may  be 

met.if*the  less  restrictive  and  less  general  Clausius-Planck  inequality 

«  ..  * 

is  assumed  to  hold  (see  [31]  )•  -  *  ’  .  .fc 

From  the  above  discussion,  (\18)  through.  (122)  give  reasonable 

restrictions  on  the  constitutive  functionals  for  histories  smooth  -  , 

at  the  current  time,  whereas,  the  approach  and  arguments  of  Coleman' 

1  '  .r 

and  others  are  inapplicable;.  It  is  easily  shown  that  these  results. 

also  reduce  to  previous  results  (123)  through  (126)  for  histories 

•> 

with  jumps  at  the- present  time.  For  histories  with  a  jump  at  the 
•  •  * 

present  time  r  is  independent  of  in  (123)  and  the  inequality  (123) 

t? 

.holds  only  if 
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'  / 


oH  -  0  .  „  t  (11-127) 

9 

Hence,  (121)  reduces  to  (1247  and  (119)  follows  as  a'result,  as 
well  as  (126). 

In  conclusion,  it  is  apparent  that  the  development  presented 

’  .  r.  •  *  -  .v 

here,  which  is  based  orf  the  reasonable  assumption  (119)  generalizes 

Coleman's  results  to  include  sifiooth  histories  at  the  present  time,, 

^nd  also  contains  his  results  for  histories  with  jumps  at  the  present 
'•  c  ^  ♦  • 

time.Nrnis  development  leads  also  to  the  physically  desirable  result 

that^instaintaneous  dissipation  is  allowed.  JFinalfy,  „1t  is  noted  that 

in  practical'  phys^ (^situations  jump  discontinuities  do  not  occur. 

Before  cluing  th^s  discos  ion,  the  results  of,  (118)  through 

V  *  _ _ _ _  _  f  _ 

(121)  will  be  assimilated  in  terms  of  the  mere  familiar  quantities  *,  ' 

•  V  t 

S,  v.  and  q:  *  *  *  •  '  „ 


*U)  *y>  ,(F".er);, 


. (11  "1 28 ) 


nU)  *■  k  ,(F"«e- )  ,  '* 

s=o 


.  (11-129) 


•  S«)  .  S.(t)»  .£<*)  •  S„  #***)'#£  (F!i>is)  .  (11-130) 


o(t)  =  \  !F*,e*;g) 

s=o 


ill-131) 


Truesdell  T&0]  has  •’ndependenrly  arrived  at  similar  conclusions. 
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In  addition,  the  stress  So  and  the  entropy  n  are  derivable  from  the 
•  _  / 
free  energy  functional  p; 


So\v)  *  pQ  Up  p(F%6‘')  , 


(11-132) 


n(*)  =  R,  p{Ft,et)  . 


(11-133) 


D 


11.7.5  EQUILIBRIUM  THERMODYNAMICS 

The  results  of  the  previous  section  may  be  easily  shown^to 

•  ( 

reduce  to  the  proper  results  for  equilibrium  processes. 

The  iaoihemal  static  oontinuatici  of  T  by  mount  a  Is  defined  by 

?*(«}_.  _.5'«  <s.  ;  . 

(11-134) 


t+a 


Ts  J- 


r  (s-o )  ,  :o  <  s  <  ®  . 


The  quantity  r^a  Is  regarded  as  the  history  up  to  lime  f+j  of 

the  history  vt  up  to  time  t  «hich  Is  then  held  constant  In  the^interval 

\ 

[£,t+ol.  bus,  for  r  e[t,t+c? 3  ■  •*  > 

r  (F.e)  »  (0,0)  •  ’  (11-135) 


The  past  hirtiry  of  rt+0  ,  i.e.,  the  restriction  rt+CJ  to  the  ^ 

open  interval  obeys  the  relation 


r  *’+c  s  ”+  -  T’'5  ^  r+  +  T^  r* 
i  r  "  '  r  •  1  1  r  1  1  r  * 

11.103 


(11-136) 


“v  | 


4 

■i 
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\ 
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where  f**6'  is  th^  translation  operator  defined  by  (101)  and  r*  is 

.  r  °  r . 

the  constant  function  on  (0,o»)  with  value 


r„(s)  a.  r.  =  r^Q)  .  0  <.  s  <  •  . 


0 1-137) 


During  the  static  part  *  <  -t  <  t  +  6*  of  sr»  isothermal  static 


continuation,  the  rate  of  change  of  the  free  energy  is1  given  by 


'I'(t)  -  -  «,p(r*|rp 


(11-138) 


which  is  just  the  expression  for  the  internal  dissipation  obtained 
by  previous  workers.  According  to  (126)  this  dissipation  is  non¬ 


negative  implying 


<I<(t)  <_  0  , 


(11-139) 


in  accordance  with  previous  results.  If  we  do  not  insist  on  an 


isothermal  continuation,  then 


$>(?)  •=  -  (p  5  +  ne)  , 


(11-140) 


which  for^  (122)  requires 


*(r)  1  -  [ne  +  (pe )“ *  q-gj 


(11-141) 


This  result  indicates  that  dissipation  is  possible  in  a  stress- 


relaxation  test. 
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All  of  the  usual  results  obtained  by  previous  workers  still 
hold  in  the  development  Introduced  here.  The  history  corresponding 
to  constant  values  of  i^for  all  times  has  the  least  free  energy. 

As  a  continuation  is  extended  to  o  >  +  ®  the. familiar  equilibrium 

i  '  - 

relations  result  hpwever,  it  is  noted  that  these  equilibriums  values 

may  depend  upon  a  maximum  value  of- the  history  attained  in  the  past 
.  * 

history  of  the  b6d^  as  well  as  the  value  of  the  history  when  the 

rcn 

continuation  was  Initiated,  Coleman  and  OwenL',  J  have  recently  concluded 
an  investigation  of  equilibrium  thermoc&'namics  of  materials  with  per¬ 
manent  memory  attributes  similar  jto  tnose  discussed  here. 


"V 


/£■ 
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11.8  APPROXIMATE  THEORIES  AND  DISCUSSION  OF  APPLICATIONS 


A  discussion  of  the  application  of  the  results  cf  this  research  to 
the  behavior  cf  various  classes  of  materials  ^1s  presented  In  this 

section.*  A  brief  discussion  Is  also  Included  which  points  out  the 

; 

y 

difficulties  associated  with  both  conducting  an  acceptable  experimental 
progrjfc  and  interpreting  the  results  of  such  a  program.  The  position  of 
classical  theories  Is  pointed  out  along  with  Indications  of  methods  for 

1  i  '  ^ 

obtaining  representations  of  the  constitutive  functionals. 

11.8.1  PRELIMINARIES  \ 

Two  extensions- have  f  introduced  into  the  themodynamiC  consti-“’ . 

S  *  V 

tutive  theory  developed  in  the  previous  sections  which  have  been  noticably 
absent  from  previous  theories.  First^  we  have  introduced  a ,memory. function 
norm  in  the-expllclt  form 

I |r*(s)i j  *  jr*(0)|  +  ess  sup  |r*(s)jk(s)  01*142} 

.  S£(0fo»)  .  „ 

•  * 

< 

which  allows  for  different  fading  memory  characteristics,  whereas  “ 

£  •  f 

previous  theories  have  dealt  only  with  materials  having  normal  fading 
memory  characteristics.  Secondly,  Coleman**  thermodynamic  theory  of 
materials  has  been  generalized  to  Include  deformation- temperature  histo¬ 
ries  which  are  smooth  at  the  pres'er  t  time  through  decomposition  of  the 
generalized  stress  functional  into  two  components,  one  of  which  Is 
associated  with  instantaneous  dissipation.  These  two  Ideas  extend  the 


Br*. 


classes  of  processes  and  materials  Significantly  beyond,  those  alleged 
In  previous  theories.  However,  It  is  noted  that  certain  difficulties 
are  attendant  with  these  benefits.  The?  major  difficulties  arise  in 
representation  of  the  constitutive  functionals  and  in  the  description 
and^cohduction  of  adequate  experimental  programs.  Sefore  discussing 
these  difficulties,  we  first  review  the  constitutive  functionals  that 
.must  be  determined  and  the  coupled  energy  equation  to  be  solved.  From 
(128)  through  (133)  it  is  observed  that  the  free  energy  functional  p 
determines  the  stress  So  2nd  the  entropy  n.  Thus,  given 


*(«)  s  p  (V*.  <6  F*  e) 

s=0 

r*' 

(1-1-143). 

"one  Ten  then  determines,,  and  n  from  the  relations 

• 

s.(*!  -  0fP(fJ.  8*:  F,e), 

(11-144) 

n(t!  *  »0P(F*.  »*:  M). 

9 

> 

(11-145) 

It  is  noted  that  although  $0  and  n  are  dependent  up^r  the  past  history 
of  the  deformation-temperature  pair  (F,  e),  the  current  yalues  of  S„ 
and  n  are  obtained  through  functional  differentiation  with  respect  to 
the  present  values  of  F  and  0. 

The  coupled  enetgy  equation  to  be  solved  has  the  form 

-q-g  *  pen  -  pT  -  6  .  (11—146) 

\ 

x 

if  Fourier's  law  of  heat  conduction  is  assumed  t;'«n 

11.107 
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C' 


Kv2e  =  p ©n  -  pr  -  6  > 
*> 


(11-147) 


where  K  is  thermal  conductivity  of  the  material^  T  is  the  radiant  heat 
supply  and  6  is  the  Internal  dissipation  given  by 


«  • 


6  =  (p/p  )  S*F  -  p (ip  +ne). 
o 


(11-148) 


In  addition,  the  first  Piola-Kifchoff  stress  tensor  satisfies  Euler's 

* 

first  law  of  motion  in  the  form 


o. 


DIV  S  ♦  J(,b0  =  pc  i 


(11-149) 


Equations  (14S)  through  (14S)  represent  the  set  of  coupled  equations 
to  be  solved  for  general  nonlinear  thermomechanical  materials  with 
memory.  For  materials  or  processes  which  do  not  give  rise  to  Instan¬ 
taneous  dissipation,  the  procedure  for  solving  these  equations,  although 
extremely  complicated  Is  still  nonetheless  straightforward.  For 
materials  which  exhibit  Instantaneous  dissipation  however,  the  solution 
of  these  equations  is  considerably  more  difficult.  This  difficulty 
arises  from  the  decomposition  of  the  stress  S, 


S(t)  =  So{t)  +  aS{t). 


'fli-1 50) 


Inserting  (149)  and  (15Q)  the  Internal  dissipation  may  be  written 

/iJIt  should  mentioned  that  if  Fourier's  Law  is'ssssumed  and  if  K>0, 
then  q*g<0  and  6>0.  In  this  situation  the  Clauslus-Duheffl  inequality 
does  impTy  the  Clausluc-Planck  inequality  even  though  the  dissipation  5 
is  not  independent  of  g. 


11.166 


f 

\ 

•  J 

t 

6  =  (p/pQ)  S0*F  +  (p/pQ)  0$*F  -  p(ij<  +  n©)  ...  (11-151) 

Assuming  that  the  free  energy  i p  Is  known,  the  stress  SQ  may  be  determined 

from  (144)  and  the  entropy  determined  from  (145),  however,  the  extra 

\ 

dissipative  stress  0S  remains  unspecified.  The  difficulty  is  thus 
associated  with  determining  tht  stress  0S.  7 

It  appears  that  the  best  technique  for  determining  0S  is  to  assume 
a  functional  representation  for  0S  and  p,  determine  SD  and  n  using  ((144) 
and  (145),  and  then  conduct  a  sufficient  number  of  Independent  experi¬ 
mental  tests  to  determine  the  material  functions  appearing  in  the 
functional  representations  requi ring  that  the  material  functions  be 
such  that  (146)  is  in  agreement  with  experimentally  measured  temperature 
distributions.  Such  an  extensive  test  program  has  not  been  carried  out 
for  general  materials;  polymers  and  plastics  in  particular,  because  of 
the  significant  financial  expense  ajjfd  difficulties  associated  with  obtain¬ 
ing  accurate  temperature  measurements'.  Such  a  program  is  considerably 
simplified  in  the  case  of  metals.  Dillon  [81  -  83]  and  Dillon  and 
Tauchert  [  84  ]have  experimentally  measured  the  stress,  strain  and 
temperature  in  aluminum  and  copper  bars  and  tubes  under  static  and 
cyclic  loading  conditions  in  both  the  elastic  and  plastic  regions. 

Theii  results  indicated  that  the  linear  theory  of  coupled  thermoelasti¬ 
city  is  In  general  agreement  with  experimental  results,  and  vividly 
demonstrated  that  plasticity  cannot  be  treated  as  an  isothermal  process. 


- - 
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1 1.8.2  REPRESENTATION  OF  CONSTITUTIVE  FUNCTIONALS  AND  APPROXIMATE  THEORIES 
From  the  previous  discussion  It  Is  observed  that  &  knowledge  of  the 
free  energy  *  and  the  extra,  stress  0S  Is  required  for  solution  of  (146) 
through  (148).  Thus  only  a  knowledge  of  the  functionals  p  and  c$  Is 

r‘ 

required*  Since  permanent  ipemory  behavior  has  been  allowed  for  In  the' 
developments  presented  here,  the  approximation  theories  Coleman  and 
Noll  [  26,341.  Coleman  [68,69}  and  Coleman  and  Mizel  [27]  will’not  In 
general  be  applicable.  Their  approximation  theories  will  apply  when 
the  influence  function  k(s)  In  (142) is  a  decaying  exponential  and  for 
sics  motions  corresponding  to  only  normal  fading  memory  behavior. 

Coleman's  [69]  approximation  for  rapid  deformations  will  apply  when 
the  Material  exhibits  noma!  fading  memory  characteristics  (1.e.» 
k(s)*e’^)  or  under  monotonic  loadings,  nr  when  the  Instantaneous 
deformation  Impulse  Is  larger  in  magpHude  than  tfie  suprsnun  of  any  . 
deformation  in  the  past  history  of-  the  body.  The  approximate  theories 
■>  of  Llanls  [35-31]  McGuirt  and  ^Lianis  [38]  and  Cost  [85]  will  also  be 
applicable  when  the  material  exhibits  only  normal  facing  memory  behavior. 

For  deformation-temperature  processes  and  material  behavior  more 
general  than  those  Indicated  in  the  above  paragraph  new  representations 
must  be  found.  There  are  a  number  of  representation  theorems  for  linear 

v 

functionals,  however,  the  literature  does  not  seem  to  contain  a  great 
deal  about  such  theorems  for  non! i r.ear^fimcti 6nal s .  Martin  and  Mizel 
Chacon  and  Friedman  [87]  Friedman, and  Katz  [88]  and  Mizel  and 


n.i.io 


Sundaresan  [89]  have  investigated  the  possibility  of  obtaining  integral  - 
/  representations  of  additive  and  bi additive  nonlinear  functionals  on 
function  spaces  of  measurable  functions*  Although  the  results  of  these 
workers  are  of  a  general  Interest,  the  abstract  nature  of  these  studies 
and  lack  of  in-depth  investigations  makes  their  results  impractical  to 
apply  at  the  present  time  Another  approach  to  obtaining  representations 
is  to  assume  applicability  of  the  Stone-Weiers trass  approximation 
theorem  and  then  expand  the  functionals  p  and  0S  in  a  Volterra-Frechet 
sun  of  multiple  Integrals.  This  approach  seems  equally  Impractical  to 
apply  in  view  of  the  comments  made  previously  regarding  the  experimen¬ 
tal  difficulties  associated  with  the  Isothermal  application  of  even  a 
third. order  approximation. 


,  .  _  Adopting  the  pragmatic  point  of  view  of  an  engineer,  the  most 

practical  and  straightforward  approach  is  to  assume  forms  for  the 

.  '  1 

representations  of  p  and  0S  of  a  simple  nature  at  first; -increasing 
the  complexity  only  as  dictated  by  comparison  with  experimental  results-.  « 
In  view  of  the  practical  desire  to  represent  the  history  *f  the  deforma¬ 
tion-temperature  pair  (F,a)  In  as  simple  a  form  as  possible,  a  starting 
point  Is  to  assiane  that  the  functionals  p  and  0S  may  be  written  in  the 
form 


4 >U) 


P 

s*=o 


(s)i  jjc($),i  jej;|  i„h(s);  F,  e 


(11-152) 


-  .s  [l|Fj(s)||  k(s),  i I ef !  I„h(s);  f.b.  gl , 
ssc  L  -1 


(11-153) 
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where  the  notation  jj-lj  has  been  introduced  for  the  quantity 


eee  bud  j  •  j 
.  Se(o ,°°) 


for  notations!  convenience;  and  the  additional  Influence  function  h(s) 
has  been  Introduced  to  allow  for  different  memory  response  for  the 
temperature  9  and  the  deformation  gradient  F. 

*  s. 

Two  particularly  simple  approached  to  .represent ng  (152) 

7 

ea  -v 

and  (153)  appear  to  be  worth  consideration.  First,  a  direqt 

dependence  upon  the  history  may  be  assumed.  For  example, 

■» 

one  may  assume,  explicit  functions  'for  k(s)  and  h(s)  and 

»  < 

treat  the  influence  of- the  history  aS,  say,  a  weighted  integral  of 


the  form 


f  fHLMs)  ds  (<-).♦  ./ 


(11*154) 


The  functionals  p  and  0S  then  become  functions  and  one  may  attempt  a 
Taylor's  series  expansion  in  several  variables  exploring  the  error 
associated  with  the  remainder  term  through  a  series  of  experimental 
tests. 

A  second  apprach  is  to  follow  the  suggestion  of  Bernstein, 
Kearsley  and  Zapas  [114]  and  assume  single  integral  constitutive 
equations  of  the  form  " 

•  1  *  sPo  =JC*  *Fr'  *  H9JiLh{s);  F’  e]ds‘  (11-155) 


s  =  H- f>  e,3]ds’ 


-  11.1,12 

J  K 


(11*156) 
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These  two  representations  can  be  further  simplified  if  additional 


assumptions  are  Introduced.  A  common  assumption  which  has  been  justified 
experimentally  for  certain  materials  relates  to  the  idea  of  thermorheolo- 
giaally  simple  solids.  The  main  feature  of  the  constitutive  relations 
of  such  materials  is  a  temperature-time  equivalence  postulate  with  the 
property  that  the  mechanical  response  of  the  material  is  affected  by  a 
uniform  temperature  change  through  a  uniform  expansion  or  contraction 
of  the  time* scale.  The  constitutive  equations  of  thermorheologicall^ 
simple  solids  obeying  Coleman  and  NolVs  fading  memory  hypotheses  haye 
been, investigated  by  Lianis  [  35,37  ],  McGuirt  and  Lianis  [38],  Crochet 
and  Naghdi  [91  ,  92]  and  Cost  [85].  in  the  above  representations  this 
assumption  involves  replacing  the  time  tfor  s)  by  thd  (temperature) 
reduced  time  5  ( t )  ( or?  (s ) )  def i  ned  by.  • 


?(t)  = 


i  ft9 


(ojjdo 


(11-157) 


where  the  function  <t>  represents; the  temperatuxe-time  shift  facto?  which 
is  a  monotone  decreasing  function  of  t.  Other  simplifying  assumptions 
may  also  be  introduced.  Simplifications  fesult.ng  from particular 

W  $ 

choices  of, the  influence  functions  k(s)  and  h(s)  are  discussed  in  the 

’  .  *  .*  •  #  p 

following  section.  <  . 

.  t 

*  r  >  *  •  •  t  ' 

In  applying  ,( 1 55 )  /the  function  L  should  be  determined  in  terms 
'of  the  invariants  of  the  Strain  measures  C  or  B  to  .satisfy- objectivity  ' 

l-  ■  p  ,  •  • 

-  and  simplify  it£  representation,  and  likewise  any  Taylor ls  series 

, 

expansion  should  be  made  in  terms  of  the  invariants  of  C  or  B.’ 


This  discussion  has  considered  mainly  the  Chebychev  norm  (ms  sip  1*1) 
General  Lp  norms  have  been  farther  studied  by  Farrl\  [9],  Fitzgerald  and 

Farris  [33]  and  F.ltzgerald  [30].  An  illustration  of  the;  application  of  the 

•  '  ^ 

L  norm  to  a  specific  problem  is  presented  In  Sectlbn  11.$. 

•  ♦ 
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11.8.3  SPECIAL  THEORIES  OF  MATERIAL  BEHAVIOR 

The  relation  of  certain  special  theories  of  material  behavior  Is 

«  .  ♦  <  , 

summarized  In  relation  to  the  thermodynamic  constitutive  theory  developed 

In  this  chapter.  • 

a  ' 

'  If  k(s)  Is  chosen  sufficiently  small  In  (142)  the  classical  theory 

of  (finite)  thermoelasticity  results.  Under  Isothermal ,°homothermal 
conditions  the  classical  theory  of  finite  elasticity  results. 
e  Spatially  homologous  uniform  temperature  changes  with  k($)  a 

t decaying  exponential  and  h(s>  vanishingly  small  In  (152)  and  (153) 

s  C  •  ’  '  -  • 

leads  to  [finite)  th§rmovt$coel4st1c1ty.  The  same  restrictions  under 

v  1  '  • 

isothermal  conditions  yields  (finite)  viscoelasticity. 

The  relation  of  previous  approximate  hemodynamic  theories 
has  been  indicated  in  the  previous  section.  Under  these  conditions 
R1v1in*Erlck$en  materials  represent  an  asymptotic  approximation  to  the"* 
constitutive  equations  developed  here. 

Selecting  k(s)*l  in  (142)  provides  a  means  of  describing 
vl scopl as t icily  or  plasticity.  Setting  k(s)*1-k‘ (s) In  (142)  allows 
consideration  of  viscoplasticity  or  plasticity  in  which  the  material 

.  ’  -s'  ’  ? 

- •  <  C,  t 

response  is  also  dependent  upon  the  temperature  history.  This  capability 
does  not  currently  exist  in  any  thermodynamic  theory  even,  through 
Dillon  [82  -  86]  pas  obtained  evidence  of  temperature  history  effects 

j  .  *  •  % 

in  experimental  studies  with  a'luminum. 

One  final  comment  Is  In  order  regarding (154).  Equation .(154) 
appears  to  be  a  reasonable  technique  forc weighting  maaory  effects.  It 
Is  noted,  however,  that  this  requires  that 


~~K  T*’  *  C'~  •**^rf~*t  ’  V8?5' 


*  ' c£v*  %  '-Tr- vi**v>  ; '  ■>.  T  i  vtv  --,,'v,  v» 


-/*  Ms)ds  < 


(11.153) 


.,  .  «•  .  ,  *  0 

since  | j • [ !^  Is  .Independent  of  s.  Several  types  of  memory  character-  , 

1 sties  may  be  Introduced  satisfying  (15R)  through  different  cho1ces*of 

*  *9  V  ’  l  j  *, 

the  +nfluence  fun£tions  k(s)*or  h(s).  For  example*  ciooslng  k(s)  to  .  •* 

v  >  m  ■* 

s  be  a  decaying  exponential  gives  rise  to  normal  fading  memory  with  respect 

•  •  .  ,■  t 

to  the  supreiftum  attained  in  the  history  of  F.  This  behavior  may  also 

*  *  *  r, 

%  < 

be  Interpreted  a*  an  indication  that  a  kind  of  rehealing  phenomenon  Is 

.  »  * 

taking  place.  Permanent  memory  behavior  results  If  the  choice 


-  k(s)  *  {1  +  s)*^ 


.01.159) 


is  inserted  in  054).  It  is  evident  that  this  discussion  applies 

°  i  * 

equally  well  to  the  influence  function  ji(s)  in  052)  and  053), 

.«  .  •  f  1  -  *  t 

and  that  there  are  obviously  many  more  weighting  factors  that  may  be* 
obtained  through  different  choices  of  k(sj  satisfying  (158). 


IT. 3.4  CLOSURE  AMP  CONCLUSIONS  * 

-  "  --r, 

A  fchermddynami c  constitutive  theory  applicable  to  non- aging  . 

t.  *  ,  ^ 

thermomechanical  materials  has  been  presented  which  extends 

•>  ♦  '  •  „ 

“  previous  theories  to  inclucte  more  physically 'realistic  material 

0  i  » 

behavior.  •  ,  v  ;  '  -  3  , 

*  o  * 

*  *  S  , 

It  Is  first  noted  that  the  time- translation  invariance  require¬ 
ments  of  the  principled  material  frame- indifference  exclude  con- 
sideratlon  of  aging  materials.  ,  In  one  senSe  this  is  a  serious 

1  te 

limitation,  but  in  another  sense,  this  limitation  is  not  t{fo 

©  .  *  *  /  '  - 
significant.  .  On ’the  one  hand,  the  response  of  iriany  materials; 

1  ■  »  "  - 

polymers,  plastics  and  biological  materials  in  particular. 

<  '  ■  /  -»  < 

•  » 

.-is  known  to*  1>e,  in  general,  quite  sensitive  to  the  age  of  the 
material,.  -On  the  other ;hand,  however;,  the  aging  behavior  of  most 


polymers  and  plastics  can  be  de- 


zed  in  controlled  environments. 


The  demonstrated  inability  of  predicting  the  thermomechanical  response 

0  .» 

of -these  materials 'under  non-aging  conditions  justifies  and  provides 

\  •  j 

the  motivation  for  research  studies  such  as  the  one  reported  Wfcre.21 

\  v  v 

The  second  and  more  significant  cbntributior.  of  this  program  has 
been  the  development  of  an  explicit  means  of  characterizing  the  influence' 

of  the  memory- of  materials  which  is  more  clpsely  related  to  the  observed 

•  ,  -< .  -  ' 

physical  behavior  of  real  materials.  A  memory  norm  has  been  introduced 
which  all ow£}fo?^ fading  memory,  finite  memory  and  most  importantly,  . 

’  *>  ,  1 

pdnw;wnt  memory.  Allowing  for  permanent  memory  response  enables 


■%  ' 


^lAn  alternate  approach  to  the  study  of  aging  materials  wl^ich  deserves 
consideration  involves  weighting,  the- history  of  the  body  by  a  factor 


which  characterizes  aging  effects. 


1 
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consideration  of  general  inelastic  ^formations  (e.g', ,  plasticity;. 
viSpoplasticity)  from  a  general  c^tinuum  therroddynami c  viewpoint.  This 


result  has.  important  impl1,cationd-~when  coupled  with  the  resulting  thermo- 
dunwnir  developments .  cirst; /hp  Icnfir.uiar.  treatments  of  inelastic 


T 


deformations,  and  plastidt^/in  pj'ticular  which. consider  only  the 
Isothermal  situation  (e.g \J{  Onat  j[50])  have  been  experimentally 
demonstrated  by  Dillon'p  2-85  ]  io  be  invalid.  Secondly,  the  thermo- 
J  dynamic  development  .of  a  theory  of  plasticity  from  the  Internal  state 
variable  approach  *(e,'g-.,  Dillon  [  82  ],  Green  and  Naghdl  [93-94  ]. 

Yalanis  [95])  although  alldw/r.g  for  dependence  upon  the  current 


O 


s  -  ■/ 

/  • 


temperature  does  not  include  explicit  Influence  of  the  temperature 


/- 


history.  Again,  Dillon  [  2-85  ]  has  experimentally  demonstrated  that 


.the  history/of  the  temperature  does  Influence  the  current  response. 


The  /inal  development  was  the  extension  of  Coleman’s  [68-69  ] 


’ 


^theory  dr  the 


•/  «- 


/*  „  / 


IcS  .to  allow  cons 1 derat ion  of  materials  capable  bf  / 


-  v  / 


1  instantaneous  dissipation.  This  development  Is  of  critical  Importance 


•lh°  applying,  cd^Clnuum  thermodynamic  constitutive  theories  to  the 


A 


/ 


description  general  Inelastic  deformations  such  as  plasticity 


1 


are  viscopjasticity  in  which,  along  with  the  permanent  memory  / 


/ 


■  / 

/. 


beHaVlor/discussed  above.  Instantaneous  dissipation's  observed. 

extension  of  previous  continuum  thermodynamic  theories  to 

alljf/f or,  instantaneous  dissipation  raises  again  the  question  of  the 

r  status  of  tneOnsagerist  theories.  Yalanis  [96]  demonstrated  an 
/•  '  ^  ■  -  ■  / 
equivalence  between  Coleman's  theory  and  Onsagerlst  theories  for  .  , 

/viscoelastic  materials  H.e.,  normal  fadino  *e*nry)  with  l^tanfe^eouTV 


/•  •  •* 
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elastic  response  but  1'ncapabl^  of  instantaneous  dissipation.  In  view 

„*  c  • 

of  the  results  of  this  research  it  is  apparent  that  Valanis's  conclusions 
must  be  reinvestigated  from  a  different  point  of  view. 

‘As  a  final  comment,  we  remark  on  the  definition  of  nonequl librium 

.  •  .  i 

entropy ^  In  this  development.  It  has  been  required  that  the  temperature 
be  nonrnegat1ve  and  that  entropy'-be  defined.  There  is  seldom  if  ever,  , 
any  serious  question  regarding  the  assumption  of  the  existence  of  a  non¬ 
negative  temperature.  There  has  been,  however,  in  recent  times  questions 

,  *•  > 
raised  regarding  the  definition  of  non-equilibrium  entropy.  Mei xner  [97-99] 
°  *  *  * 

1r«  particular,  has  claimed  that  one  cannot  define  entropy  in  non-equilibrium 

*  ,  i  >  *  «*  *< 

processes  and  has  proceeded  to  develop  a  fundamental  inequality  which 

l  *  *  *  *  °  ‘ 

supposedly  circumvents  the  necessity  of  a  definition  for  non -equilibrium 

>.  »  '  ^  Ut  »  t 

entrooy.  Helxner's  question  on  the  definition  of  non-equtllbrium  entropy 

^  ‘ 

•  '  t  *  .  A  ' 

has  been  partially  answered  In  recent  years  by  Coleman  and  Mlzel  [100  -102]. 

Coleman  and  Dill [1.03],  Coleman  and  Greenberg  [104]  and  Hofei  Ich  fios].- ~ 

"  »  *' 

For  finite  degree  of  freedom  systems  using  stability  arguments  under 
conditions  far  from  equilibrium,  these  persons,  have  demonstrated  the 
existence  of  UaDunov  functions  which  have  properties  that  are  formally 
Identical  to  entropy.  Fitzgerald,  in  the  discussion  to  [23],  has  pro¬ 
posed  a  further  concept  of  nonequlllbrium  entropy  which  premises,  fider 
Ms  restrictions,  to  provide  uniqueness.  The  extension  of  these  results 
to -.the  couple^  thsrmqnschanl  cal  response  of  contluwa  has  not  been  • 
accompli  shed  as  yet,  however; 


*  -  r  ti 

11.9  IDEALIZED  THERMOVISCOELASTIC  CYLINDER  PROBLEM  ■  s' 

Thl?  «ection ‘p-'esents  a  sample- problem  as  illustration  of  tlje  means 
of  conducting  a  non!  1  near  ‘’analysis  using  the  ideas  of  permanent  memory 


AA  e-  e*r\A  n^OUl  Ailtlu 

u  •  -»  wua^uu  f**  »  *  •  • 


•UtiliriJg  models  of  the  failing  microstructure  of  propellant 

materials t  Farris  l^]  has  shown  that  ratios  of.  p^  order  Lebesque 

.  *  * 

norasvlp.  are  not  only  excellent Jieasures  for  use  in  constitutive  equations 
but  that  they  have  a  physical  relationship  to  microscopic  behavior  para- 
meters.  These  norms  have  the  form 


O 


llfllp*  |  f  |f(5)lp«|1',/ 


(11-160) 
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and  have  certain  properties  that  aliow  close  approximation  of  real 

A  '  '  i  ■*' 

propellants.  Using  L  nons  and  exponential  time  functions,  uniaxial 

o  *  P  *  i  «  . 

material  characterization  can  be  accomplished  without  too  much  difficulty 
using  infinitesimal  strain  measures.  .  ' 

In  order  to  demonstrate  the  applicability  and  relative  ease  in 
which  Farris'  nonlinear  constitutive  theory  can  be  applied  to  proportional 

,  o', 

boundary  valued  problems,  the  example  of  a  cylin^yica’  propellant  grain 

with  inner  diameter  2a  and  outer  dfameter  2b,  bonded  to  rigid  cass  a*, 

,  »  <  , 

Its  outer  boundary  and  slowly  cooTed  will  be  analyzed.  For  simplicity, 

’it  will  be  assumed  that  (1)  the  propellant  is  incompressible  and  obeys 
the  time  temperature  superposition  principle,  (2)  the  grain  is 
sufficiently  long  that  plane  strain  conditions  prevail,  and  (3)  the 
cooling  process  is  so  slow  that  no  thermal  gradients  exist  In  the  grain. 
With  these  restrictions,  the  strains  are  statically  determinant  and  of 
the  form 
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AT(t)  «  T(t)-T0, 
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In  tb*.  above  equations  T(£)  is  the -grain  teniperature ,  a  and  a 

V  -  v  P  .  C 

4re  the  lirsaar- thermal  expansion  coefficients  of  the  propellant  and 
case  ssacertals*  and  T  ’  i>,-  v,he  stress  free  temperature.  For  this 
simp's  *irobkiK  one  finds  the  strains  are  proportional  to  AT(t). 
Therefore,  the  conditions  needed  for  the  cons titulive "'equations  to  be 

c  v 

simplified  for  proportional  problems  are  satisfied.  The  constitutive 
equations  for  the ’material  therefore  become  from  (5)  and  (7) 
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vrr(nt)  «  P(r,t)  +  J.ICJAT^'J.^-Tj#0  (r)AT(x)dx  (11-166) 
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o6Q(r,t)  »  P(r,t)  *  j  KjAT(?’),t'-Tje“0(r)AT{T)dT  (11-167) 
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In  the  above  equation  P(r,t)  is  an  arbitrary  pressure  which  results 
from  the  Incompressible  nature  of  cur  problem  and  t',  and  t*  are 
reduced  times  defined  by 
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where  Aj.  is  a  tempera  tare  dependent  shift  function. 
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(11-170) 


It  can  be  simply  shown  that  these  stress-strain  equations  satisfy 
the  equilibrium  equations  providing  3P/ar  =0.  One  also  finds  that  since 
the  radial  stress  at  the  inner  boundary  is  zero,  the  pressure  term 


becomes 


P(r,t)  =  P(t)  «  e? 


.(a )  j  KjAT(n,f-x'jAT(.T)dT  {11-171} 


The  solution  for  the  racial  and  hoop  stresses  then  becomes 
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Now  these  equations  are  valid  for.  all  homogeneous  constitutive 

%  j  '  1 

equations,  linear  or  nonlinear.  If,  for  example,  the  propellant 

/  * 

were  linearly  elastic,  the  functional  would  reduce  to, 

.  ‘  t*  •  •  .  , 


[AT(5'>] 
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where  G  *  shear  modulus. 


-  If  the  material  wer*e  linear  viscoelastic  the  functional  would  become 

•  '  ,  *  P 

t'  Jt 

r  1  c  — •  .  *  • 

r  01 /J  *  J|  Mi  "1  /u«  Ii/wi.  ^  (11-175) 


where  K(t' )  *  the  time  dependent  relaxation  modulus. 
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At  this  point  one  can  draw  pome  insight  into  Farris'  constitutive 

theory.  This  insight  can  best  be  obtained  by  comparing  the  featucei  of 

‘  >  .  O' 

.  linear  .elastic,  linear  viscoelastic,  and  nonlinear  homogeneous  elastic^ 
or  viscoelastic  constitutive  equations.  -For  linear  elastic  materials 

.  .  .  ''  -  r~ 

the  moduli  are  independent  of  strain  lnaqnitude  and  ti  m€^  For  1 1  ritra  f 

-  ’  .  •  ■  ,  r 
Viscoelastic  materials  the  moduli  are  independent  of  strain  magnitude 

but  depend  updft  time,  the  time^dependency  being  dictated  by  the ‘convolution 

integral  of  the  relaxation  modulus  and’ the1  strain  rate  history.  For  non-  ^ 

linear  homogeneous  constitutive  materials;  the  moduli  are  indepenDenc 

of  strain  magnitude  and  can  depend  upon  time  or  Strain  history  in  an 

almost  arbitrary  manner.  One  sees  that  with  respect  to  the  history 

dependency  of  the  moduli,  linead  viscoelastic linear  elastic  materials, 

are,  subel  asses  •  of  homogeneous  constitutive  theory  which”  is  a 

•  c  „ 

•subclass  of  idle  general  permanent  memory  theory  developed  previously^  .  . 

s  o  *  J 

\  For  the  purpose  of  comparison,  the  radial  bond  stress  and  the  inner, 
bore  hpop  stress  have  been  computed  for  two  different  materials  and  , 
two  different  thermal  inputs'.  -The  first  material  Is  a  linear  visco- 
elastic  material  with  relaxation  moduli  Kt  and  the  second  material  a  f 
no/ilinedr  homogeneous  material  also  With  relaxation  moduli  Kt  n.  For** 
the  second  material  the  functional  appearing  In  thd  stress-strain  * 
equation-  will*  bd  of  the  same  form  which  Farris’  found  predicted 
accurately  the  response  of  propellants  for  nfortotonic  inputs  [9]  -  *'  . 
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Note’ that  tH1$/Tastnonn  is  th  respect  to  reduced  time.  : 


The  values  of  the  parameterV'Usea’  in  the  analysis  are  summarized  . 


below. 


“  x Linear  and  Nonlinear  Analysis 
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Linear  Viscoelastic  -Analysis 
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Figure  4  compares  the  two  d.  fferent  'thermal  fnpfits  considered  in 

t  a  ‘ 

jtJji s  analysis.  The  firsts  a  simple  ramr,  input,  and  the  second  an  inter- 

.  »  *  ,  ,  v 

rupted  ramp  input.  In  Figure  5,  the  inner  bore  hoop  strain  is  given 

'  ,  .  ?  *  * 

1  -4  *  t  x 

vs.  time.'  It  should' be  .qmphas<i.?ad  that  the  strains  for  the  simple  case 

i  **  _o  « 

*  V  *  t  t  * 

Investigated  depend  only. on  grain  temperature  and  are  independent  of  time. 

*  .  •  r 

Also,  the  strain  distribution  within  the  cylinder  is  given  exactly  by 
•linear  elastic  Methods  even  though  the  constitutive  equations  used  in 

the. analysis  could  have  been  any  Ijnear  or  nonlinear  representation. 

,  *  *.  '•  * 

*In  Figures  6  through  9.,  ^the  radial  bond  stresses  and  the  inner  bore 
hoop  stresses  are', compared  for  the  two  different  thermal  histories. 

For  comparative  purposes,  several  values  of  prq.pairs  were  used,' 

f  ’  6  *  , 

p  *  10,20*50  and  q  «  2,4,10.  •  From  these  computations  wfe  find  that  the 

„  .  *  •*  c 

•  nonlinear  theory- predi cts .  much  higher  stresses  than  does  the  linear 

*  * 

theory  even  though  all.  material's  have  .the  isame -relaxation  moduli  and 

the  same  temperature  shift  function.  Also,  the  time  dependency  of  the 

£ 

.stres.s  degay  is  more  marked  In  the  nonlinear  theory..  Jhese  computations 

<•  »  '  <>  . 

are  in  agreement  With  th§*  data  of  Leeming  [1]  and  Bomstein  [2,3] 

'  <  •  < 

‘/which  indicate  that  linear  viscoelastic  predictiohSal  War  below  ob¬ 
served  propellant  behavior. in  certain  simultaneous  cooling  and  straining 

»  D  .  '  -N 

-  teste.  '  '  ’  *  •”  ‘ 
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COMPARISON  BETWEEN  LINEAR 
RADIAL  BOND 
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Fiaure  7*  comparison  between  linear  and  non-linear  viscoelastic  predictions,  for 

a  INNER’ BORE  HOOP  STRESS  USING  THERMAL  HISTORY  1 
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CaMM&lSCN  BETWEEN  X.XHSA&  AND  WON-LINEAR  VISCOELASTIC  PREMCTZOKS  FOR 
IKKE8  BORE  HOOF  STRESS  USING  THERMAL  HISTORY  2 


11,10  COMPARISON  OF  VARIOUS  NONLINEAR  METHODS  OF  ANALYSIS 

While  ft  Is  obviously  clear  that  there  exists  no  unique  nonlinear 

\ 

representation  for  the  nonlinear  response  of  solid  propellants.  There 
are  several  specific  methods  being  proposed. 

The  permanent  memory  method  using  norms  appears  to  offer  promise 
in  the  deformation  zone,  below  which  dewetting  appears.  Further 
comparisons  are  needed  for  this  method. 

Several  of  the  other  methods  have,  fortunately,  been  compared  and 
evaluated  by  Stafford  st  the  National  Physical  Laboratory  In  England  [109]. • 
Stafford’s  article  is  reproduced  here  as  an  appendix  (11  A)  to  this 
chapter  In  its  entirety  since  it  is  an  excellent  review  and  rewriting 
it  would  not  Improve  Its  concise  sytle. 

In  this  publication  it  becomes  apparent  as  pointed  out  herein 
that  strain  and  temperature  shifting  of  one  form  or  another  constitutes 
the  essence  of  the  application  of  the  various  fading  memory  theories. 
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Sarwral  shift  factor 
Strain  shift  facto* 

Temperature- time  shift  factor 

Malarial  body 

Spacfflc  body  force 

Grain  outer  dimeter 

Right  Cauchy-Green  Tensor 

Strain  sets ure 

Ssfonwition  gradient 

Proportional  tin®  function 

General  constitutive  functional 

General  constitutive  variable  history 

General  constitutive  function 

Strain  measure 

Gradient  of  tesperature 

Influence  function  " 

Materiel  constant 
Material  constant 
Material  constant 
Entropy  functional 
First  strain  invariant 
Second  strain  invariant 
Third  strain  invariant 
Kernal  Wctlon 
Kernel  function 
Kernel  function 
Influence  function 
Velocity  gradient. 

Ubesgee  Horn  -|KL  »  [£ ((•>} 
Gfclychev  Mom  ■  j j*}[ 0  »  ass  sup  |*j 
Irreversible  conpownt  of  entropy 
Pressure 

Malarial  response 
Free  smtrepy  functional 
Heat  flux  vector  ' 

Heat  rlux  vector  factional 


Heat  flex  vector 

Order  of  influence  function 

Heat  supply  per  unit  time  and  unit  in  »$s 

Total  entropy 

Piola-KIrchoff  stress  tensor  N 
Stress  functional 
Duecy  .time 

Syowstric  Cauchy  Stress  Tensor 
Tesporature  i 

time  / 

Material  position  ' 

Spatial  position 
Polar  coordinates 

Linear  coefficient  of  expansion  of  propellant 

Linear  coefficient  of  expansion  of  case 

Internal  state  variables 

Internal  configuration  variables 

Kronecher  delta 

Dissipation 

Strain 

Specific  entropy 

Retardation  of  a  history 
Specific  entropy 

Local  reference  configuration  *, 

Temperature 

Kernel  function 

Reduced  time 

Specific  free  energy 

Reference  configuration  density 

Duray  time 
Density 

Function  norm  of  f 
Stress 
Dumy  tUm 
Labes guf;  measure 
Deformation 
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SUMMARY 

TmiEF.  tpecial  forms  of  material  functions  are  introduced  into  the  Grcen-Rivlln  constitutive 
equations  of  nonlinear  viscoelasticity.  Tvro'  of  these  reduce  the  third-order  equations  to  single 
integral  forms,  rationally  and  experimentally  derived  by  others.  Published  creep  and  strese- 
relaxation  data  are  analysed  using  both  the  proposed  and  previously  published  constitutive 
equations,  particular  attention  being  given  to  multi-step  data.  Specific  results  show  the  limits  of 
applicability  of  the  third-order  constitutive  relations  for  the  materials  considered. 


1.,  Introduction 

Durino  the  last  decade  a  number  of  general,  constitutive  relations  have  been 
formulated  to  represent  the  mechanical  behaviour  of  nonlinear  viscoelastic  materials. 
In  particular,  the  rational  theories  listed  by  Truesdkll  and  Noll  (1S>65),  ns  well 
as  those  derivccEby  Scuafkry  (1960)  from  irreversible  thermodynamics,  arc 
capable  of  representing  a  large  variety  of  real  materials  under  quite  general  deforma¬ 
tions. 

However,  these  general  theories  are  too  complicated  for  practical  applications; 
even  the  determination  of  material  parameters  may  be  beyond  present  testing 
procedures.  Thus,  simplification  or  specialization  is  a  prerequisite  to  practical 
applicability.  A  number  of  writers  have  given  some  attention  to  simplifications. 
Huanc  and  Lee  (1906)  have  developed  forms  applicable  to  very  short  times,  and 
Pipkin  and  Rogers  (1968)  developed  an  integral  series  arranged  so  tliat  expev- 
raeatal  data  may  be  incorporated  directly.  The  present  paper  is  intended  as  an 
additional  step  in  the  area  of  simplifications.  Particular  attention  is  directed  to 
. .  reducing  the  evaluation  of  materia'  functions  to  simple  (one-step)  creep  or  stress- 
relaxation  tests.  Additional  tests  are  considered  which  partly  determine  the  ability 
of  a  constitutive  equation  to  predict  general  deformations  of  a  specific  material. 

>  Wc  shall  consider  primarily  the  isothermal  theory  of  (initially)  isotropic  simple 
materials  in  the  explicit  form  of  a  third-order  integral  polynomial.  This  formulation 
_  is-cho6en  because  it  includes  the.  effects  of  physical  and  geometric  nonlinearity  in 
a  general  fashibn,  and  is  the  lowest  order  nonlinear  theory  applicable  to  general 
deformations.  Recently  these  integral  polynomial  equations  have  received  con¬ 
siderable  attention.  Lockett  (1065)  has  shown  that  in  principle  all  twelve  material 
functions  can  be  determined  by  experiment,  but  Lifshitz  and  Kolsky  (1906) 
have  found  these  testa  exceedingly  difficult  to  perform  accurately. 
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One  nwy  divide  simplifications  into  two  not-unrelaicd  areas  of  kinematic  and 
physical  limitations.  a  previous  paper,  Lockett  and  Si avfoko  (1699)  restricted 
the  constitutive  relatives  to  certain  classes  of  Reformation  fields,  and  specific 
Jesuits  were  given  for  creep  and  sbrast-relaxation  iv,  mutations  of  plane  stress  and 
plane  strain  Q?  an  incompressible  'materiel  Considered  here  are  some- physical 
restriction*  obtained  by  .  making  bold  assumptions  oiv-the  mathematical  form  of 
the  material  functions,  assumptions  which  reduce  the  experimental  programs  to 
single-step  tests.  Some  justification  is  attempted  by  providing  some  explanation 
of  the  limitations,  and  the  connection  to  other  constitutive  relations  is  indicated. 
However,  the  final  justification  is  applicability,  so  creep  and  stress-relaxation  data 
from  several  sources  is  analysed  in  Sections' l  and  5.  For  ressens  developed  in 
Section  8.4,  particular  attention  is  given  to  multi-step  date. 


2.  Review  of  Previous  Results 

The  equations  below  presume  that  there  is  an  initial  configuration  for  which  the 
material  is  inotropic,  homogeneous,  Unstressed  and  unstrajned.  Also,  the  material 
is  assumed  to  be  simple,  he.  the  stress  tsy  at  a  given  particle  at  time  i  depends  only 
upon  the  history  of  tlie  displacement  gradients  Ptj  =  Dyt  (X,  r)/lX}  at  that  particle. 
Coordinates  Ar£(i  »  1, 2, 8)  denote  the  initial  position  with  respect  so  a  fixed 
cartesian  system,  and  yt  {X,  ¥)  is  the  particle  position  at  time  r.  In  functional  form 
the  constitutive  relation  can  be  written  as 

Q(0  =  P{F(t}},  (2.1) 

>  T—  —«D 

where  matrices  0  and  P  represent  a  stress  measure  I  and  strain  E  and  D  is  a 
matrix  functional  which  depends  on  the  definition  chosen.  Stress  and  strain  are 
defined,  by  \ 

4  v,  /**•* 

Ad  ““  ^  ’  F==RU-  2E  =  U*  —  I  =  F7  F  ~  I.  (2.2) 

The  decomposition  o?  F  expresses  tire  idea  that  the  deformation  may  be  considered 
to  be  a  pure  stretch  U  full  owed  by  a  rigid  rotation  R. 

An  explicit  form  may  be  given  to  (2.1)  (Queen  and  Rivun,  1957)  by  assuming 
tliat  it  can  be  expressed  as  an  integral  polynomial,  and  the  most  general  form  for 
an  initially  isotropic  mater®  is,  to  thhd  order, 

t 

0(0  =  J{l^Ti  +  ^M1}drrt) 

-<o  I 

+  //  f1*1'-  Tt  4-  li  tf>  Tit  -f  >h  Ti  Mj  -f  fa  Mj  Ms)  dr,3, 

I  -• 

+  J  /  J^1  hTm  +  I  hTi  Tn  +  Ts  Ms  +  ^«TU  Ms  + 

+  Ti  Mj  M»  4-  )(ns  Mi  Ma  Mj}  dr, (2.8) 

In  this  relation. 
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Ma  ~  P  (r«>,  Ta  =  tr  (M«),  Tar  =  tr  {M0  MA), 

Tafiy  —  tr  {Ma  ..._A  3/y),  dr,#,  =  dri  dvg  . . .  dry, 

where  t'  e  superposed  dot  denotes  a  material  time  derivative-  Material  functions 
fa.  and  fa  are  functions  of  one  variable  si;  fa, ... }  fa  are  functions  cf  si,  and  sz, 
fat,  ,  fa 2  are  functions  of  si,  st  and  sy;  where  *&-  —  i  —  ra.  It  has  been  shown 
by  Lockett  (1905)  that  the  following  symmetries  may  be  assumed  without  loss 
of  generality: 

fa,  fa,  fa,  fa,  fan  ~$  (i,  2),  fa— $(1,2 ,8),  ") 

V  (2.4) 

fa,  fa,  ts  3  (2,  8),  fa*  =  si l,  8),  j 

where  $  (t,  j)  denotes  symmetry  in  the  ifch  and  jth  arguments.  A  creep  formulation 
is  given  by  defining  P  ~  X  and  Q  —  E;  and  a  stress  relaxation  formulation  is 
given  by  setting  P  ~  £  and  0  =  5. 

In  a  one-dimensional  deformation  which  depends  on  one  spatial  coordinate  X, 
and  the  displacement  vector  is  ir_  the  ^-direction,  the  constitutive  equation  reduces 
to 

Q  **  j  j  ($i)  Pi  d  r<n  fa  j  J  K  (si,  s2)  Pj  Pz  dr ts> 

—  00  —  CO  t  ,  ' 

+///  l>  ($l,  $t,  fa)  Pi  Pz  Pi  dr, 8;.  (2.5) 

-«o 

Note  that  Lagvangian  and  classical  strain  are  related  by  \ 

and  either  may  be  used  in  (2.5);  of  course,  the  material  functions  are  different  in 
each  case,  and  a  third-order  theory  in  E  is  not  identical  with  one  in  e. 

In  addition  to  (2.5)  we  will  use  one  other  simplification"  of  (2.8),  originally 
developed  by  Pipkin  By  employing  a  geometrical  condition  of  zero  volume 

change,  he  develop'd  a  four-function  stress-relaxation  formulation  for  incompres¬ 
sible  materials.  The  two  alternative  forms  are 


Rfr<rR 

FrerF 


1  1  ' 

dT(l)  +  J  J 

J  —CO  —CO 


fa  M,  M2  dr, 2j 


+ 


/  /  /  ^10  ^S'  ^T(Sh 


The  material  functions  are  different  for  each  form,  and 

P  =  E,  a  —  8  -f-  pi, 

where  a  and  p  denote  dcviatoric  stress  and  hydrostatic  pressure. 

In  a  recent  paper,  Lockett  and  Stafford  (1969)  have  shown  that  an  equation 
similar  to  (2.6)  could  be  derived  for  the  creep  formulation,  and  the  conditions  of 
plane  strain  and  plane  stress- reduced  these  constitutive  equations  to  relations 
involving  only  three  material  functions.  Experimental  programs  for  evaluating 
the  ‘plane’  equations  were  described;  however,  the  number  of  tests  required 
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to  very  special  deformations.  Hence,  we  are  lead  to  suspect  that  tharreju'escntstioii 
ofbhysical  behaviour  contained  in 'the  .theories  s#ay  berteS  genera1.  andAhe  response 
or  many  real  materials  may  he  described  feyriess  general  material  functions. 

A*so,  It  should  be  |!nphasized  that  third-oiyicr  equations  like  (2.3),  (2.5)  and 
(2.6)  an?  restricted  a  ■)»’-:  ori-fo  small  fctrsin  (or  sfecss)  rates  and  to  nonlinear  materials 
which  do  not  differ  greatly,  from  thdrdliAear  counterparts.  Since  an  equation  con¬ 
necting  shear  stress^  and  shear  strain  must  be  an  odd-order  relation,  these  third 
order  apptaxirpjHdoM.prs  the  lowest  Older,  theories  which  contain  nonlinear  shear 

behaviour,  •.  '  . 

‘  9 

3.  S.  (an  For:.H  ov  Mat>;vual  Fukctioxs 

Considered  in  the  lpy.jwing  are’ three  simplifications  named  for  *thei?  effect. 
They  may  be  applied  to  fituer  thecrcep  or  the  stress-relaxation  formulation.  The 
criterion  for  selection  i si  IhaMjjfe  resultihg  cquation  can  Ik  experimentally  deter¬ 
mined  from  onc-step  tptsl  ’rresent  experimental  tcehniquieS  for  multi-step  tests 
cannot  accurately  determine  the  second-  and  higher'- order  material  functions, 
particularly  at  short  times,.  Although  these  simplifications  .impose  no  explicit 
'additional  restrictions,  the  effect  may  be  to.  limit  dcfognqtten  xijjthe?  than  is, 
implied  by  the  third-order .expansibn.  ■  ’  ^  ^  *  * 

3.1.  Phy&icalHiriea&iUj  .  *  . 

.  A  physically  linear  viscodasric' materia)  is  such  tiiat  the  response  is  /i  linear 
functional  of  history.  One  method'  of  reducing  the  multiple  integrals  to  single 
integrals  is  to  assume  that  the  material  functions  may  lie  expressed  as  a  sum  of 
single  argument  functions,  viz,* .  -  ^ 

>  £>)  -  {*!>  +  {Xi)  +-. .  /+/,<«  (*„)].  -  (SJ) 

«  Some  of  these  functions  will  be  related  by  the  symmetry  condition*  (2.4);  for 
example, JV15  -/s'2’-  •  *.  .  f  .  ,  „ 

This  approximate!*  produces^  .response  which  is  linearly  dependent  on  the 
history  of  the  input,  but  is  nonbi*eyrl^d<;pcndent  on  thery  resent  value  of  the  input 
The  resultant  constitutive  equati(^is  directly,  related  to  the  theory  of  finite  visco¬ 
elasticity  developed  by  CorAxuVland  Noun  (1961).  Workirg  from  mechanical 
considers!  oijs,  they  derived  a  stress  relaxation  equatioivfor  isotropic  compressible 
materials  under  isothermal  conditions  whicj^ contained  twelve  relaxation  functions. 

•  By  expanding  the  various  strair.  measures  in  terms  of  ETfsee  (2.2)]  auSqwlynbmials 
in  £,  it  is  readily  sfiown  that,  to  third  order  in  E,  Coleman  and  NolKs  result  is 
identical  to  the  ‘  linear  ’  stress  relatxation  fbrni  of  (2.6),  Deiiofy  and  LiAXtfe  (1865) 
and  McGuikt  and  Lianis  (1667)  have’  ioupd'for  seyefat  incompressible  materials 
that  Coleman  and  Nolj’s  result  can  follow  one-  and  t\yo-step  data  .with  only  three 
or  four  relaxation  fu unions.  In  yhe  fallowing,  it  is  shown  that  (2,8)  can  follow 
data  of  Lianis  and  also  some  data  developed  by  Zafas  and  Cravt  (1585). 

*  tv  ’  .  .  -  *  „ 

,  8.2  -  i>upcr}*)sttioii  .  '  , 

A  second  type  of  simplification  is  .to  dr  , me  a  multiplc-a«,'UEscnt  material 
function  qHjerrns  of  s  single’  function  of  one  argumentem  the  following  manner: 


0 


***'*££***£Zj£fi2#£ g  ye  ggw 


J 


>  V 
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x  y  /  *' 

V 


Off  mathematical  form#  fo\*  the  mut^riai  functions  In  n^n^car  viscoelasticity  #  34ft 
ft  {**  v)  -  ft  («)  H  (y  -  x)  +ft  (y)  II  (x  -  -i/):  '  *  ) 

ft  (*.  Vt  •■)  f=  ft  (*)  fHi)  ~rx)  II  {z  -  ai).  +  f,  (tj)  II  (*  -  y)  II  (z  -» y)  1  (8.2) 

•/  ;  '  '  ’  +/,{*)  if  •(*-*)H(ff-*).J 

Dependence  on  x,  y,  .V.  has  teen  given  the  same  functional  form  in  order  that  the 
ft  should  be  continuous,'at  x  y  =  z/—  . . . ;  .this  results  in  Completely  symm  trie 
forms.  It  denotes  the  Heaviside  step  function 


jt-  .  , 

"  Equations  (8.2)  produce  a Response  m  which  each  tftm  has  a  linear  dependence 
on  the  history  of  an  input  measure;  however,  cacji  measure  is  a_  north  near  function 
of  the  input.  I£,  .ice, '  ’  c  resulting  constitutive  equation  is.  in  the  form  of  a  convolu¬ 
tion  integral  and  it  oomethnes’  considered  to  be  a  Boltznfem  superposition  theory, 
.for  large  deformations.  -Findley  and  Lai  ‘(196f)  a|nd  Lai  and  Findley  (iu6S) 
have  also  considered  a  type  of  nonlinear  superposition.  Although  they  did  not  , 
explicitly  define  the  material  functions'  as  in  (8.2),  their  resultant  equations  are  ^ 
•equivalent.-  • 

A  special  form  of  (8.2),  which  is  related  to  strain-dependent  modulus  theory, 
in  obtained  by  asaumihg  that  certain  functions  ft  are'  related.  For  compressible 
‘  materials,  ■»  •  - 

.  -  -  .  :*(A<h(x),  t^8,4,r,8,'j 

fi  (*)  —\dt  •h  (*)>  =  5, 8, 10,  1 

.  '/  .  _  'Xdif&fa),  —Lt*  i: 


where  the  constants  At 
some  simplification  is 

change  (see  Lockett-  and  Stafpoko,  1069). 

„  *  .  -  ‘ 

8.8  Product  nonlinearity  .... 

'  5  v  ,  •  . 

.  Finally,  ws  discuss  one  form  which  may  be  considered  to  be  an  analytic  approxi¬ 
mation  to  the  material  functions.  In  view  of  the  one-step  test  requirement*  we  s 
suppose  tliht  second-  and  highcr-cfder  material  functions  are  separable  and  expres- 
..  sible  as  the  products  <  -  * 


«•»} 


*/«a,.W>*  . f$"@»), 


t8.4) 


where  functions  ft‘P  art  related  by  eha  svrr.metry  conditions  (2.4)^  e.g.fe(1)  =fn{ZK 
etc.  Lai  and  Kiselev  (1068)  and  and , Osakan  (1068) 'have  proposed 

£o>qis  similar  to  (3.-1).  However,  they  considered  only  completely  symmetric  forms, 
an  unnecessary  lifni^tion  in  three  dimensions.  ,* 

The  .effect  of  this  approximation  cannot  be  evaluated  quantitatively,  as  none 
of  the  second-  or  lsigher-ordcr  terms  haw  ever  been /completely  determined. 
Qurditatb,  cly,  there  is  experimental  evidence  to  support  the  assumption  that  <1, 
be  represented  by  a  series.  Then. (3,4)  is  an  approximation  to  ip  by  a  product  o? 
setjes,  and  this  is  acceptable  only  .wlfcn  0  contains  a  very  small  number  of  terms, 
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or  for  small  excursions  about  the  axis  ...  =»e».  In '.practice  tin's 

maybe  a©eepi$ble  as  linear  behaviour  is  dominant  in  the.  range  of 'finite  small 
etraisg  applicable  to  the  theory..  Also,  by  the  definition  of  strong  oblivion  ' 
(decaying,  raeine^y),  the  essential  aspects  of  physical  (as  opposed  -to  geometrical)  . 
nonlinearity  occur  in  the  recent  past,  near  the  axis-si  *»  sr$  *=  , . .  =  -av 

8.4  Discussion  '  ’  - . ' 

Before  dolling  with  Quantitative  comparisons,  we  maks-  some  general  remarks  '  * 


fion 'e?  the  approximations  to  (2.5)  bads  to  the  following,  results.  A  physicaliv 
linear  material  Implies  that  „  '  f "  ..  . 


.  .  r)  +/s(t-V)P(i)  fMt- r)F*{t)}  P  (r)  dr. 

ft  u  1  1 


.  (s:*) 


The  superposition  approximation  produces  the  result  * 


...» 

<t-T  J  (i  -  r)  .+7*  (f  -  r)  2?<r)  -?f,  (t  -  r)  8P»  VT»  P.  (r)  dr.  (8.0) 

'  I  * 

The  casumptidn  of ‘product  nonlinearity  yields  •  v 

"  *  |  .  <  f  •'  '  ;  .  • 

G-JM-  r)P(r)dT  +  {  ^  t)  ?  (r)  dr j®+ 1 1/8*  {# -- r)>  (rj  drj  /  (A7) 

«  ,  '  0  -  0 

where  .the  square  and  cube  roof  i  of/»  and  /*  are  introduced  to  make  the  equations  * 
identical Jor  one-step  tests.  Thus,  for  P  <=»  P o  H  (*), 

;  7  <«~Pofc(t)i+P£*/a(f)  +  Pp*»/(<).  •  ‘  (8.S)  ' 

However,  the  response  of  (8.8)^  to  j8.7)  to  .general  loads  is.  quite  difierewt,  It 
should  be  emphasized  that  for  nonlinear  superposition  the  response  to  e^ch  new  load 
level  is  identical  and  independent  of  the  previous  history.  This  is  readily  observed, 
for  step  loadings;  .•  , 

■  P™AH(t)  +  (B-A)Hk~-k),  ** 

•  « [P]  =  » (t)  +  ^[3]  -  k).  ■  > 

>  t 
Kence,.the  nonlinearity  is  entirely  confined  to  the  magnitude  of  the  load  end  no 

interaction  of  loads  or  coupling  effect' occurs.  .  / 

The  physically  linear  equation  (8.5)  shows  an  unrealistic  effect  in  recovery  tests. 
The  response  to  an  input  is  a  nonlinear  function  of  the  current  value  P  (t).  During 
recovery,  P(f)  £0,{>l,  and  the  response  is  a-hnea?  fd  station- 

f  •  '  .  ‘  < 

;  $  =*  |  T)P(r)dr, 

*  • 
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A  linear , recovery  'may  be  acceptable  for  special  /n&terials  or  small  inputs,  but, 
$e»essf!y,  naftlincar,  materials  will  have  a  nonlinear  recovery. 

Although  one-step  teats  may  be’sufHdeni  for  detennining,'the  material  functions, 
it  is  wsHItnown  that  such  tests  are  incapable  of  assessing  the  degree  of  applicability 
.  ‘  of  a  specific  constitutive  equation  to  gei^cral  deformations.  This  is  readily  illustrated 
by  result  {8.8),  as  one 'may  use  the  functions  determined  therefrom  in  any  of  the 
three,  constitutive  equations  (8.5),  (8.6)  or  (8.7).  Hence,  the  selection  of  a  constitu¬ 
tive  'Equation  musfcfee. guided  by  additional  information^and  "we  believe  that  a 
raultiple-tftep  Jteft  east!  provide  criteria  for  selecting  a  coa^Jutive  equation. 

:  Fi?ktk  and  Eogers  (3(068)  observed  that  multi-step  inputs  axe  a  more  critical 
test  of  &  constitutive  equation’s  ability  to  describe  the  response,  particularly  sh 
cosaparbon  with  conites*  rate  Inputs.  A  brief  inspection  of  the  limbed  multi-step 
. .  cites,  available  (Pipkix  and  Bogess,  t@88 ;  McGunt?  and  "Lux:-,  1997 ;  Zapab  and 
*_  Ceast,  1865;  and  F ixduby  and  Tax,  1068)  show*  th&t;  in  general  both  creep  and 
gtrcss-relfiKation  equations  predict  a  tower  .response -than,  measured.  This  seems 
particularly  marked  in  unloading  teste  which  fist  fhoxm  in-  Figs..  I  and  2.  Hence, 
it  is  desirable  W  ho  able  to  predict,  from  a  knowledge  of  the  material  functions, 
which  type  ofeonsritorive  equation  will  give  the  better  (i$ni  usually  larger)  response  , 
prediction.  .  .  •  <s  • 


Since  we  shall  test  the  constitutive  equations  using  step  inputs,  these  are  applied 
to  the  one-dimensional  equations  to /obtain  algebraic  equations  from  which  incqusli- 
■  tks  may  be  readily  established.  X<e£  PBOX&,  SUP*  aiid-LINs  dmote  respectively 
the  pfpducir  nonlinear  form  (8.7),  the  euperposioen  farm  {8.6}  md-physs csKy  linear 
form  (8.K),  where  the  subscript  £  sa  2, 8  denotes  a  seefend-  ox  third-order  term,. 
The  comparison  of  SUP  with  PROD  and  LIN  gifts  We  setae  result  toy  both  second 
'  '  and  .third-order  terms  and  is  independent  of  We  sign  of  the  materia!  function: 

:/  (SUP*  <—  PEODf)  .1  ,  ’ 

f  x  sgM?»K  —  P»)  «{ 


(SUP*. 
,  ( SUFi- 


LINj} 


J 


The  cbmparison  of  PROS  with  LIN  varies  with  order? 

‘  T  »•<  ©s  S  »  %  1 

(PRODj  -  LIhV)  x  sga  [ft  (ffl  *  *§*  \P*+i  ~  ?*)  i  '  >•  &.») 

. .  •  r  |_  >  o;  *  ~,h.  j 

-^—Hero,  egn  (P*+i  ~  Ps)  is  the  sign  o?  the  difference  in  two  steps.  The  statement 
(8AQ)  is  not  completely  independent  of/t,  but  holds  (for  all  materials  investigated) 
^Spxovdded  that  |?a+t|  >  9-68  |FS|.  It  should  be  remembered  Wat  the  fully  sonlmesr 
equations  (2.3)  will  (in'  principle.}  follow  .the  first  throe  steps  exactly,  m&  iheyeafte % 
•may  be  expected  to  produce  a  better  prediction  than  any  of  the  approsimstlcns. 
This  conclusion  was'  partially  ec-ofemed  by  Nets  and  Sackjiah  (1067)  fxi  the  am- 
dimensional  seven-step  creep  teste  on  pciyrihykas.  ■ 

The  team  tga'{Pn+ j  —  makes  tbe  tosquahtto:  dependent  oa  We  input  This 

implies  tfcst  if  GSa  sppWsknstton  is  best  for  decreasing  loads  moths?  may  be 
’  for  increasing  loads'.  Unforfcnately,  there  aee  sasafRdent  date  to  test  Shis  conclusion, 
•  Hems;,  these  inequalities  can  only  serve  as  a  guide;  however,  it  seems  that  a  ksfe 
•step  followed  by  several  unloading  steps  is  &  more  critical  test  thm  severs!  hiding 
steps. 
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Thsesc  inequalities  alio  apply  to  two-  and  three-dimensional  constitutive 
equations  like  (2.3).  They  can  be  extended  to  continuous  inputs  by  replacing 

{l*n  >*  -  l*nS  by  sgn  [iJ  (.'}],  provided  that  sgn  [/*  (t)]  =  sgn  [/*  (1)1,  0  <  r  <  t. 
Th;s,  in  turn,  ia  limited  justification  for  using  multi-step  test,  to  evaluate  the 
applicability  of  a  constitutive  equation  to  general  deformations. 

o.  Ojcs-Dimenssonsjonal  Data:  Creep  Formulations 

Findley  and  others  obtained  some  interesting  multi-step  creep  data  on  two 
different  materials:  unplasticiaed  PVC  (Findley  and  Lai,  1966)  and  polyurethane 
foam  (Findley  and  Stanley,  1966).  The  maximum  strain  was  less  than  2  per 
cent,  well  within  the  limits  of  applicability  of  nil  theories,  and  the  onc-step  response 
was  clearly  nonlinear.  Hence,  these  data  arc  an  excellent  check  for  the  various 
equations  ami  the  results  are  reported  in  detail. 

In  the  original  papers,  the  onc-step  response  of  both  materials  was  modelled  by 
*  =*  a  (#)  -f-  b  (a)  (>,  p  =  0-133.  (4  1) 

The  elastic  term  a  (a)  is  nearly  linear,  and  b  (a)  can  be  approximated  by  a  cubic: 

a  (a)  =-  ca,  b  (a)  =  bi  a  -b  bt  ®*  -f-  fc*  o*.  (4,2) 

with  a  relative  error  less  than  8  per  cent.  By  comparison  with  (8.8),  we  define 
P  =  or,  Q  “  «,  and 

•=»  a  +  bi  f\  /a  =*  bt  tr,  (4.8) 

where  the  constants  used  herein*  arc  given,  in  Table  I. 


Table  1,  Single-step  test  results 


m 

h 

h 

5* 

f-VC  x  10* 

FOAM  x  M* 

2M457 

27  33* 

5-90000  x  10-* 
2-1282 

8-78502  X  10-» 
2-5842  X  10-* 

-  8-75795  x  10"» 
4-8749  x  10-- 

Using  (4.8),  one  may  write  out  directly  the  response  to  multi-step  loads.  Let 
the  input  be  defined  with  use  of  the  Heaviside  step  function: 


<J  (<)  =*  £  (at  —  <rt-l)  W  (t  —  U),  tm  <  t  <  tn+ 1,  (4.4) 

1-1 

with  initial  values  att  =-  fi  =  0.  Then  the  three  approximations  (8.5)  to  (8.7)  yield 
the  responses 

fLW  =  a  (<**)  +  —  -  £  (t  —  U)f  (at  —  at- 1),  (4.5) 

f-l 

It 

•sly  =  *  (»*)  +  £  [b  (at)  —  b  fat-i)]  ( t  -  i(y,  (4.6) 

•ffctOD  33  °(  *«)  bi  £  (t  —  tip  (at  — 

<-l 

+  h  ^£  (t  —  UY1*  (at  —  oi-i)|’  +  ^£  ( t  —  itY13  (<n  —  oi-Oj  •  (1.7) 

*A a  in  Tina*  and  rtooua  (1981).  the  PVC  data  hiu  b*cn  aUfhtljr  modiftrd  tottUw  i»ulll-*try  Ini  at  Fiholsv 
ud  Lu  (1MT!. 
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_ To_pif5vid<^an^dtttona}^comparisojv  wc^ include  a  one-dimonsional  equation 

derived  frqm'tiie-therraodynamics  of  irreversible  processes.  Following  M.  A.  Biot's 
itnwr  analysis,  Sciiafehy  (1066).  has  developed  explicit  equations  for  nonlinear 
material  wherein  the  physical  nonlinearity  is  contained  in  a  *  reduced  time,’ 
wliere  this  reduction  is  an  implicit  function  of  strain.  In  a  recent  paper.  Sofia  pbhy 
(1968)  lias  coiSidere^  a  more  general  entropy  production  inequality  which  may 
depend  on  functions  of  stress  as  well  as  (his  ptcviously  considered)  functions  of 
strain.  Hence,  for  a  stress-relaxation  formulation, one  may  choose  the  reduced 
time  to  Be  a  Junction  of  strain,  and  for  the  creep  formulation  choose  a  function  of 
stress.  Schapery's  one-dimensional  creep  formulations  may  be  written  ns 


.  v  «  » 

« .»  4M  +/C4  rfrr-p  ( 0  -  J  (4,8) 

v  _ _ _ o _ .  ^  x  ® 

where  D  h  the  viscoelastic  component  of  the  linear  creep  compliance.  It  is  probable 
that  creep  and  recovery  data  for  several  stress  levels  and  times  are  the  moat  con¬ 
venient  data  for  c-valdating~functionSc^er,  Ad  and  f(o)  as  well  as  a  (a)  and  D. 
However,-  to  enable  comparison  witJTtfae  previous  results,  a  special  fonn  of  (4.8] 
is  chosen  which  can  be  evaluated  from  onc-steptcsts.  -  ■  , 

The  response  to  step  input  v  <=*  «o  ff  (f)  is 

...  ’s  =  c  (wo)  +/(»«)  B  [f-dor  (<n)[Ao  (e»>]  •  •  (4.9) 

By  "omparicon  with  (4.1),  let  " 


£> {i  AalAo}  ~  Pb  (ao)l<rff. 


(4.10) 


Equation  (4. 8).  can'  take  on  a  number  of  forms;  setting  Ad~-  Ag  =  1  yields  a 
‘  lihesr-  ’-equation  like  (8.5),  and/  --=-1  with  A  a  =5=  Aq  produces  a  *  superposition  ’ 
-  equation  dike  '(8,6).  V.'d  are  interests'*  in  forms  employing  reduced  time,  and  the 
most  sqceessful  form  (for  the 'data  investigated)  fe  that  which  includes  all  of  the 
nonlinearity  in  the  reduced  time.  Thus,  let  f[a)  «=  Ac  (?)  -=*  1 ;  hence, 


n  v/Ad)  =  &i  {iiAoY,  * 

The  response  to  multi-step  loading  (4.4)  is  . 

‘ 

IS 


b%  0  +  bt 

V  / 


(4.11)  . 


*RP  =  « («*«)  +  h  {p  (i)/-r  p  {u)}p  ( 01  — 

*  '  p«- 4^+T^ff 

:  Ad  (*a)  i-i  Ad  {<*<) 


^-1).  J 

>  *  .  (4.12) 


When  (4.12)  is  unsatisfactory,  the  nabet  level  6f  approximation  is  to  include 
cither/ (o)  or  Aq  (a);  the4atter  choice  gives  somewhat  better  results.  To  be  specific, 
let  one-step  tests  define  the  relationship  between.  Ap  and  Ac,  and  then  express 
Aq  as  a  polynomial,  viz.  1  -r  *'i  a  +  ht  -f  . . .  .  H«ice,  a  linear  .  Co  n  defined 
by  cjic  two-step  test,  a  quadratic  Ag  by  one  tliree-sfcep  fcst.  and  so  forth.  Since  tliis 
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paper  if  IkoitccLto  equation*  defined  by  oae-step  tot*,  only  brief  remarks  on  tim* 
result*  are  included.  '  r'  *  / 

Given  (*4;*ad  t*le  i,  tbe' inequsJitk*  (K9)  and  <S.i?) may  -fee' 
directly.  Kor  « large  step  followed  by  several  unloading  steps,  P *+i  <  Pa  and  the 


mult*  *xc  £3  follows: 


Seeood-ordw  terms 


^lurdiacaer  terms 


PVC  SOP  >  VSpP  $jUR  FXtOlJ  >  *v  sftp 

FOAM  iiUP  >  PBOD  >  LIN  .  Slip  >'  tSNf  >  10B 

•  ^  •  »  « t  1  ,  -  r  *~v  ‘  1  v' 


Tiae  (Sour* f 

Fiol.  Cf«p  U  poiyureUMOe  fesro  (Fswoorf  *od  Stakwy,  1980). 
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Thepredictioni  for  the  FOA51  material  are  shown  -!n  Fig.  1,  and  clearly  none 
of  the  constitutive  equations  follow  the  data  in  a  satisfactory  manner.  From 
inequalities  (4.18)  the  superposition  theory  is  superior  to  the  others,  and  this  is 
Ki^ijy.dlwWved.  The  linear  form  is  not  -shown  as  it  was  almost  uniformly  98  per 
cent  of  the  product  form.  The  reduced-time  equation  (4.12)  gave  a  good  prediction 
of  the  second  step.  However,  the  error  increased  very  rapidly  to  0-3  per  cent  strain 
at  the  fourth  step.  Evidently  the  function  Aq  is  needed  to  characterize  this 
material;  a  quadratic  Ad  was  found  tojgive. excellent  results.  \ 


C-«i.  4 


Ooio 
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Loadlftfl  fresre* 


5*3«t«3 


6*231' 

u-<  >i  ^  4 


a?— * - -  -\--~^~£rsizz'. 
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Figure  2  show’s  that  aU  three  approximations  can  follow  the ;  P¥C^ataJ:atligr- 
wefi.  To  evaluate  inefpigiities  {4,18}  otic  must  determine  which  teams  dominates — 
From  (4.3)  one  finds,  that  ths-geccnd-ortk?  term  Is  larger  (for  <s  <10%-tilis-is 
dearly  observed  in  the  fourth  and  fifth  steps  where  the-  supposition,  form  is  . 
larger  aian  the  product  form/thc  latfetfbdiig  slightly  greater  than  ih$  linear  form, 
The  error  in  the  *®duccd-&hj  par  «5n5sSw&  to  0-05 

per  cent  strain,  pnd  this  ertunot  be  Ascribed  to  ^perimentd  variation.  Ifowever, 

&  linear  Ag  w®  found  tdg^siight^'lietfor-results  titan  the  superposition  form. 

t&t&ni'aa/i  Kots^00®@)  msdi  a  sp&sfic  experiments!  sttidyof  thstffiifttig&F-  - 
integral  creep  femidaiidn&l  polyethylene;  They  were  able  to  evdust^3dTfuns~~ 
tiossdi  K:  'm d  h  of  (2.5)  &k>ns:  the  axis  =  ®s,  and  their  molts  arc  shown 

In  Fig/S;  They  also  reported  a  number  of  two-step  tests  in  an  attempt  to  evaluate 
K  and  L  for  shjctjija!  arguments;  however,  the  scatter  in  their  data  produdet!” 
quantitativc  results.  .  '  . 

Although  their  two-step  tests  were  ifieondusive,  these  data  provide  5  direct 
means  by  which  osie  'may  partly  Check  the  assumption  of  product  separability 
over  s  wide  range  6f  times.  Following  (3.4),  let 

K  ^  y)  »  [K  fa  *}j*  (A  fa  y}]*, 

-  £  fa  y,  z)  =  [I,  (5-,  a?,  a,}]*  [l  fa  i,  £<)}&  [L  fe 


whera  the  valves  pf  ^e  fimctfons  udder  ills  radicals  are  taken  directly  from  Fig.  3. 
Using  (414)  in  (2,5),  ydtfc  tlic  definitions 
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an  equation  like  (3.7)  is  obtained.  This  result  can  be  used  for  comparison  with 
live  different  two-step  fists  reported  by  J.ifshitz  and  Ko’skv;  typical  results  arc 
shown  (n  Fig.  4, 


Curve  B  of  Fig.  4  is  typical  of  tire  data  which  has  an  initial  step  of  853-5  psi. 
The  product'  approximation  followed  the  date  exactly  except  at  very  long  times, 
where  a  small  error  begins  to  appear.  When  the  initial  step  was  increased  to 
507-2  psi,  all  o?  the  predictions  were  significantly  low,,  as  shown  by  curve  A  of 
Fig.  4.  However,  this  error  was  a  constant  0-74  per  cent  strain  aiong  the  entire 
second-step,  and  shifting  the  curves  upward  yields  very  good  agreement.  Hence; 
this  error  seems  to  be  of  an  elastic  nature,  and  therefore  it  does  not  invalidate  the 
assumption  of  product  separability  for  the  viscoelastic  response.  lilvidcntly,  the 
product  form  is  valid  for  some  materials  over  a  fairly  wide  range  of  time. 

The  question  of  which  approximation  will  give  the  best  fit  to  multi-step  dota 
is  partly  answered  by  the  previously  derived  inequalities*  Using  Fig.  3  in  (4.13) 
yields.  —  -  -  ~  '  * 


•  Second-order  terms 

Third-order  terms 

SUP  >  PROD  >  LIN 

PROD  >  LIN  >  SUP 

(4.16) 


Thus,  we  know  a  prion  that  only  the  superposition  form  can  improve  on  the 
product  fofth',‘ 1  However,  the  third-order  term  do  ninates,  particularly  at  high 
stresses,  and  the  superposition  prediction  is  observed  to  have  a  significant  error. 
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5.  Ukiaxial  Data:  Steess-IIki.ax vnoN  Fokuui^tio.v  , 

Here,  the  third-order  integral  polynomial  tlieoiy  Ss  Compared  with  sets  of 
uniaxial  data  which  were  previously  analysed  with  two  •  quite  different  three- 
dimensional  constitutive  equations  for  incompressible  materials.  JlcGuXST.  and 
Xianis  (188?)  used  a  dmplificaiien  of  Coleman  and  Noll’s  finite  linear  riseo- 
elasticity  theory  to  analyse  styrene  butadiene  rubber;  Xapas  and  Csa^t  (1883) 
used  the  3*CZ  elastic  fluid  theory  tb  analyse  polyisobuiylene.  Both  dealt  with 
very  large  strains  (SO  to  180  per  cent);  however,  experiments  wers  limited  to  one- 
or  two-step  tests  where  good  agreement  was  obfcainjd,  although  predictions  tended 
to  be  less  than  Bie  measured  stresses.  -  - 

For  uruaxial  leadings  in  the  isa-direstton  of  ar.  incompressible  material,  let 


yt  ^kXi,  Ztl*h  y»  *»  Xs/Ah 

Then  the  McGtirat^Lurbs  equation  reduces  to' 

t  ■ 

»<«  -m  (»  - 1 )  +  s  JfcMi  [#M  -  jy  * 


(5,1) 


where 


*  -- 


«? 

«*kf  —  r,  Js«2A  +  lAa.  ~ 
/(A)  -  +  (*  -Wa  -*)}  A  • 


(5.8) 


Note  that  functions  involving  the  integration  variable  r  ere  shown  explicitly. 
The  BKX  elastic  fluid  theory  becomes  •  % 


■!>)-/ *).*.  ] 


A(M) 


(5.4) 


bf 


Although  storting  from  very  different  standpoints,  both  investigations  ended 
with  similar  one-step  tost  results.  Let  >  ==1  -{-  (A  —  5)  H{f),  then  (5.2)  and  (5.4)  become 

5g™7£  “/(A)  +  *  *#)  +  2l#s(<)  +  C/s  -  8}  $s(i)J  A,  (5A) 


~f/7x  -  ff  (A,  0  -  «  (0  (A*  -  1)  +  ,fl  CO/A  -f  >#).  ‘  (5.0) 

Both  investigations  revealed  that  three  material  functions  wart  su&ldcnt  to  describe 
the  one-step  response,  end  ali  can  be  well  represented  by  elementary  Functions  like 
P  or  In  t  ,  - 

An  equivalent  third-order  Integral  polynomial  theory  c-an  be  developed  fhim 
the  N-formsttoii  of  (2.8).  By  subtracting  |  tr  a  (to  eliminate.  the  hydrostatic  pres¬ 
sure)  and  expressing  M  in  terms  o?  A,  where  A<  «=  A  (tj),  one  obtains 


11.158 


On  mathematical  forms  for  the  material!  functions  in  nonlinear  vncceln'iUctty  .933 

i^,(ha~k)dT‘"  1 

°  t  !• 

+  i  [f  h  [(At*  ~  1)  (V  -1*>  ~  f~-  -  l)  -  lj]  dr(2] 


+  1 


jJ  V  S  dr (S) 
///<{[' 


(Ax*  -  1)  (A 2*r  1)  + 


2  (s  -  $  (i 


c  c  c  iP  r 

+  r  j  j  j  hi  j-~  [(At*  -  l)  (Ais  -  l)  {**  -  l ) 
0 


(«-*)& -*]**• 

For  one-step  tests,  (5.7)  reduces  to 

55—7^-  im + i  MU)  (a*+ I  -a)  + 1 <!>io{t,ttt)  [{A*  - 1)2  +  2  0  -  1)* 

+  i#aAi.o(A4~8A*+A  +  8 (5.8) 
Since  (5.8)  is  restricted  to  small  finite  strains,  we  write 


and  expand  the  terms  In  the  equations  in  powers  of  e.  Equation  (5.8)  can  be  made 
to  coincide  with  (5.5)  and  (3.5)  to  third  order  in  <  by  choosing  the  following  defini¬ 
tions  for  the  #'  & 


XleCoiwfaad  IaAjns 
(1997)  1 

JUrAS  tad  Craft 
(l&Slf) 

lb 

Hi  -f 

0  +  y 

lb 

-Hi 

2 «  -  /} 

l<h« 

S/S  (^a  +  2<?a) 

-  s/a^  -  # 

lbs 

-  2/S  (2&  -f  7<P0) 

2/8  (a  -  P) 

The  error  induced  by  ignoring  fourth  and  higher  terms  can  be  readily  estimated 
for  one-step  tests; 

»  »  t 


| a  —  an t|  <  2-7  ^0  (—  1)*  «a  , 


(5,9a) 


(5.9b) 


The  question  of  multi-step  loads  is  an  open  one.  Neithcnof  tne  papers  presented 
more  than  two-step  data,  none  o? %ybieh  was  in  the  range  of  strains  supposedly  epplie- 
ableio(3,7).  Equations  (3.9)  and  {S.10)n»yhcusedtadetem»incwhich  approximation 
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will  predict  ll#  larger  response.  iVr  decreasing  steps,  bqth' materials  yield  the 
results:'  •  .  v,  *  ,  ‘  *  ' 


■ 

& 

'  ,  ■  • 

> 

« _ 

SUP  >  LIN  >  PROJJ 

*  LIN  >  mob  >  SUP 

SUT>  PkO»^>LlN. 

By  evaluating  relative  magnitudes,  one  finds,1  '  ' 

•  ’  -  ‘  f  x. 


7  .  A  <1-4  . 

A  >  1*4 

- 

sup  yiiN>  PROD 

Uii  i>  S‘)UOD;>  SUP 

(5.10) 

j  *  (  '  q 

Theje  iftequalities  are  reversed  for  increasing  step?.  ,  : 

'  The  three  approximations  of  Section  8  may  be  applied  to  (5.7)  and  the  multi- 
step  response  written  down,  just  as  in  Sections  8.4  and  4;  the  multi-step  response 
of  (5.2)  hnd  (5.4)  is  dev<$oped  in  m  analogous  way.  The  Jesuits  are  shown  in  FigP, 

5  sup.  6,  and  in  both  eases  the  superposition  form  of  (5;7)  yields  a  larger  respopsd' 
in  successive  steps,  as  predicted  by  (5.18).  .  .  „  • 

•*  fjurprisingly,  the  Green-rtivlin  theory  [sec  (5,7)]  will  follow  the  MeS'uirt-Liajus 
equation  (5.2)  for  sll  A.  Heitee,  the  first  two  steps  shewn  in  Fig. J^Were  taken  from' 
their  report,  and  all  three  jippropnrntioEa  arc  observed* to  yiej&a better  prediction 
of  the  second-step  data,  with  t&e  eqpcrpositioifeform  hayibgno  measurable  error. 
At  low  strain  levels'  (A  <  i«g)the  linear  farm  of  (5^7)  Cquab  (5.2)  to  the  fourth  or 
fifth  jjigite  Unfortunately,  there  is  &  significant  error  in  the  first  step  for  <  <  29. 
This  error  wijs  also,  apparent  (but  less  bbtn  .ve)  in  the  original  semi-log  plot  ■ 
(McGuiib*  aijd'Liy.xis;  1967,  Fig.-2).  This  His;  be  only  experimental  'variation, 
but  it  is;  possible  that  the  representation  of  one-step  response,  equation  (5.5),  is 
somewhat- m  error.  •  *  '  •  , 

The  Zapas-Citjft  equation  j(5.4)  shown  in  Fig.  8  is  a  'counter-example,  as  the 
Grecn-r^vlia  equation  (5.7)  will  not  follow  (5.4)  .when  A  >  1*4.  'ZapAs  and  SsAFT 
(1965)  ran  tests  with  input  levels  similar  to  She  first  two  steps  of  Fig.'  5,  and  (5,4)  • 
gave  very  good  results.  However,  all  forms  of  ,  the  Green-Rivlin  'theory,  equation 
(5.7),  gave  a  poor  prediction  of  the  seeond  step  (26  percent  fcbo  lygh  at  A*  «s  1-698). 
This  sort  of  disagreement  at-large  strains  is  tc  be  expectedof  a.third-order  theory,  • 
and  was  indicated  by  tfie  error  estimates  as  (5.8b)  is  much  more  slowly  convergent 
,  than  (8.9a).  When  the  strains  are  restricted  to  A  <  1*4,  as  in  Fig.  8,  good  agreement 
is  obtained.  ‘  '  .  •  *  ,  ’  ' 

-  f  .  ’  •»  /** 

8.  Ck»xcLUDiNo-  Remarks-  : 

V. 

Although  the  proposed  simplifications  reduce  the  multiple  integrals  so  that 
c  e-step  tests  em  sufficient  to  evaluate  material'  junctions,  a  multi-step  test  is 
r,*  ^uired  fe  indicate  the  applicability  to  general  deformations.  Evidently,'  teste  like 
those  performed  by  Findusy  and  Staiojsy  (1006)  may  be  satisfactory.  Tfie  tests 
required  for  two-  and  tlaw-dimensional  equations  offer  additional,  complications. 

/ 


Jp 

/  • 
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It  <Uas  been  noted  by  £ock&t?  said  Si'afkirs  (1908)  that  when  the  material  fusc- 
iaoas  a?a  eomjtk-tely’  synfinateK;  only  uniaxial  tests  sue  respired.  Thu*,  only  the 
superposition  form  eaa  be  determined  from  untexial  teats,  while  the  produce  and 
ilaegr  form?  njqyiss,  bias&d  teste' 

la  a  yeeenf-  .paper,  PiFKi^r  and  Bjkjess  (I9d8)  proposed  an  integral  aeries  • 
representation  of  a  different  zona,  The  .first  term  represents  exactly  the  response 
i&  feagfo-giep  input?,'  the  second  term ,  gcnmlizes  the  exact  representation  to  two- 
ghop  inputs,  and  so  forth.  By  noting  that  some  xnultiistep  data  (see.  Fig.  2)  was 
.  '.fell  ngjasssested  by  the  first  term  of  the?  series,  they  concluded  that  their  form  was 
prsfesabla  to  (2.5);  their  Srst  tern  being 


I  d*Oi{a  (r),  ,t  —  t), 


wfisie  p  —  (iCfo*}  '  a  (r)  iciest  continuous  loading  histories. 

,  Aitfaoqgh  She  term  ,(0.1)  itself  i$  a&i.exmity  a  superpcsstioii  fomy  issarly  all 
.  published  «aa-step  data  will  .force  it  to  become  one,  as  the  asusi  experimental 
regalt  jsaeras  to  bc  &  separable  funciion  of  ti&e  and, input,  like  (4.1),  (5J5)  and  (6.6). 
Keace,  tfcs  sups spodtfoa  cuirvesinFigr.  1  and  2  are  khalkai  to  ths  results  reported 
fey  Bpaia  j*nd  Hcgtse.  Tfedr  Eecond-order  fosetioa  £%(«*»  f  ~tp*oa,  <~&) 
relish?  the  wates^on  e£  a  function  of  four  variables,  ‘gfewever,  Ltssiarz  and 
Koimxy  (1836)  were  ua&fefo  to  cv&lusste  '>  fuactica  of -two  variables  &  (%,&); 
hence,  the  complete  cvslffatio^ jjf  appears  inapractica!.  Alto,  Id&hjts  and 
li  carry’s  tmdte  indicate  that  ths  two^htp.  mesaaa  Is  atepmlde  function  of 
,  timers)  and  ftftisis.},  J£  thi?.§spc«abiiity  were  to  bold  for  sll  step-teste,  the  een- 
stliutive  w-ufction  w£<#d  sgain  seduce  to  »  eupespcaitien  form. 

.  The  _ttC5nou5ia*tior>.  that  the  few  rriprcssible  feud  cute  theory,  equation  (2.6)^, 

.  cfclj  St  the  forms  delved  by  LJaaSs,  and  by  Zapss  and  Craft,  Is  not  particularly 
Kftfofogntl,  Is  may  be  argued,  £ha&  almost-  any;  relation  wOl  fit  one-  os  two-step 
data  ton  saiSsfoatfy  saalj  stresses  aryl  steains/ Bathes,  this  pfeould  be  viewed  ~e& 
providing  tome  j^tiScaifoa  for  the  use  of  <4-func£loa  and  S-f«acfcioa  -theories  'Qf 
icxgagiT  SfAjyosn  (1039)  to  dessibe  Lfoomp-  ssible  three*  and  two-dimen- 
Sioiiai  defopsatioiw.  The  Seal  •$sifcjm  of  applicability  should  include  myiti-step 
'  teste,  sard  cm  the  hesis  of  Section  o  one  may  expect  fee  itupspcsitica  fom  to  yield 
raarti  seemte  jsedistlosg, 

An  important  question  is  how  to  proceed  when  none  of  the  equations  derivable 
fooss  oae-atep  teste  wifi  follow  multi-step  data.  No  ->{sfipk£e,a*mrer  o<m  fee  pic- 
pcs&d,  but  it  appe«ys  feat  the  next  level  of.^opaistiostioa  would  be  fee  reduced- 
fejc  ecuRtkins  Ife*  (^.8)  dc'/ifopcd  by  'Schnpecy.  Here,  cvaluaiion  of,  say,  A®, 
rc^uk®  only  one  two-steg  test,  one  three-step  aest-  eto.r  while  a.n  integral  polynomml 
thecfry'.requires  st  least  n  fcfeojstcp  teste,  ^s*  three-step  tests!  etc,  Fo?  exa 
Jggt  fou:4  th«i;  ehwwing  .do  to  fee  linear  ia*tr  gave  eacc&RC  results  for  ?VC.  How¬ 
ever.  it  mast  be  remembered  that  rcduesa-tarc  equa^oas  will  only  follow  date  in 
which  fee  fjmeiienai  fofth  of  Um  efspenso  is  unchsngai  by  additioiial  steps.  If  it 
{loe&  dwaigc,  one  ram*  resort  to  the  more  g fmcrfel  integral  poly^smial  theo/ies.  - 

Although  the  ajtpjicabiUty  of  the  Ynx-io-jt^nc-dimeixsioiial  constitutive  relatioja 
j«3  best  discussed  ;a  detail,  these  remain  open  a  number  of  questions  in  fee  general  ■ 

11.163  « 
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thrcc-disnoisiona!  cose.  For  exmn^t,  the  ability  of  the  approximate  cquatipns  to 
describe-  strain-induced  anisotropy  has  not  bctfit  investigated.  Clearly,  more 
experimental  data  aw  required  before  nonlinear  constitutive  -cquatfons-cutt-  lie 
applied  to  genera!  deformations  with  a  fsigirtlegrcc  of  confidence.  -  * 
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XII.  RESEARCH  NEEDS 


12.?  .INTRODUCTION 


?■'  7 


..  Examination, of  the  previous  eleven  chapters  reveals  the  fact  that  there 
exist  several  areas  wherein  less  than  satisfactory  predictive  analysis  methods 

4  •  * 

are  currently  being  used.  . 

These  problem  areas  are  primarily  occasioned  by  either  or  both  of  two 
fundamental  reasons  <  0  ; 

•  ^  *  f 

_ ,lack°of  a  sufficiently  meaningful  physical  model  of  the 

phenomenon  in  question  and/or 

.lack  of  suitable  analysis  techniques  for  solving  the 
*4  ,  '  •  < 
pertinent  boundary  value  problem. 

Secondary  reasons  for  the  exi stance  of  problem  areas  are 

.lack  of  credible  instrumental  data  for  confirmation  of 

■  *  *  x 

analysis  methods  and  (  ' 

* 

.insufficient  application  of  instrumental  measurements  under 

broad  spectrum  field  use  conditions. 

*  ^  „  "  / 

Recent  developments  In  instrumentation  technology' indicate  that  there  now 

“  1  4  \ 

exis|;  gmiges  and*  most  importantly,  gauge  calibration  methods  applicable  to  a 
restricted  range  of  environmental  conditions.  Thus,  increased  field  use 
measurements  are  in  order.  Two  or  three  programs  along  this  latter  line  have 
in  fact  recently  been  initiated  by  the  services. 

Because  of  the  rather  high  cost  a'nd  long  lead  time  .needed  for  both 
Instrument  development  and  field  use  application  and  observation,  it  will, 
probably  require  sustained  effort  over  the  jiext  five .years  to  bring  this 
phase  of  research  to  an  acceptance^  evel  wherein  it  will  haye  the  design  and 
apflysts  Impact  necessary  to  effect  meaningful  improvements . 


■■  :  / 


The  first  two  major  problem  areas,  physical  modeling  and  mathematical. 

o 

analysis  are,  of  necessity,  closely  interdependent  -  a  physical  model  for 

* 

material  behavior  that- Is  non-analyzable  or  an  analysis  based  upon  an  overly 

*  * 

a*  ,  4  « 

restricted  physical  model  are  equally  inapplicable.  The  Important  basic 

/  V 

theoretical  research  of  the  1950’s  followed  by  the  extensive  laboratory 
characterization  of  the  1960‘s-have  laid  the  basis  for  a  broad  ranging 

coupled  theoretical  -  experimental  effort  during  the  1970's  upon  the  problem 

„  .  . 

of  nonlinear,  coupled  thermomechanical  behavior  of  high  solids  loaded  propel- 

* 

< 

lants  (chemical  and  aging  effects  Implied)..  In  spite  of  the  previous' tlmfc 
and  money  expended  upon  this  problem, -the  fact  remains  that  the  solution  will 

'i 

require  a  disperse,  broadly  based  attack  over  i;he  next  decade  Involving  Industry, 

■>  ’ 

government,  and  university  participation.  "  ,, 

The  coosaents  and  needs  set  forth  in  this  chapter  are  those  of  the  authors. 
The  specific  items  have  been  influenced  by  the  discussions  and  recommendations 
of  the  JAfiHAF  S/I  Comal  ttee.  It  Js  Intended  that  future  revisions  qf  this 

chapter  will  be  reviewed  and  approved  by  the  S/I  Committee  in  order  that  the  - 

*  1 

recommendations  reflect  the  Ideas  of  all  interested  groups. 

12.2  SPECIFIC  RESEARCH  NEEDS 

*  '  i 

05  Development  of  inexpensive,  reliable,  readily  usable  stress  and 
strain  transducers  which  do  not  interfere  with  grain  integrity. 

V  ‘  •  .  '  '  ,  ■ 

iZl  Non-lSothermal  viscoelastic  analysis  including  re-evaluation  of 

* 

the  Moreland-Lee 'shift  hypothesis. 

(3)  Nonlinear  material  characterization. 

(4) \  Computer  analysis  of  boundary  value  problems  utilizing  (2)  and  (3). 

(5)  Aging  effects  In  (2)  and  (3) 


1  mm 


(6)  Coupled  tb@rf$@pdhsn1cal  characterisation  experiments  Including 

~ag1  ng~^nd-the?^~5^dsr.tv  .dS-tem1  na tl  on . _  _  _ _ 

(7)  Failup^diaracterizatloR  for  both  cohesive  and  adhesive  conditions. 

(8)  CMm.ical  and  mlcrostructural  effects  on  behavior  and  synthesis 
of  Improved  materials. 

J9)  lp$ds  definition  improvement  with  emphasis  on  statistical  Inputs. 

'  /  00). ^^diani  cal -ballistic  interaction  optimization  routines; 

/-  70l)  Batenalnation  aRd  definitlon  ©f-methods  for  grain  figure  of  merit. 
y^"'tl2)  Multi-dimensional  therraomechanical  routines  with  emphasis  on 


vibration 


(13)  Hore  extensive  STV  and  prototype  verification 


above  items. 


More  extensive  discussion  of  the  above  points  may  beTound  In  the 
“Structural  Integrity  Committee  CY  1970  Report"  by  S.  C.  Browning. 
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y  APPENDIX  A 

SUGARY  OF  LINEAR  ELASTICITY  EQUATIONS 


A.-1-  CYLINDRICAL  EQUATIONS: 
EQUATIONS  OF  MOTION: 
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STRESS-STRAIN: 
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DISPLACEMENT: 
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COMPATIBILITY: 


V1*^.  =  0  ,  <j>  ='  stress  function 
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A. 2  AXIAltY  SYE5CTRIC  EQUATIONS 


EQUATIONS  OF  MSM3KJ 
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No  dependence  on  6*  xr0  f  tQz  =  0 


STRAIP'DISPLACEMENT : 
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e8  =  7  ’ 


e  =  3W 
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v  =  +  3W' 

Trz  3z  3r 


(Stress-strain  relation  unchanged  from  above) 


STRESS  FUNCTIONAL  APPROACH  (NO  BODY  FORCES;  EQUILIBRIUM) 


V**4>  =  0  ,  v2  =  ^r+  -I-  + 
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-  gP 
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PLANE  b? RAIN: 


*£z  =  0 


er  *  K°r  1  ^8  +  *  (¥)  k  -  t&hl*  «iT  *  V 

e«;*i[®6  •  v(or  *  °z  >  ]  (^F~)  [°8  '  (p7>r  J  *  “*T  -  V. 

/  ^  i  » 
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Hence,  .to  change  plane  stres,s  into  plane  strain,  substitute: 

"  '  •  •  *-v  1  ‘ 

f 

-  n  *  ”  , 

/' .  r(  for  £  and  forv.  . 


STRESS  FUNCTIONAL  APPROACH:  (NO  BODY . FORCES  J&D  EQUILIBRIUM)  s’  ’  • 
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A.  4  ENERGY  THEOREMS  ■ 

&  ■  -  „ 

MIN IMUff  POTENTIAL  ENERGY  THEOREM: 


JL  • 


Of  all  displacements  satisfying  compatibility  and  the  displacement 

<i  •  *  _ 

boundary  conditions,  Those  which  satisfy  the  equilibrium  equations 

.  ’  '  «s>  *  /  * 

‘  and  the  boundary  conditions'  make  ?the  potential  energy,.  V9-  an  absolute 


mm.  .lysr,; 


LA  ' 


> 


9 


? 


If  the  potential  energy  an  absolute  minimisn,  then  the  displace¬ 
ments  are  such  as  to  satisfy  equilibrium  and  stress  conditions. 


MINIMUM  COMPLEMENT/-, RY  ENERGY  THEOREM: 

Of  all  stress  tensor  fields  that  catisfy  the  equations  of 
equilibria  and  the  boundary  conditions  where  stresses  are  prescribed, 
those  which  satisfy  compatibility  and  displacement  boundary  conditions 
make  the  complements  y  energy  ,¥*, an  absolute  minimus. 

A. 5 
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\  ,  .  t>  ^ 

.V*  = 

T  .  1  Sy/~ 

«(Tij)  ;3Tt1*TU  .* 


CONVERSE  THEOREM:'  .  '  •  *  »  , 

If  the  cowplcsMiitary  energy  V®  ?s  In  absolate  mlnliM*  ti’w 
the  stresses  are.such  as  t^.srtUfy  tf^rtlMUty  and  displace®* 

V  •  -** 

■  /  r 

boundary  conditions.  ‘  / 

,  ,  •/• 

•  /  - 

REISSNES'S  MIXED  PRINCIPLE :  -  . 

Elastic  equilibrium  is  distinguished^  a  stationary  value  of 
the  functional  JR  when  and  □1  are  varied  independently,  provided 
that  the  tensor  is  syranetric. 


h  *  jp  <Tij5  ”  Vi  *  2 

r  r  *  • 

-  j  Tt“i d5_  j  . 
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A. 5  RELATIONS  BETWEEN  ELASTIC  CONSTANTS. 
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APPENDIX  B 


FINITE  ELEMENT  ANALYSIS 


APPENDIX  B  * 

£> 

p  FINITE  ELEMENT* ANALYSIS 

B.-l  INTRODUCTION  ,  "  ’  -  ,  ' 

V  i 

III  chapter  four  of  this  handbook  the  fundamental  '(elasticity) 

♦  -lU 

equations  of  the  finite  element  method  were  developed,  and  their 
^application  to  grain  structural  analyses  discussed  briefly.  In  this 
appendix,  thefinite  element  method  of  analysis  is  further  discussed. 

The  emphasis  of  tbi$-dis_cussipn.  is.  on  the  use  of  a  finite  element  computer 

v 

program  Instead  of  upon  the  theory  of  the  technique  or  the  mechanics  of 

/•  1  «  i 

computer  programs.  Thus,  this  appendix  -reflects,  the  attitude  of  the  user 
rap er  than  the  producer.  Those,  persons  cjsiring  to  pursue  the  theory  in 

greater  detail  than  presented  herein  are  referred  to  the  many  text  books 

a  •  °  . 

and  survey  articles.  In  particular,  reference  1  is  an  excellent  introduction 

<> 

to  the  subjedt  and  [2-4]contain  particularly  lucid,  thorough  descriptions 
b?7the~ application  of  the  finite  element  method  to  grain  structural  analysis 
problems. 

■A  sample  computer  program  listing  is  Included  here  for  illustrative 

purposes.  Listings  of  computer  programs  for  particular  analyses  are  also 

> 

contained  in  the  reports  referenced  in  [5]  through  [18], 

3,2  SUMMARY.  OF  THEORY 

As  mentioned  in  chapter  four,  finite  clement  solutions  normally  begin 
with  the  statement  of  a  variational  principle.  A  functional  is  defined  which 

has  as  its  arguments  the  relevant  physice-  variables  of  the  problem.  It  is 

3  *  i 

then  shown  that  the  particular  functions  (among  certain  admissible  types) 

X 

which  minimize  the  functional  are  In  fact  the  ones  thatsatisfy  the  governing 
differential  equations  of  the  problem.  For  example,  the  Theorem  of  Minimum 


Potential  Energy  states  that  the  potential  energy  assures  an  absolute  minimum 
for  those  displacements  satisfying  the  equilibrium  equation*  provided  that 
classes  of  admissible  functions  are  limited  to  those  satisfying  the  boundary 
condi  tl  ons ,  -  - 

It  Is  obvious,  then,  that  one  could  (1)  guess  an  approximate  solution  to 
a  problem,-  (2)  calculate  the  potential  energy,  and  (3)  compare  to  another 
approximate  solution.  Of  the  two,  the  one  with  the  minimum  energy  is  chosen 
as  the  better.  He  then  search  for  another-  approximation  to  compare.  By  such 
a  process,  the  solution  will  eventually  be  reached,  if  it  is  possible  to 
reach  a  solution.  A  mm  systematic  process,  exin  to  the  Rsyleigh-Rftz 
method,*  !s  to  assume  an  approximate  solution,  with  unknown  parameters-  Ke 
than  determine  the  unknown  parameters  in  such  a  manner  as  to  minimize  the- 
fancttonal.  Then,  we  know  that  the  solution  we  have  is  the  best  of  the  type 
with  which  we  started.  The  finite  element  method  is. .essentially  such  a 
“process.  - . **r  ~  ---  ~T~  ~ ~  — - . - —  "  •  -  •• ' 

The  origin  of  the  name  of  the  *’ finite  element"  arises  from  the  fact 
that,  to  perform  tbs  process  of  minimization  discussed  above,  the  body  beinb 
analyzed  is  divided  into  small  suisregfons,  over  which  expressions  for  toe 
displacement  are  assured.  For  exanpie*  suppose  y/e  wlsn  to  analyse  the  body 
shown  in  Figure  1.  This  body  which  is  axi symmetric,  is  subjected  to  a>:1~ 
symsGetric  loads,  e.g. ,  axial  acceleration, 

fcfe  could  suppose  that  this  body  may  be  represented  by  a  collection  of 

*< 

rk3$  of  triangular  cross-section  as  in  Figure  2. 

This  is.  In  fact,  toe*  type  element  used  for  such  problems.  However, 
the  triangles  usually  are  combined  into  quadrilaterals  within  the  program, 
and  we  need  only  concern  ourselves  with  the  quadrilateral.  Thus,  we  might 
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Figure  2.  Typical  Idealization  of  Axisymmet 
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break  up  the  body  into  the  subregions  such  as  shown  for  simplicity  only  in 
Figure  3.  The  right  hahd  section  of  tneubopy  if  shown  subdivided. 

In  the  axisyrnmetric  case,  these  elements  ^re  each  actually  rings.  Ilf 

^X*  i 

this  ware  a  plane  problem,  they  would  be  prisms  with  axis  perpendicular  to 
*  ,  * 
the  plane  of  the  paper, 

A 

, y  The  displacement  field  is  assumed  in  sons  form  for  each  element. 

This  Introduces  severs!  unknown  pa  rasters.  These  parameters  can  be  solved 

-  « 

for  in  term  of  the  'displacements  at  ..particular  points  in  the  elements, 
usually  the  comers  which  are  known  as  the  nodal  points.  ‘Hence,  we  have  a 
set  ot  subregions,  for  each  of  which  we  have  an  assumed  displaeemeat  s£sape  . 
Spending  upon  the  unknown  nodal  point  displacements.  The  functional  for 
each  regiGn  new  cars  be  calculated  and  minimized  with  respect  to  the  unknown 
displacements.  This  leads  to  a  system  of  algebraic  equations  in  the  nodal 
point  dtspfaeeri»hts;;'  'SoTutioh  of  there  equationF yields  the  displacements 
field  which  minimizes  the  functional  and  from  which  the  stresses  can  be 
calculated, 

o 

In  actual  practice,  the  above  is  not  carried  out  as  easily  as  it.  is - 

described.  The  handling  of  the  large  amount  of  data  and  solution  of  the  • 
resulting  system  of  equations  are  problems  which- must  be  solved  ftf  an 
efficient  manner.  However,  this  capability  has  been  built  into  the  computer 
program  and  as  such  is  not  the  user’s  problem.^ 

One  point  which  Is  significant  to  a  user  is  the  form  of  the  displace- 

♦j*'  ■*  .« 

merit  ass iss^tion.  If  the  function  is  linear- in  each  element,  then  the  dis¬ 
placements  along’ the  edges  of  each  elensnt  will  coincide.  This  appears 
desirable,  and  is  frequently  used.  Higher  order  assumptions  will  lead  to 


t 


>>> 

different  results, .  The  linear  assur?f>t1on  also  lends  Itself  to  approximation 
of.^rbi trary  fields  as  the  elements  become  smaller.  The  point  to  he  noted 

is  that  in  areas  of  bodies,  where  the  actual  displacement  field  is  linear,  a 

\ 

linear  approximation  is  adequate  With  large  elements.  In  areas  where  the 

■  *  *  '  s 

displacement  is  more  complex,  smaller  slansnts  will  be  required  to  approximate 
the  actual  displacements.  In  particular,  in  areas  where  the  displacements 
are  progressively  more  nonlinear,  the  elements  must  be  progressively  smaller. 
Jn  addition,  errors  In  the  displacement  approximation  produce  even  larger 
errors  In  stress  calculations  because  stress  Is  related  to  the  derivatives 

of  displacements,  *  ! 

0  ,  '  - 

8.3  APPLICATION  OF  THE  FINITE  ELEMENT  METHOD 

this  and  the  next  subsection  will  show  in  detail  the  steps  involved 
in  using  a  finite  element  program  and  will  include  some  numerical  examples. 
This  is  undoubtedly  the  simplest  way  to  djseiiss  the  pracfci  cal  use  of  the 
"finite  element  method,  .  Because  the  actual  use  of  a  program  is  dependent  . 
on  the  program,  one  must  sacrifice  some  generality  by  reference'tQ  a 

l 

particular  program,  Heweve**,  we  shall  assume  the  available  program  similar 

•  i 

to  the  one _giveu_ in  .Section  £.5.  Specific  details  may  change  from  program 

I  i  ,  -  .  , 

to  program^  but*  the  general  iddas  remain  the  same. 

B.3.1  INPUT  J3ATA 

Broadly  speaking,  the  data  that  must  be  input  to  a  computer. program  can 
be  separated  out  into  several  categories,:  control  information,  nodal  point 
data,  element  data,  material  properties,  and  load  data.  These  categories  are 

not  unique  and  son®  programs  may.  combined  one  or  more  Into  a  single  category. 

&  ^  ■ 

For  example,  it  is  quite  natural  to  lunpthe  last  three  together  because 

for  any  element  we  must  associate  the  material  of  which  it  .consists  and^tbe 


loads  to  which  it  Is  subjected.  Ms  shajl  discuss  the  type  of  data  ih  each 
category  as  though  they  were  separate,  and  Indicate  the  conventions  Wherever 

i 

possible.  ’  ■  ■  ,  | 


Control  information 


{&) 

(b) 


(c) 


Titles  usuatly^ the  first  item  of  information' required  is 
the  title,  .etc.  s  or  any- identification  the  user  desires 

i 

Number  of  nodal  points 
Number  cf  rows  of  nodal  points 
Number  of  materials 
Axisymmetric  or  plane  problem 
Number  of  card p'-  of  same  type  to  be  read 
Data  of  this  type  refers  to  the  problem  in  general  and/or -to  the  process 
of  input  to  the  computer.  Load  information  that  in  rt> lwant  <-<->  the  .whole _ 


(d) 

<e) 

{£) 


problem  may  also  be  input  to  this  category.  In  this  case,  either  item  (b)  or 


(c)  information  will  be  rwoviired.  snot  HnfV>  _  rW»  T\-r\rr-^s»rv. 

*  *  T"  •  -  ~  **•»  "“*•*  V*V  fc****M  MWW>  <&  **4*4 


which..  Also,  Item  (e)  will  not  be  needed  for  a  program  that  is  specifically 
either  plane  or  asdsymmetric,  *-•*  0 

/  •  '  y  r. 

Nodal  point  data 

(a)  Nodal  point  number  -  either  a  single  number  or  two  (I,  J)  co¬ 
ordinates  if  the  nodal  point  array  is  associated  with  a  ma;  ;*Lc 
Coordinates  of  the  nodal  point 

Indication  of  whether  £orc,es  or  displacements,  or  neither, 
are  specified  in  each  coordinate  direction 
Specified  forcer  and/or  displacement,  if  any 
Any  other  relevai.^nformation,  e.  g. ,  temperature,  If  it  is  - 

t  * 

associated  with  nodal  points,  or  special  types'  of  control 
inforn^ation  -  '  ,  •  '  < 


(b) 

(d) 


(d) 

(e) 


V  *■ 


*  -o  /  ,  .  ^ 

/  j  *; 


j*  > 


‘ 


inmmtipwni! 


(a)  Element  number  •- 

(fc$  I'Jodal  points,  to  which  element  is  connected  , 

(c)  Material  identification 

;A11  this  information  may  be  absorbed  into  other,  areas.  The  element 
Hunter  m&y  be  associated  with  a  particular  noda’  point  to  which  the  element 
3s  connected;  this  eliminates  Item  (a)  and  item  (b);  Item  (c)  can  be  handled 
%  a  request  to  read  the  data  while  reading  nodal  point  information. 

Material  properties 

(a)  Mechanical  properties  -  modulus,  etc. 

(b)  Thermal  properties  expansion  coefficient 
|c)  Physical  properties  -  density,  etc. 

(d)  Identification 
Load  data 

(a;  Element  to  which  load  is  applied 

(b)  Magnitude  of  load  -  pressure,  temperature  change,  etc. 

These  data  and  material  properties  may  be  associated  with  element  data, 

jiqdaLpoints  uader  sQme-iiort  of  nodal-  point-element _ 

correspondence  .  it  is  not  necessary  to  do  so,  however. 

Final  comments  on  the  input  data 


In  general,  it  is  necessary  to  define  the  jposition  of  every  nodal  point, 
the  dementi  connected  to  that  nodal  point/  the  material  properties  jfor  each 
element,  as  well  as  nodal  point  and  element  Iqhds,,  Becau  ^  a  given  problem 
m>ght  involve  close  to  100G  nodal  points,  with  sorriewhat  fewer  elements,  the 
amount  of  date  wouM.be  prdhibitative  if- each  nodal  point  and  element  was 
treated  separately.  This  .is  not  done,  of  course.  A  program  ill  incorporate 
some-  sort  of  self- gene  rating  feature.  For  example,  if  two  nodal  points  are 
separated  by  several  for  which  no  data  Is  specified,  the  program  might 


generate  the  required  intermediate  points  along  a  straight  line  joining  the' 

given  Fflnts,  with  uniform  spacing.  Similarly  ’/  th--  elements  left  out  Wul,d 
be  generated,;  ,  .  '  ■  ■  -  -  ■  f-  "  •  *  - 

-By  this  self  generating  process.'  the  .number  of  input  data  is  considei- 
The  only  nodal  points  and  dements  that  require  specification 
along  the  ooundary  of  the  object,  as  well  as  interior  points  for 


which  chang;'3  from  previous  data  occur.  For  example,  when  two  different 
materials  are  adjacent,  the  transition  from  the  first  to  the  second  must  be  v 
specified.  \ 

8.3.2  OUTPUT  DATA 


At  the  conclusion  of  an  analysis,  a  great  deal  of  information  has  been 
created  -  stresses,  displacements,  strains,  etc.  All  this  information  is 
output-.  At  this  point,  there  is  no  convenient  way  to  reduce  the  volume  uxiless 
the  analyst  knows  that  only  certain  results  are  needed.  In  general,  the 
analysis  will  yield  hundreds  of  pages  of  results,.  Provision  can  be  made, 
however,  to  write  the  results  on  a  tape,  and  then  to  have  this  information 
presented  graphically  in  terms  of  stress  and  strain  contours,  etc. 

The  user  must  be  cautioned  against  placing  total  confidence  in  the  re- 
suit?  of  the  analysis.  The  finite  element  method  is  a  useful  tool,  but  still  is 
not  a  panacea  for  the  analyst.  Results  will  be  dependent  on  the  ability  of  the 
analyst  to  capture  the  essential  features  of  the  problem  by  proper  layout  of 
the  nodal  points  and  elements  describing  the  object  of  concern.  There  is  no 
substitute  for  intelligent  engineering  consideration  of  the  problem. 

B.  4  EXAMPLE  PROBLEMS 

This  subsection  makes  more  specific  the  comments  of  the  preceding  sub¬ 
section  by  presenting  a  group  of  examples  of  finite  element  analyses; 
including  the  whole  process  of -solving  the  problem.  For  additional  exanples, 
the  reader  is  referred  to  the  references  listed  at  the  end  of  the  appendix. 

The  program  used  to  solve  the  examples  is  the  Rohm  and  Haas  AMG032A,  ^ 
suitably  modified  for  use  on  a  Uni  vac  1108  computer.  The  program  listed 
in  a  following  section  [7]  is  due  to  Wilson  and  is  similar  in  operation  to 
the  Rohm  and  Haas  program  used  for  these  exanples. 

B.4. 1  UNIAXIAL  COMPRESSION  OF  A  RIGHT  CIRCULAR  CYLINDER 

The  first  example  is  the  simplest  problem  that  one  can  formulate  - 
uniaxial  compression  of  a  circular  cylindrical  sample.  The  setup  of  the 


problem  is  shown  in  Figure  4.  Figure  4(A)  shows  the  physical  problem 
with  the  necessary  defining  quantities.  As  shown  in  Figure  4(B),  it  is 
poasible  to  reduce  the  problem  to  one  of  smaller  proportions  by  taking  into 
iccount  symmetry.  This  is  in  a  form  that  can  be  analyzed  by  an  axisym- 
rr.ctric  program,  i.  e.  ,  a  body  of  revolution  loaded  by  axisymmetiic  forces, 

‘A'c  note  that  points  on  the  axis  of  the  body  can  only  deform  in  the  z-direction, 
while  points  on  the  r-axis  can  only  move  in  the  r-direction,  this  from  the 
lymmetry  of  the  problem.  Thus,  we  have  established  displacement  boundary 
conditions  along  the  z-  and  r-axes.  On  the  top  surface,  the  pressure  is 
known,  while  the  side  is  free.  The  grid  is  added  and  nodal  points  defined  in 
figure  4(C).  The  grid  is  the  simple,  obvious  one  -  an  array  of  squares 
0.5  inch  x  O.S  inch  covering  the  section  of  the  cylinder,  a  total  of  50  elements 
and  66  nodal  points.  The  nodal  points  now  have  (I,  J)  coordinates  associated 
with  them  as  shown.  1  T*he  displacement  conditions  are  indicated  by  rollers. 
The  nodal  points  on  the  two  axes  can  roll  along  those  axes,  except  that  the 
(1,  l)  nodal  point  cannot  move  at  all. 

This  figure  defines  the  problem  in  enough  detail  to  generate  the  input 
data,  which  is  shown  in  Figure  5.  For  convenience  in  discussing  the 
diu,  we  have  numbered  the  columns  in  groups  of  10,  1-9  and  blank. 

The  first  line  of  data  is  simply  a  title  in  the. required  format. 

The  second  line  of  data  gives  the  number  of  nodal  point  cards  to  be  read 
34),  and  number  of  rows  (11). 

The  next  34  cards  are  nodal  point  cards,  followed  by  12  cards  giving 
•lement  properties  and  loads,  and  finally  a  card  ending  the  data. 


1  N°te  Lhat  *  =  column  number,  J  =  row  number. 


—  — w-  „ 


I  DIAMETER:  5  IN 

I  HEIGHT:  10  IN. 

I - Ur  PRESSURE:  1QQQ PSI 

E  =  30  x  106  PSI 

v  =  l/3 


Figure  Setup  of  Simple  Compression  Problem 


1,04s fa/H'l  1  ^.VlSfa?  VI 


l<,(ii*„,7'\M  1?\4S*j70'»  jj>  *.4Sr‘i7no 


l  ?  v»  *_,*-»  on 


'■PViShTyq  lb^uSSTAQ 


AKl.lMiM  bl*'l‘LK  C'JMI'WC.S! 


34 

1 1 

i 

1 1 1  no 

<* 

i 

mil'll. 

« 

i 

1101*111 

(4 

mum, 

i 

mt  mi 

i 

on  l  oo 

i 

2 

Ol(faii) 

* 

2 

SlIMIIII 

1 

3 

u  l  lino 

3 

Simon 

1 

4 

i)  Until 

f> 

4 

boom. 

1 

D 

oiomi 

s 

t> 

smior 

1 

n 

IM  1100 

o 

fa 

siimui 

l 

7 

(Mono 

*> 

7 

bumio 

i 

*1 

II 10  ll. 

*» 

M 

SO'jmi 

1 

•i 

'M'.ino 

* 

> 

blltlllO 

1 

111 

Ul)0|! 

«? 

III 

„  lnomi 

.5 

111 

°l  Ullillt 

u 

J'l 

l'lmm 

*> 

1*J 

l.mmi 

h 

JO 

sonoo 

l 

1  t 

S100II 

? 

U 

snnno 

S 

H 

V'OIIO 

•* 

1 1 

somin 

S 

1 1 

Si'O'io 

h 

1 1 

sonoo 

ju’irjiittoo 

.on. 

,1  ii  3.333.3" 

mum 


•*  n . 


0.,) 

n.Ti 

0.'- 

0  .  .) 

1  .  ) 

n.  ) 

1  .s 

•  n.  0 

tl.il 

’.s 

‘o.o 

o.n 

*  -  I..S 

~>.s 

^  n.s 

n.i 

i  .0. 

2.S 

1.0 

'i.o 

1  .S 

2.S 

l  .'s'* 

O.o 

.  ? .  n 

?.s 

2.0 

O.o 

2.S 

?.s 

2.S 

o.!1 

I.o 

?.s 

“  3.0 

n .  n 

3.S 

’.s 

3.S 

o.o 

4.0 

2.i 

4.1) 

o..) 

4.S 

?.S 

4.S 

4.0 

S.4 

n.S 

S.n 

1.0 

S.r- 

1  .S 

S." 

•?.ll 

S.o 

?.S 

S.n 

n.o 

r 

n.o 


n.O 


O.o 


"OtMlUtUi 

iii'H'iniui 

UUIMlIJio  I 

UUUlm  1  n  i 

"UOIIOIUI 
w  ')*■  .MIA 


1000.0 
1000. o 
loon.o 
inon, o 
1000.0 


Figure  b.  Input  for  Simpk  Compression  Problem 
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In  the  system '-used  in  the  program  here,  the  number  of  an  element  is 
associated  with  the^Qdal  point  of  smallest  (I,  J)  connected  to  it.  As  nodal 
points  are  input,  we  then  specify  whether  an  element  is  to  be  associated  or 
not,  and  what  to  do  abouc-the  element  properties.  This  is  probably  most 
easily  seen  by  reference.to  the  data.  As  the  computer  reads  the  nodal  point 
cards,  the  following  data  is  found:  I,  J.  element  typer  four  boundary  cendi- 

«t  - 

tion  codes,  r  -  coordinate,  z  -  coordinate,  four  loads  and/or  displacements. 
For  example.  Card  1  reads  as  follows: 


Column 

Data 

Meaning 

5 

i 

I  =  1 

10 

1 

J  =  1 

15 

1 

read  element  data 

16 

1 

u  specified 
r  4 

17 

1 

specified 

18 

0 

no  moment  or  rotation  specified 

19 

0 

no  slope  specified 

21-30 

0.0 

r  -  cfc^rdinate 

31-40 

0.0 

z  -  coordinate 

41-50 

0.0 

u_ 

x 

51-60 

0.0 

U 

z ; 

61-70 

0.0 

moment/rotation 

71-80 

0.0 

slope 

if  the  number  in  Column  15  were  0,  the  program  assumes  the  same  data  as 
for  the  previous  element;  if  it  were  5,  no  element  is  associated  with  this 
point;  2,  3,  and  4  also  have  specific  meanings.  If  the  number  in  Columns 
16-18  is  zero,  no  data  is  specified;  if  1,  displacement/ rotation  data;  if  2, 
force/moment  data.  Column  19  has  a  1  if  displacement  is  along  a  slope,  0 
otherwise.  Column  20  is  blank.  The  remaining  columns,  by  10'a,  contain 
r,  z,  u  ,  u  ,  moment  of  rotation,  and  displacement  slope.  If  the  data  in  a 
given  field  is  zero,  it  may  be  left  blank. 

Thus,  the  first  six  cards  refer  to  nodal  points  (1,  1)  to  (6,  1),  for  all  of 
which  the  z-displacement  is  zero,  the  r-displacement  specified  (as  zero) 
for  only  (1,  1).  Each  nodal  point  has  an  element  associated  with  it,  except 
(6,  1).  The  element  data  is  read  for  (1,  l),  and  the  same  for  She  rest.  No 
•lope  or  moment  is  specified.  Coordinates  are  given  and  applied  forces  or 


B.12 


displacements  are  zero.  Note  that  all  the  nodal  points  in  Row  \  are 
jpecified  since  it  is  part  of  the  boundary. 

For  nodal  point  (1,  i),  element  data  is  be  read,  and  the  same  data 
holds  until  nodal  point  (1,  30)  because  only  1  in  Column  15  requests  data. 

The  firgt  element  card  is  27,  on  which  is  read,  by  10's,  the  following:  E:  v  ; 
thermal  lead,  j ardT;  radial  body  force;  axial  body  force;  pressure;  shear; 
and  a  number  to  indicate  where  the  pressure  and/or  shear  acts.  Card  28  is 
also  read,  and  indicates  what  information  is  new  by  a  1  in  .he  appropriate 
column.  For  all  the  elements  tip  to  (1,  10),  E  =  30  x  10*  psi,  v  =  l/3  . 

Note  that  all  the  boundary  nodal  points  are  entered  as  data;  and  on  the 
lift,  an  element  is  entered  with  each  nodal  point. 

Starting  with  (l,  10),  the  lower  left  corner  of  the  left  element,  we  must 
indicate  the  pressure  load  on  the  top  of  this  element.  Tttus,  we  request 
element  data  to  be  read  as  Cards  29  and  30,  where  p  =  1000.0  psi  and  a  3 
indicates  the  pressure  and  face  o'n  which  it  acts  (according  to  a  standard 
icheme).  Since  we  don't  change  E  or  v,  these  values  carry  on.  For  ele¬ 
ment  (2,  10)  we  again  read  the  pressure,  since  the  program  does  not  carry 
on  the  pressure  from  element  to  ele  ant.  This  process  continues  to  nodal 
(4>,  10),  with  which  no  element  is  assocated. 

Nodal  points  (1,  11)  through  (6,  11)  finish  the  regions  boundary.  No  ele¬ 
ment  is  associated  with  these,  and  only  (i,  11)  has  a  specified  force  or  dis¬ 
placement  (uf  =  0). 

While  the  above  description  is  somewhat  tedious,  it  gives  a  detailed 
illustration  of  data  requirements,  both  in  kind  and  arrangement. 

r 

Output  for  inis  problem  is  shown  in  Figure  6.  ’ 

Not  all  the  output  is  shown,  for  it  is  too  voluminous.  It  consists  of  the 
following : 

(1)  Boundary  condition  information  for  verifying  the  boundary 
conditions 

(2)  \Co0r<&nates  °*  all  nodal  points -includes  all  the  interior  points 

for  which  no  coordinates  were  specified 

(3)  Displacements  of  all  nodal  points 

(4)  Stresses  and  strains  in  each  element  -  radial,  hoop,  axial,  and 
•  hear  stress  and  strain;  and  maximum  and  minimum  stresses 
and  strains 

f 
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Only  data  for  elements  (1,1)  through  (4,4)  is  shown.  There  is  no 

need  to  snow  more,  as  the  values  are  the  same  for  each  row.  chanoinn  nnlv 

•  <j  c*  - / 

in  r  -  a  phenomenon  we  should  have  anticipated,  due  to  symmetry.  (We 

could  have  saved  considerate  labor  by  only  using  one  row  of  elements.) 

Notice  that  cr  =  -1000  psi,  <r  -  0,  cr  ~  o,  as  is  correct.  Also  <  =  cr  ,  = 

r  0  z  z/V 

/jx^  t  0.111x10  *,  as  is  correct.  In  this  very  simple 

problem,  the  die  -  acernent  field  is  linear,  with  consequent  good  results. 

b-4.2  THERMAL  EXPANSION  OF  A  RIGHT  CIRCULAR  CYLINDER 


This  example  uses  the  same  shape  as  Example  1,  a  circular  cylinder, 

but  the  loading  and  boundary  conditions  are  different.  In  this  example  we 

subject  the  cylinder  to  a  temperature  rise  of  100°F  so  that  (a  dT  =  6.5  x  10"\ 

and  restrain  the  expansion  which  would  normally  occ<-r.  This  requires 

removal  of  the  input  cards  specifying  the  applied  pressure,  and  addition  of  a 

1  to  Column  17  of  each  card  for  Row  11  to  indicate  that  u  =  0  for  these 

z 

points.  Note  that  both  the  nodal  point  cards  for  the  interior  nodes  of  Row  10, 
and  the  material  cards  corresponding  to  those  nodal  points  are  removed.  On 
the  first  material  card  the  thermal  load  is  then  added.  The  input  is  shown  in 
Figure  7  .  The  results  are  shown  in  Figure  8  in  the  form  of  the  output 
lor  Elements  (1,1)  -  (4,  4).  Again  the  displacement  field  is  linear,  and  the 
resulting  stresses  are  exactly  correct. 

B  .4.3  CENTRIFUGAL  LOADING  OF  A  RIGHT  CIRCULAR  CYLINDER 


Example  3  uses  the  same  data  as  Example  2,  except  that  the  thermal 
bad  is  replaced  by  a  radial  body  force,  rwa  =  1000.  This  gives  the  stresses 
•  etup  by  rotation  with  angular  velocity  w.  The  results  for  this  case  are 
»ummar;*ed  in  Figure  9.  The  stresses  cr <s ^  and  displacement  u 
are  shown.  The  exact  solutions  are  given  as  solid  lines  and  the  results 
from  the  finite  element  program  as  points.  Again,  the  agreement  is 
excellent. 
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Figure  7  .  Input  for  Restrained  Thermal  Expansion  Problem 
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B.4.4  INTERNAL  PRESSURIZATIGN  AND -ROTATION  OF  A  HOLLOW  CYLINDER 


4  -In  the  next  two  examples  the  geometry  is  changed  to  a  hollow  cylinder, 
fhe  inner  radius  is  0.  5  inch  anu  the  outer  3.0  inches  so  that  the  wall  thick¬ 
ets  is  2.5  inches,  as  was  the  radius  of  the  original  cylinder.  In  both 

» 

examples,  the  longitudinal  deformation  is  restrained,  creating  a  problem  in 
plane  strain.  For  Example  4,  an  internal  pressure  of  1000  poi  is  applied; 
andfor  Example  5,  radial  body  force  is  applied,  with  r  w2  =  1000.  The  res¬ 
ults  of  the  analyses  are-shown  in  Figures  10  and  11. 


B.4.5  INTERNAL  PRESSURIZATION  OF  A  COMPOSITE  CYLINDER 

To  illustrate  the  ability  of  the  program  to  handle  problems  with  multiple 
materials,  consider  the  problem  of  a  composite  cylinder  subjected  to  inter¬ 
nal  pressure.  ^The  loading  is  again  an  internal  pressure  of  1000  psi  magni- 
:Je.  The  cylinder  is  now  composed  of  two  materials;  an  inner  portion 
(r  =  0.5  inch  to  r  =  1.5  inches)  of  copper,  ^nd  an  outer  portion  (r  =  1.5  inches 
u  r  s  3.0  inches)  of  efceei.  The  result  of  the  finite  element  analysis  and 
*xact  solution  are  shown  in  -Figure  12.  Note  that  discontinuities  exist  in 

-•*  displacement  gradient  and  gradient  of  a  ,  as  well  as  in  <r.  and  «r  .  In 

r  o  z 

Ait  particular  example  an  analysis  with  a  mesh  of  one-half  the  original  size 
(o. 25  inch  compared  to  0.5  inch)  was  performed.  The  solid  points  for  <tq 
m  from  the  second  analysis  to  demonstrate  the  accuracy  with  which  the 
diicontinuity  is  captured. 


DISPLACEMENT, 


Figure  12  .  Ditplacementa  and  Stresses  in  Hollow  Cylinder 
of  Two  Materials  Under  Internal  Treasure 


G.5  SAMPLE  FINITE  ELEMENT  COMPUTER  PROGRAM 

PART  A  -  PROGRAM  LISTING  (UNIVAC  1108,  FORTRAN  IV) 


ON  For  ■;  JLcO'l 

C  afpIToapy  AXI^TMvrrptr  6pi  To6 

C NUMNP . »:U“C L  . NUV*’A  T  . f 'U‘*Pf  '  AC^LZ »  Vioco.  r.  AND .  ^mP  .  4T YPE  >  Q .  NP . 

1  HfD<  12)  «E(fi.A.  12)  .not  12)  .  X XnN(1 2)  ,'p(9C0)  ,t(Q00)  .UR< 900  .17(900)  • 

2  coor  (900)  .T(OOO)  .  P  C  (,-»f)0>  .J'ir(?0f'l  ,pP(?09)  .ANGLE  (4/ 

Common  ZAPf,/  p«R(S)  .  ’-.’1 6  )  #s<  to,.  IP)  .’’M  0)  .  rT  !4  )  .Lm(4)  .("Pt  6,3)  . 

1  NH(6. 1C)  .0RJ4)  .2Zt,)  ,C(4,4.  .N(/,#l?)  #0(6.M  *F(b*10)  »TP(6)  .XI  UO) 

2  .EE(7),IX<B00*5).FPS(A0f») 

CCHMPN  /BANAPG/  NflANO.NIlMDt  K.ftl  10A)  .  A(  ! 

Common  /plane/  npp 

C  HEAD  and  print  OE  fOf.’ToOL  INFOPKATTO'.  AND  MATERIAL  PROPERTIES 
SR  READ  (5.1000  ^Fn,r<.C«fp,Mi)MEL.NUV«*AT.NUMPr  »ACPLZ.  ANGFO.O.NP.NPf* 
wpITE  (6.2000)  HEP  .him  'P .  NUHEL .  NUMM  a  T .  NUWPC  *  ACEL2 .  AHGFc  .  0 » NP 
IF  (N°P)  54.55*54 
5u  WOITF  (6.?00e> 

56  00  5°  v=l.NUHVAT 

READ  (5.1001)  NTYPr,fitlA-TC.PC(MTr?E»  ,YX  'N(MTYpE) 

*RITE  (6. 2011)  HTY'-'E.N)<MT/‘.PO(**TrPe-l  .XvNN(viTYPE) 

Rr *0  (*.1005)  <(EC,u,vTYrn,j:ri.*5,iri.NU“TC> 

WRITE  (6.2010)  (  (E(  I,J,MTVP£»,J=l,4i  .IsI.niiMTC) 

00  50  1=  NUHTC.fi 

oo  se  jsi.e 

5*-  E  ( I .  J«  ht>  p£  >  rF (»!UMTC  .  J.  vt YPE ) 

5“»  CONTINUE  a 

C  READ  AND  POINT  OF  NODAL  POINT  DATA 
WRITE  (6,2004) 

LzO 

60  READ(5, 1002)  *’«Con£  (N)  .«<N>  .2<N)  »l)P(.'4>  .U2<H>  ,T(N) 

NL=L»1 

ZxzN-l. 

ORr(p(f)-R(L) )/?X 
DZz(Z<N)-/(L1)/ZX 
DTSJT(H)-T(L) )/ZX 
TO  LSLAI 

IF(N-L)  100.90.60 
*0  COOEfDzC.O 
R(L):R(L-i! »0R 
Z(L)=??L-1)^0? 

UH(L)=0,0 
UZ(L)=0.0 
T(L)zT(L-l)OT 
GC  TC  70 

®0  WHITE  (6. 2002)  (XF.Cf>cE(KO  )  .R(KK).Z(WX  )  »NR (K 4 ) »UZ (KK ) »T (KK )  .KK“HL  .N) 
IF(NU“NP-N)  100. HO, fiO 
100  WRITE  (6.2009)  N 

call  exit 
no  continue 

C  PEA')  ANO  PRINT  OF  ELEMENT  PROPERTIES 

WRITE  (fi.ZOOi) 

NsO 

130  READ  (5*1003)  M. { IX(M.J) .1=1.5) 

140  HzH*l 

IF  (a— w)  1 70 . 1 7C • J  60 
150  I Y ( N . 1 ) z I x ( N- 1 » 1 ) ♦ 1 
I X  (.")•  2  )  z I X  (N- 1  .21  *1 
IX(N.3)zIX(N-1.3)Al 
lX(N.4)ZlX(N-) »4)4J 
IX(N.5)=IX(N-l»«) 
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abitt  <s«2003)  ( iy  <*i,  i ) ,  Tsi  «5> 

<  ~!-ri  /  1*0  •  )  nil  •  i  4q 

i»n  if  inunel-ni  :9o.ioo.nn 

190  CONTINUE 

C  Rt*0  #»I0  PPU.T  Of  PRESSURE  hOUNPA"Y  "O-DITTCNS 
If  U.liMPC)  ?oo.mo,,'»oo  '  ‘ 

2°"  »P I TF  16*2005) 

OC  300  Lrl.NUMPC 

Rf*°  ‘5.1004)  I pC ( u ) . JRC  CL) . pP ( L ) 

300  MRITE  (6.200?)  lHC(i.)  .JPC<L)  ,PP(L) 

3n  continue 

C  DETERMINE  BAND  XIDTh 

J=0 

DO  340  Nsl.NUMEL 
DO  540  1*1.4 
DO  325  L* 1.4 
K4=I*P5(l*(N.J>-l)f(|  ,L>) 

IF  1KK-J)  325.325020 
32"  j:kk 
325  CONTINUE 
3«0  CONTINUE 
NRANO=2aJ+2 

C  D?L35f.,,°=ItiS5a  STRU<TURE  *Y  SUCCESSI-/E  APPROXIMATIONS 

35"  EPS(N)=0.n 

00,500  NNNrrlif.*5 
C  F0^«  STIFFNESS  M*Trtx 

CALL  STIFF 

c  SOLVE  FOR  DISPLACEMENTS 

CALL  «ANSOL 

c  c^Tf^fSsa^,e<2#>,*n•8C,•,,,•,,8l•,,w,r,p, 

CALL  STRESS 
500  CONTINUE 
60  TO  50 

1000  FORMAT  (12A6/4 IS. 3F)9. 2*275) 

1001  FORMAT  (215, 2S-10.0) 

100?  i  ( I5.FS.0. 5F1 0»9> 

*003  format  (615) 
ioch  format  ms.Fio.oi 
100*  FORMAT  (8f 10 ,0) 

2000  FORMAT  ( 1H’  7286/ 

1  50HC  NUMBER  OF  NOPAL  POINTS - 13/ 

2  30MP  NUMBER  Of  ELEMENTS - -  / 

2  30H0  NUMBER  OF  OIFF.  MATERIALS -  M  / 

*  30M0  NUMBER  OF  PRESSIJPE  CARDS - jj  ' 

5  30H0  AXIAL  ACCELERATION - --- - rf/,,, 

6  30M0  ANGULAR  VELOCITY - rl?\/ 

7  3OH0  PEFERENCE  7 EmreoaTUPF - Fl2  4/ 

pm  ASS"  V1**1*"  *  approximations - |V 

2C0l  FORMAT  (4QH1ELEMENT  NO.  I  V  , 

2002  FORMAT  m2fF12.2,2Fl?.3,?F24,?,Fl2  3)  L  K*TERI*L  > 

2003  FORMAT  (1113, 4lfe. 1112)  2,3 

2004  FOPMA.T  (108H) NODAL  POINT  TYPF  ,  ««  . 

2fl0.lcEo0°,0lSPLACE,,fNT  Z  l0™  0n  OISp5e£?ENT 

2°0,iURc',tT  ,2OM0P*ESSU?E  "ountary  cono itions/  ?ah  i  j 

*#06  format  U2min.p.  number  irx  ?hur  mx  2mu*  /  um.2E20.?>> 
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2007  rt'f>vti  (?!(,.  f  12. » i 

2oon  rr»MM  ■  f2jH0f’LAM(  <-TPp<;f.  r  foucTtiar  » 

200^  Fppv/T  (ZswOfiOnAL  '*fit>T  C A^P  EFPOP  ♦*) 

201  *  FppV-nT  ilSHO  TPvprOftTl'PF  luY  *H£(PZ)  OX  AhNU(R2)  11X  UHE(T) 

1,  i.i*  T i  t>K  owj|>nMH7i  7Y  mnP-iMT)  «?Sh  YIELD  STRESS  / 

?  > 

201  *  Frnvftl  ( i7h0y AlfPI il  \=  »'nF°  =  13.  Yon,  stjyprp  OP  TEMPERATURE  CARDS; 
1  13.  1  3h.  x***,'";  DMlMTYr  fc*!?.u  .16M,M^pi:Lljc  RA*  10=  E12.4  ) 

C 

End 

9f<S  FPP  IFF 

S|lHPp>lTINE  STIFF 

CO‘«*/r*,  NUMNP. NOVEL  .-II . 7  T  . HI..V.DC  ,  tfri  »,  •N&Fp.  «»N0 ,  TEmP . MTYPE  .  0 »NP, 

1  UE  0 1 1  ?  )  .E(«.4»1?).PC<1?>»  XXMN(12> .  R  ( or  0  )  ,7  (o00) .  UR  IPOD)  ,u?(900)  • 

2  roOf  (POO)  .  T  (O00)  .  I*  C  (POP’  .  jnC«20P*  ,"r>»20"» .  ANGLE  (<*> 

/ARC./  RRF  (5)  .?7,’(S)  »5(  10. 10)  .,*><  10)  ,TT<a>  .LM(ft)  .00(3*3) . 

1  •*H(f.i(’),RR(U)./2H.),C<i4.i4),H(6.t'').r'{A,,^)*EC6.10).TP(6),yl(10) 

?  .FF (7) . IXifiOP.G) .FP^(wno) 

C^mvcm  /SANA PG/  POAuO.MiMS'-K.RllO")  *.i  (10S.«4) 

COMMON  /PLANE/  f'PP 
C  « '  1 1 T I  A  L I Z  A  T I  ON 

PE)*  Ii."  11 
N<--  =  ?7 
Nps2»*.'0 

»C2  =  ;'*,n 

STOPrO .  (5 
(JijFPLKrO 
pr>  50  N=1.ND2 
RinsO.O 
P"  5”  «=1.N0 
5*  A(K»A'lsf*.0 

C  FCRV  STIFFNESS  X-ATOJX  IN  cL0C*5 
6C!  NiP*P.L|,rMU,',9LK*l 
NmsNP * < NUWALK ♦ 1 ) 

MvsNM-'.’S 

NLSMX’-'.paJ 

KSHlFT  =  .-?»NL-2  <- 

DO  210  Ns 1 . NUMEL 
1?  (IY(N.5M 
65  DO  8"  1=1. « 

IF  ( IX{N,  I  )-I.LJ  oo.-JO.-'O 
7r  1=  <  !*<«■.  I  )-h“>  an, i*o.  AO 

f>r  CONTI N.JE 

op  rr  ;io 

90  CALL  0.;A0(N.V0L) 

IE  (VOL  I  Ift2.iu2.14ft 
1^3  *61T=  (6.3000!  ' 

SYOPsl.O 

lftu  !?({¥(••,  j). ixtN.b)  >  lft*«l***»lft5 
ift*  DO  150  !!  =  !.<# 

CC=S(II.10}/S(lo,lo; 

p«in=p«ii)-cc*p;ioi 

Op  1R0  JJS1.V 

15*  S( II. Jj)zSi II . JU)-PC«5, 10. JJ) 
i«-o  n=x»f 
CC=S<n.9!FS(«.«) 
p(in=p<ii)Vcc*p<9i 
00  160  UJ=l»fc 
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PART  A  -  PROGRAM  LISTING  (Continued) 


16*  S< !  I . JJl=SiIl .Du?-CC»5<9. JJ> 

c  • 

C  ADD  ELEMENT  STIFFNESS  TO  TOT*L  STTPFNFSS 

168  00  166  1  =  1.4 
I6«s  L*'<  I )  s?*  IX  tN.  1 1-2 
00  200  1=1. 4 
0*  200  K=l,2 
1  J=L*'  1  ’  ?  *K-KSMlFV 
K=(52*  t-2*K 

On  200  JS1.4  • 

00  200  i=l«2 
oj=t_v<  j)*L-II*l-K8MiF'r 
Lt=2«J“2*t 
S6(viJl  200. 200°  ITS 
17*  lF(Nr-.JJS  180.105*195 

iao  write  f 6» 200*t >  n 
STOOvl .0 
so  TO  210 

191  A(II.  JJ!=Al!I.-AJnStt<X,LU 
200  CONTINUE 
210  CONTINUE 

C  *00  CONCENTRATED  FORCES  KI?HIM  BLOCK 

DO  250  NSNL.NM 
K=?»F-KSMIFT  • 

B(K>£B<K,«U?<N> 

250  B(K-1 }=3(K-ll>UR(N) 

C  BOW'AR*  CONDITIONS 

C  J.  PPESSURE  S.C. 

If  (fUMPCS  260*3J0»?60 
260  DO  300  t=l»NUMPf 
IsTGCIU 
JrjflCai 
PP=PP<t»l/6. 

)»PP 

0P=(»<  J.1-PU1  »*pp 

RX=2.0»R(lMPtJ> 

zx=Rtm2.o*R<J> 

IF  If.PP)  2fc2. 264 .262 
26?  fiX=3«0 
Z>=3.0 

26('  I  Is??  I-KSHIFT 
vU=2*U-KSHIFT 
IF  tin  280*280.265 
265  IF  tlt-NOl  270.270,280 
270  SINArO.O 
CoSAsi.n 

IF  trooEtni  271.272,77? 

27j  SINA=S  JUtCODt  U» ) 

cosA=costcooem> 

27?  e{II-n=B<II-mPX*tCOSA*r.7*SlNA*D«n 
BtlI)s:PtII)-RX«<SU:A*n7-COSA*OPl 
280  IF  tJJl  3CO.300.265 
288  IF  (UU-NO)  290*290. 300 

290  SINA50.0 
C0SA21.0 

IF  tCOCeWlI  ?9i . 2«2,>«? 

291  SINAsSINtCOOf < J) ) 


PART  A  -  PROGRAM  LISTING  (Continued) 


CriSAr^o*;  (rocr  (v>> ) 

29?  P(  jj-1  >=9<gj~* )  *2x»  <co<; a «r'?»stn# •("><»  > 

Mv5u>=H  ( JJt-7X*(SlNA  •  07-CPSA»r>P) 

30P  CC'.'T  I  NUt 

C  2.  PtSPLiCr'*'NT  r.C. 

31"  DO  4"0 

If  M5.315.4pn 

310  U=l'R(M) 

Nr?» V- J -KSHlFT 
10  (COi)E(M))  3°f>. 400*31* 

310  IP  (OOre(M)-l.)  317*  3’f  *31’’ 

31*>  IP  (CnnE«M»-2.  >  310.390.31" 

31*.  IP  (f  OoE  <M)-3.  )  30".3"f  »3°C 
370  CALL  »*0DIPr  1A.H.f*n?.f,o.*.Nn,H,U) 

3C  To  -*00 

3flp  CALL  vooiFY  (A.8.ND2.-'RAMn.f'.U) 

3°"  ufU7 ;  ’* ) 

NsNH 

Call  ''no I f y ( a •  8 . t'Oi .  mo and , n . u ) 

HO0  CONTINUE 

C  •  JPJTE  BLOCK  OF  FOUATIOfS  ON  TAPE  AMO  S«IFT  UP  LOWER  BLOCK 
WPITP  111)  (PIN)  .  <A<M.‘*1  »P=lcMfiANP)  .?!=«  »wn» 

00  4?"  N=l,f if 

KsH*m 

P(N)=P(KI 

R(K  jrn.o 
0*  "20  Mrl.NO 

A(M,v)rA(A,M) 

42"  A(K,v)r0.n 
C  CmECp  FOR  L*5>T  PLOP* 

IP  (fV-flUMUP)  *P»4BC#4»0 
4mo  continue 
ENP  FILE  11 
IF (STOP)  490.S00.49P 
49*  Cali.  EXIT 
50"  PtTliP’l 

2003  FORMAT  (2*H0f.FGATI  *Z  ieri  FI.CWFNT  >'0.  14) 

2004  FORMAT  (2OM0PANr.  WIC'.TM  EXCfEnS  ALLOWABLE  14) 

E’iD 

5N  F"»  OUAr 

SURPCUTTUF  Ol'Ar  (?**  V"L’ 

CC-WP'O  N  NU*'NP.NUVPL,I«U-*I  AT.Muvf»C.APFL7.  3Nr,pn»  WP  AND ,  TEM» ,  MTYPE .  0 ,  NP , 
1  iiFPI 1?) .ElfWE*  S?)  ,|?C(  12> .YYNNI 12) .R(9O0) ,7(900) *UR(900) »U2<900) * 
e  COPE  (900)  .T(OQO)  ,  Ir<C  I  ?on ) » J3C (200 ) . PP (20(1 )  .ANGLE ( 4 ) 

COMMON  ZAP  r,/  PRP(S)  ,777(S)  »S(  10,  1 «  )  ,  Pt  1  0  )  ,  TT  ( 4 )  »LM(4)  »('0(3.3)  » 
l  MH(*. 10 i ,RP{4) .77(4) ,C(4.4) ,M(6. 105 ,P(6,S) »F(6»iO> »TP(6> ,XIU0) 

?  jFPIT),  IXI300.  *)  .fPS(f.OO) 

COMMON  /fJANAf’O/  r;n,r  l*WLt<  .0(  JOfi)  ,A(  100,54) 

Common  /PLANE/  NPP 
90  ItIX(N,l( 

JSIX(*I.2) 

KSI7(fl»3) 

Ls|X(N,45 

MTYPF=IY (N.5) 

IXIU.  j)=-TS(N,5) 

C  FOR^  STR^SS-fTPfcTf:  PriATIONSHtP 

T{  Mp=(T(I)*T(J)-»T(K)  ►T(l>  )/4.0 
0"  103  W22.S 
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IF  (  r  ( ►* «  1  »  mTYPF  ! -TO/f’)  J  ft"-* ,  l  04  » 104 
10?  COnT  I  ’  •*.•£ 

lOu  peTi''=n.o 

DfM  =  c  CM*  1  ,  yT  vr>C  j  -f  (m-1  ,  l  ,  MTYPC) 

IF  (PE’  !  70.7! .70  ’  ( 

70  p/!Tio=(Te^'f— i  c*- 1 » i , vtypf >  >/r)Er- 
?!  DC  irc.  KK  =  1  .  / 

10r  f r ( KK  > =  £ ( v_ ; , kK  +  i , MTYpf ) »PAT 10* (£ ( v, kK  +  J » MTYPE)  “E  (M-i ,  y KM .MTYPEI ) 
T£MP=TFMP-Q 
EFSRiEF (7i /f  F ( 1 i 

if  )  jo,., ir«.inp 

IP*  R AT  1 0=  ( EE  ( 7 )  / ! EPS IN)  *re j  j ) , » <  \ . o-y  yi ;M t MTvo£ > )  ♦XXNN (MTYPF ) 

Er < i  -;e! i » -uftTio 
EE(’>l=fE(')*RATIO 
iO«  CONTINUE 

IF  O’PP)  u-.  .8o.P4 
«b  Xv=FT( l)/rr (3! 

Cowrrff  l  1  /CXX-fE I? >•«■?} 

C(l»l>sCO-”-XX 

C(1.2)=C0‘M*EF(?) 

C  II.?  I  =0.i’ 

Cl2.1>=Ctl  .2) 

C  1 2 « 2  >  rC^MV 
C(2*’)»P.O 
Cl?. 3 )=n.o 
C ( 3»?) "0 .0 
Cl3,3)=n.r, 

C(t»»i4>  =  .s.EE(l  I/IXX+EEl?)  I 
Go  To 

*6  Cu.m:  -o/EElX) 

Cll.D-  •»  E;2)/EE(1  ) 

C(  1.3)  -  F  <  4) /EE  *  3) 

C(2.1)rr(i,2) 

C (2 • 2 ) =C  1,1) 

C(2.?)=C • ; .3) 

C13.1 >=C< . .3) 

C  I  3. 2 )  =C  .•  •  *  3 ) 

C 1 3, 3 )  =  1 -P/EEI3) 

Call  syw itiv i c » 3) 

Cl 4,(j  >=Er  ' :  )/(2.0-»2.0«Ft  I?)  5 
8P  DO  |t(l  p=:  .  3 

llo  TTir.:>  =  i  <Ci”.i)*cty,2)  )*EF(M*C(M,?-,*FE(6))#TE»P 

FOR^  OuaoR ILATER4L  ST7FFMFSS  MATRIX 

RPP(<=  )  =  (»,-  .  I  ♦  PIJ)-M?(K  )♦[?<[_)  )  /4.0 

Z22I31  =  17' . ' *2< J5*?IX)*2(1  ) 5/4.0 
00  94  Mr  1 , 

I’I.m; 

iF(fiPP)  o’.  <9. 93 
«•»  IF  P3.9i.93 

9)  «(«M)  =  .0i  •'•PPI55 

IF  (CODEIPP))  93.99,9? 

9?  CODE  1 mm) Si .0 

9*  Rpr(v)=bo*v)  / 

94  2/2lv)=?IMM) 

00  jor.  i  1  =  1  «io 

piinso.o 

DC  93  vFJ=l  .6 
93  HHI JJ, 111=0*0 
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10ft 


1 

I2ft 


125 


fiN 


00  ion  jjri.jr 

s  f  1 1 » j  j  >  =  o ,  a 

Oo  5 1 °  11X1,4 

Oj”I  y  < fl,  J  1  j  ^ 

*f.f'Lr(;n=Cf.f  7  -  *~V' 

IP  <*• -I  »\125, t20, ' 

call  Tusr»ji 

ftpP(*0  =  C»«HM,,«.ppp,  , 

G?  lr  130 
V<1(_XP.O 

CALL  Tf»ISTF(4,l>1>}  "  .  ,  . 

VOL:\OL*Vl ( 1  i 
CALL  TMSTA'n  ,2,5)  > 

VOL-V0L* V I i  1 ) 

CALL  TPISTFlp.x.s,, 

VrL=VOL*XI '1 > 

CALL  Tf,iSTF!2.^fc5)  ~- 

VCLXV0L*X!<1) 

oc  140  11=1,6 

Oc  140  UJS l  * 3  0  N 

H)-f  U».JJ)=H>f(U,j,j}/,.  *  i  ' 

Rfrijr*-  '  *'  i 

Ct.o  -  x 

F^o  Tvi'iTF  - 

S!)«PHlTlNe'TRTSTF?n.JJ,«)c) 

Common  fiUMijp , muvf L . •  r , *rr  *  " 


14« 

13ft 


*  J  ?  >  *  n  *  J  2 ) ,  pa  r  j  2  ,  ;  y*.,,,,:  *  nf  ° !  *9 *ND  *  TF«P ,  MTVPE ,  0 ,  WP, 


9" 


ion 


:cwn  /plane/  rJPpC  0  } 

1  •  tf,!Tl  flL  I  ?AT  I0»i 

L'-52lrjj 

U'(3)=KK 

RfU?>xoRp(  jjj 

Rc.<  ^ )  =ppp  (kk  ) 

PB ( 4 ) =PPR (JII 
22111=222(11) 

22(21=222(^5 

2?(3>=222(KK) 

22(4) =222(11) 

OC  IOC,  1  =  1,6 
DO  or  l « 1 0 
F(I»J)=0,C> 

H(I.j)=o,o 
oo  ion  JZU6 
0( I, J)=0,0 

,  *,*  Fr?V*  INTtf’P<UMr„ci.(GI 

CALL  INTER (Xi.pp.jy, 

0(3,*>)=XI(l)*Ct4»4| 

0(*i»5>=xnn*c(4.4> 

5(*,G):)(I(1I«C(Mi 
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PART  A  -  PROGRAM  LISTING  (Continued) 


If  (NPP)  104. 106.10*, 
iou  0(2.?)-xru)»c(i.i) 

00*'>=XIH>*C14.4>  . 

v  CO  10  108 

106  0U.l>=XH3)*C(3.3i 

0(  t  .?>  =XI  1 2)  •  (C  (  J  »  3)  *c  O'.  M  ! 

0J1.3»=XI  <  5*>  *C  C  3*  3  i 
6'U.ft);XI4?)*C»?.3) 

0  f  £H2  )=XHi)e«C(ifH+?.0*C{i.-31^CI3f3)) 

0(2.a)=XI  i4)*(C',  j*3J+C!3r3>  > 

DO,  ?1=XI  (6!  *C  ’’-.iX-XT  ( 1  >*C<4.4) 

.0(3.6 >=XI<4>*C<?.3>  ,  ' 

-  ic*»  oo  no  i=i,6  ■  s 

DO  110  J=-l  ,6 
lift  0|v!>!l:DU  *  J)  . 

C  4-  FOR*  COEFFICIENT-DISPLACEMENT  TRANSFORMATION  MATRIX 

CCMV=PRt2t*(7ZO,WZ<l )) +•><>(  1>*(Z7 (2) '•7?(.S)  )*RR(3)*(ZZU)»ZZ(2)  > 
0n(l,U  =  (RR(£)*ZZ<3)-PR(3)«ZZ(?)}/C0MM 
or.  1 1 « 2 » =  <  PP  ( 3 )  *72  <  1 )  -»r  ( 1 )  *ZZ  { 3 )  >  /COmm 
.  Or<l»31»(RR(l4*ZZ<?}«RfM25*ZZ(Sn/COMM 
j  DC<?.n  =  (2Z<2W2<3>  >/C0*V 
0C<2.2)s(Z?(3WZ(l ) >/COMM 

or i ? ,3 » = ( zz < i > -z? ( ? n /copm 

0r.?3,  U  =  (PR<31-PP(21.)/CTiMW 

DDO.?»s<R»U  1-PRO) 1/C0MV 
00?3.3)r(PP«21-PR(n  >/COf;»* 

00  120  1=1,3 

H ( l , J  >  =00  t  J » I > 

H(2.J»=0D(2»I» 

H (? , J )  =00 1 3  e 1 1 

H<4,j«ii=r)o<i’1' 

H { 5 , J*  X 1 =00  <  2  *  I » 

120  H ( 6 » J+ 1 ) =00  (3*1) 

c  rotate -unknowns  required 

00.  l?c'  J=l  ,2 
IsLMS-J) 

'IP  (ANGl£<I>>  122*  125,125 
12,9  SINArSINONOLEU)) 

cosa=c:os  t  angle  (in 

1J=2*I 

OC  1?«*  <=i.fe 
TEM=H<K.IJ-1) 

H<K.KI-11=TEP<»C0$Mh,*X,IJ)*SINA 
124  H{K*iJ)=  -TEM«SINA*M(K,  1JXCQ5A 
126  CONTINUE 

C  5.  FORM  ELEMENT  STIFFNESS  MATRIy  (H)T*<n*(M) 

DO  130  Jii.10 
DO  130  *=?,& 

IF  (H(X.J>»  128* 130* 1?P 

12*  00  121  1=1,6  * 

12*>  FU.J>=FiI.J>*0<i,K)*H(K»U) 

130  CONTINUE 

DO  140  1=1,10 

00  1«0  K=1 ,6 

IF  138,140*13? 

136  00  13®  J=i • 10 

13*  S<I,J>=SU,JJ+M<K,i;»F«K,j) 
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141'  Cr*T”IU£ 

C  6.  FORM  THfOM/it  L;,An  MATPIX 

if  :npp)  '4S. 150,145 
I4«j  TT(3!=0.0- 

Crv'*=*H  1 5*Et  (4) 

S(o.°)zr>ia.9)*C0*^’ 

S('1C  *  10 )  =9 1 10  .  10 )  <  c  o«v 
l*>n  C0MM=R0<MTYPE)*ANGF(..«2 

TP{  1  ).'C0MM»XI  (?)  ♦  XI(2)*TT(3) 

TP(2)tc0mm*XI  (?!  ♦  Xl(l)*(TTm«TT(3)l  » 

TP(3)=fO,''s*Xli  10)  ♦  X I (4 ) *TT ( 3) 

COVMr-RO (MTYPE)*ACFLZ 
Tr  (4  )  =rOM'S**Xl  ( 1> 

TP(5)=C0mm«XI (7) 

TP(6)=C0mm*XI .  >)  ♦XI(l)*TT(2> 

DO  lfO  1=1.10 
0^  lfcP  K  =  1 .6 

ltsn  P(l)sP(I)  *H(K  .11  »TP  ( X  ). 

C  FOPV  STRAIN  TRANSFORMATION  matrix 
400  DO  410  1=1.6 
oo  4io  j=i.io 

410  HK { I . J) =HH( I.J)*H<I»J) 

RETUPb 

%NC  '  ' 

ON  Fnt)  5YVINV 

subroutine  syminy< a.nmaxj 

DIMENSION  A(4,4) 

GO  2C0  N=1.NMAX  '• 

0=A(N,N) 

,  dc  ire  jsi.mvax 

ion  A(N, J)=-A(N. Jl/o 
‘  DC  ISO  Izl.NMAX 
IF(N-I)  110. ISO. 110 
lln  DO  140  Jsi.NMAX 

IF(N-J)  120.140.12P 

12n  A{I,J)=A(T.s»4A(I,N)*AfN.J)  ' 

140  CONTINUE 
150  A  ( 1 .11)  -A  (  T  .  N)  /0 
A(N.N)=1.0/0! 

200  CONTINUE 
RETURN 
END 

ON  FOR  IMTFP  • 

SUBROUTINE  INTEP(XI ,Rf>.ZZ) 

DIMENSION  RR(l>.2Z(l).Xl(l)»XM<6).R(6).2tf,).XX(6) 

COMMON  /PLANE*/  NPP 

DATA  (XX(I).  irl,  6>/3*l.  00*3.0/ 

CCMV.=RR(2)*(fTi3j*Z2«| )  ).PR(l)*(Z7f2>-7ZCM  >*R«(3)*(ZZ(  1)-ZZ<2) ) 
C0MM=COMm/24,0  •  . 

PtllsPRd)..'- 
R(J»)=PRr2)  \ 

R(31=RR<3) 

R(4lr(p(l)»R (2)1/2.. 

R(5)=Ip'«2)^P(3))/2.  /  ' 

R  (#, ) r(P  ( 3)  .R  <  1 ) ) /? .  / 

Z(1)=7Z*S) 

Z(?»=7Z<?) 

Z(3)=Zm)  ; 


Y-  V, 

l 


'  -~^~KyrrJV 
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PA.RT  A  -  PROGRAM  LISTING  (Continued) 


/ 


V 


2(s*>r*7U>*2<?»>/2. 

2<S)=!Z»2>»2'Sl,/2. 

Z<65=<7<3l»Z<l>)/2. 

IP  u>PP)  10*30*10 
14  00  ?P  1-1*6 

?**  xvn»s»*m 
6f>  Tn  ft  0 
30  0t>  3*1  I  =  i*fe 
3*  rv (1 )=x*< I )«P(1> 
n«Doc0  1=1*10 
5"  yi u >±o.o 
OP  K-0  1  =  1  i6 
xnir-smi^m 

X!t7)=*I<7)*V*U)*P'.n 

xn»i:sii^)*)t«tn*2in 

XI  (OJ  =xl<Q  l+nnUi  •««!)»  *2^ 

Xl(lPl=Xlll°l+XV(I,*P<t)*7<I> 
IF«R«X».tT.l*C-10>  60  TO  !00 
xii?i=i(i<2)^yw'i)/p(i) 
xx(’u=xn3i*XMtn/-(p(i)*‘*?) 
xK^isxKHi^y-m-zin/RiT) 
XH6)fXl<5)^-U).ZU)/;R‘l)**21 
v»«^)=vi  (6mw<t>4Z<l>c*2/<R<l>**3> 
10"  CPUT1NU& 

0O  1*>P  1  =  1*10 

(Km  V9  i  t IrYT  f 


HCTUPN 
ZK 0 

au  cm  vODT^t 

sit10 oo tine  ,«t*neo**»b**©»n*U> 

0ImE*'SI0N  A  ( 108. 5*0  *mi06) 

DO  250  M=2.*8ANn 
K=N-‘=*1 

IP  IK  1  235*230*230 
23P  fl(P  12B(K)-A(K**<)*U 
AIK .0=0.0 


t 


235  K=r,*”-1 

lFINEO-K)  250*240*240 
249  8|k)=R(K>**<N*Ml*W 

A(N. (0=0.0 

259  CONTINUE 

miiii  1=1.0 

fl(M)=U 
’  RETURN 

'  Erio 

QN  FOR  PANS0L 

subroutine  ranSol 

COKJ^r*:  /BANAR5/  Mt*.\U’,'»UK.P(l0«)*Miftfl*54) 


NN=54 


NC=N'<*1 

hh=nh*nn 
rev*  1  NO  11 
REWlN'O  12 
Nf-sO 

60  TO  130  4  '  , 

C  REDUCE  EQUATIONS  «Y  810CKS 

C.  1,  SWIFT  BLOCK  OF  E0U4TIPNS 

104  Mp=NRU 
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PART  A  -  PROGRAM  LISTING  (Contimied) 


DC  1  >  S  N=  1 ,  ^l^J 
NV’rN*,*!!  • 


e<N)r«(NM) 

B(NM>^0,0 

O'  12e>  M=I,MM  -if 

I?*  A|MM»v>=6»0 

C  2.  BE AO  NEXT  CLOCK  of  EDUCTIONS  I*TO  CftPE 

IF  (NIPDILK-Nn)  ISO, 200, 150 
150  RC#D  (11)  <8IN)  ,  I*(l<.v)  ,v=l,M*)  »)\j=Nl,NM> 

IP  {'mi  ’200 f  j. •'0,200 
C  3.  REDUCE  PLOCK  OP  EOuaTIONS, 

20o  no  J00  Nil.NN 

IF ( A (N, i  1 )  225,300,225 
22*  B  <  N )  ~  P ( N ) /A (N* 5 ) 

00  275  Ls2,«V 
l  P  !  A  ( N » L  >  S  230.275,230 
JS*  0  =  *(r.»i  S/AIN, I > 

'  I=»«L~i 

J=0 

DO  2C0  K=L«'*E 
JiJ*l 

25o 

«t!l-n(n*MN,UefH'(l 

A<N«i.  1=C 
275  CONTINUE 
-300  CONTINUE 

C  H,  WPlTE  BLOCK  OF  REDUCED  FOUATIONS  ON  TAPT  2 
IF  ( NUMBLK-Np »  575,400,378 
37*  U2J  (QU/'c  <A<N,’M,'*s?,MM),n-  l,r*N» 

GO  TC  100 

C  SACK-SUBSTITUTION 

400  cp  ,,5(1  yrl.NN 
NSN!H1-N 
DC  4  95  KsS.'M/ 

LsfJ  +  K-l 

42*.  0(N):P(M>-AU.«K3«R(L) 

NVSN«NN 


0 1  MV) rn (NS 
450  A(NM,NS)=!X(N) 

NorNO-1 

'  IF  (')OS  475*500,475 
47*  BACKSPACE  12  • 

Rf  AD  112)  (0(N)»  C  A  if  ■»  v) ,  Vs? ,  km)  ,Ns 
BACKSPACE  12 
GO  TO  400 

C  OPOE R  UNKNOWNS  IN  f*  fiPCAV 

500  KsO 

OC  ft  a*  N5=1,NUMB(.< 

OC  60°  Nr  I,  MAI 
N-A=M«NN 
KrK-»  I 

60"  8  t  K ) - A ( MV »  Nft ) 

RCTUPN 

End 

CM  F"B  STRESS  . 

SUBROUTINE  STRESS 

C CW*ON  NL5WP , NUMf L , f :U**V« T , NU#F»C »  ACCL  E  »  *M*FO  «  MS  4*0 , 700* ,  *T  Yf*C  ,  0  <  M?  , 
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PART  A  -  PROGRAM  LISTING  (Continued) 


X  1?)  .EtB.r*121  ,wCt 121  .XXVKl?)  .R<aoO> ,7<900>  .UP (900)  .<17 « 900) 

2  ror>t  !<sdo)  .T<«on> ,  ti,cf  ?oni »  joci  200  >  ,pp«20O)  *  angle  chi  .siguoi 

CCMVCf)  /A  pr,/  9RP(4l,?7;M5>  «S(10>inj#n<l0).rT{4J  .  LP  (4 )  .001  2. 5)  » 

X  UH46. 10) «RR<4 >.??(•«) .C  <4>4) »Ht&. 10) ,D(6>6) *F<6* 10) *TP(6)»X! (10) 
2  «Fr<7> ,  l'X<40P.S)  .*“t  5(000) 

COMIVP.K  /aiHAPC'/  NP.».<l**m'»*Ml0Pi.A<10«.S4> 

'  CCWP‘1  /PLANE/  f|PP 

C  CCWTE  ELEMENT  stpessrs 

XKf-n.O 
xpfsP.n 
MPPJ"TrO 

OC  A'XO  M=1.>IUPCL 
Msv 

IXU4.51  =  IA3S»YX1N.5») 

MTYPr=:x<^.%! 

call  ‘'JOAOtN.voD  „  ) 

I> «N.M=MTYPE 
0 r  IPO  I  =  Y»4 

ii=2«: 

JJ=2«TX (N) i X 

120  pnn=q(jjj 
UP  153  I=l»2 
*  .  RP<n=F(**8> 

or.  iso  Kil.A 

150  Rp<n=PRi$}”5u*e.K)*pm 

ccMM=siq.9>*S!io.ic)-«W9»x?>)**:(io.9> 

IP  (COMM)  155*160.155 

154  P(9)  =  <5(  10.  lOl-RRUl-MO.lO)  «»*(?>  >/C<V«»« 

PUn)r<-5<10.-^.,«RP(i)*S<9.«><»RR<2n/C0Mt» 

On  TC  165 
160  P<9|=0.0 
P(10)=0.0 
164  DO  170  1=1 >6 
TP (II =0.0 
00  170  K=1 . 10 

170  TP ( I ) =TP ( I ) ♦HHl T.*)»P(/) 

RP 1 1 1=TP(2) 

RP12)=TP(6i 

RP<3>  =  nPU>*TP<?)«9fiP(5)*TP(3>*<2?Z<S>>/RRR«5) 

RP(4X=TP(3)»Tp(5) 

176  OC  l*n  X=J»3 
SIG<I»=“TT<I> 

00  1A0  K=S,3 

1*0  sir.m=si6iii*c(i.K)«PRjxx 
SIG(4l-C(4r4) »RP (4  j 

c  calculate  energy  term*; 

00  250  1=1.10 
COMM=C.O 
DO  200  K=1 . 10 
20*  COKF=COMM4S<S.K)»P<kJ 

250  XPEsXPE^COMM’PX I ) 

Xr<E=yxE»VOL«POtMTYPE)®{Plo)**2*P(  J «)••?) 

C 

C  CALCULATE  EFFECTIVE  ST«AIH 

IP  ( N'PP 1  251. 252.241 

251  RP»3>=-<SIG(ll*SI642>)*EF<?)/£e<i> 

252  CC=(PRm»PRl2>  1/2,0 
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PART  A  -  PROGRAM  LISTING  (Continued) 


C^rt^-ori  <  i  «*f»  c  2  J-osun/g.n  >••?  ♦  JPiMtu/?  0)9*2  ) 
PF<n=cc*cp  ) 

R«<2)=CC-CW 

c  output  ^T<>cssrs 

)C  CALCULATE  fPINCIPAi.  <;rrfs^r5 

'  CC=<*iifi<l>.*S!G<?>  >/;.o 

Sr6?^'<-c*cR(5i2!"S!6(t)  J/?*°>**2  *  SIG(4).*2  ) 

ST6<M=CC-C° 

STRJ7)s2A.6«(>*ATAH?(»..cK.(4:.{S£f,<J  )-cl6(»>  j) 

c  STRESS  PARALLEL  Tr  LJf.f  T-j 

IrlX(*i.  1 1 
«J=Ix«*i,2) 

AT;G=?.*ATAN2C7<  J)-2(  i )  ,«<  j)-R(  I )  ) 

C"S2A=C0SUN<) 

ST')?a=«;iN(»r)c.i 

Ck  =  .c*(SIGU)-SIo (2)  ) 

SIG1P  )=CX*COS?A*5,lA(4  )e«;i»'2AfCC  • 

s.iS5r>)s2.»cc-«;ie<Aj 
Sl«(  jn)=.-CS«S»N2A'*SiG(4)«C0S?A 
If  CPP)  I03.l04.jnj 
10*  SlOi^lrEEiuj.ouoj 
SIG ( I n ) SEE  14 ) *P( 1 0 ) 
lOu  IP  (vppZnT)  110.10*, ISO 
104  ¥P|TF  {ft. 20005 
«P»»IMTt50 

11*1  wr'Pir/TrMPnxnT-i 

l°ol  cViYvvt,?OOU  ,,'WOft^»^«f5I.IM6(I».If1.l0) 

IF  'XKE)  310. 320, JJc 
31"  W=SORT(xpt/X»<f) 

WCITE  <6, 200M  W 
32"  PfTUP'l 

si^ysr™  “S™ 

2001  FORMAT  < IT, 2P*. ? « 1 PftE l ? ,4 , OP 1  FT .2 . l i r  a. 

2  0<i  POFMaT  ^H.APPPdPATE  PUNOV^NTAL  UENiCY  =  E12.5) 
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PART  B  -  INPUT  DATA 


The  following  is  &  description  of  the  input  data  used  to  describe  the 
problem  to  the  compute  n 

A.  IDENTIFICATION  CARD  -  (72H) 

Columns  1  to  72  of  this  card  contain  information  to  be  printed  with 

results. 

B.  CONTROL  CARD  (415,  3F10.2,  215) 

Columns  i  -  5  Number  of  nodal  points  (90G  maximum) 

6  -  10  Number  of  elements  (800  maximum) 

11  «*  15  Number  of  different  materials  (12  maximum) 

16  -  20  Number  of  boundary  pressure  cards  (200  maximum) 
21  30  Axial  acceleration  in  the  Z -direction 

31  -  40  Angular  velocity 

41  50  Reference  temperature  (stress  free  temperature) 

51  -  55  Number  of  approximations 
56  -  60  =  0  Axisymmetric  analysis 
=  1  Plane  stress  analysis 

C.  MATERIAL  PROPERTY  INFORMATION 

The  following  group  of  cards  must  be  supplied  for  each  different 

material: 

First  Ce.rd  -.i2 15,  2F10.0) 

Columns  1  -  5  Materials  identification  -  any  number  from  1  to  12. 

6  -  10  Number  of  different  temperatures  for  which 
properties  are  given  -  8  maximum 
11-20  Mass  density  of  material 
21  -30  Ratio  of  plastic  modulus  to  elastic  modulus 
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Following  Card*  -  (6F10,C)  0:*e  card  for  each  temperature 

Columns  1  -  10  Temperature 

11  -  20  Modulus  cf  elasticity  -  E  and  E 

r  z 


21  -  30  Poisson's  ratio  -  v 


rz 


31  -  40  Modulus  ok  elasticity  -  Eg 

41  -  50  Poisson's  ratio  -  y*  and  v* 

Or  0  z 

51  -  60  Coefficient  of  thermal  expansion  -  c*r  and  a 

61  -  70  Coefficient  of  thermal  expansion  -  or ^ 

71  -  80  Yield  stress  -  a 


D.  NODAL  POINT  CARDS  -  (215,  F5.0,  5F10.0) 

One  of  the  first  steps  in  the  structural  analysis  of  a  two-dimensional 
solid  is  to  select  a  finite  element  representation  of  the  cross  -  section  of  the 
body.  Elements  and  nodal  points  are  then  numbered  in  two  numerical  sequer.os 
each  starting  with  one.  The  following  group  of  punched  cards  numerically  de¬ 
fine  the  two-dimensional  structure  to  be  analyzed.  There  i»  a  card  for  each 
nodal  point  and  each  card  contains  the  following  information: 

Columns  1-5  Nodal  point  number 

-  10  Number  which  indicates  if  displacements  or 

forces  are  to  be  specified 
11  -  20  R  -  ordinate 
21  -  30  z  -  ordinate 
31  -  40  XR 
41  -  50  XZ 

51  -  60  Temperature 
If  the  number  ..i  column  10  is 

0  -  XR  is  the  specified  R-load  and 
XZ  is  the  specified  Z-load. 

1  -  XR  is  the  specified  R-displacement  and 

XZ  is  the  specified  Z-load. 

2  -  XR  is  the  specified  R-load  and 

XZ  is  the  specified  Z -displacement. 

3  -  XR  is  the  specified  R-displaccment  and 

XZ  is  the  specified  Z -displacement. 
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All  loads  are  considered  to  be  total  forces  acting  on  a  one  radian 
,cgment  (or  unit  thickness  in  the  case  of  plane  stress  analysis).  Nodal  point 
ctrdn  must  be  in^ numerical  sequence.  If  cards  are  omitted,  the  omitted 
nodal  points  are  generated  at  equal  intervals  along  a  straight  line  between 
the  defined  nodal  points;  the  necessary  temperatures  are  determined  by  linear 
interpolation;  the  boundary  code  (column  10),  XR  and  XZ  are  set  equal  to 
xero. 


E.  ELEMENT  CARDS  -  (6 IS) 

One  card  for  each  element 
Columns  1-5  Element  number 
6  -  10  Nodal  Point  I 
11  -  15  Nodal  Point  J 
16-20  Nodal  Point  K 
21  -  25  Nodal  Point  L 
26  -  30  Material  Identi¬ 
fication 

Element  cards  must  be  in  element  number  sequence.  If  element 
cards  are  omitted,  the  program  automatically  generates  the  omitted  infor¬ 
mation  by  incrementing  by  one  the  preceding  I,  J,  K  and  L.  The  material 
identification  code  for  the  generated  cards  is  set  equal  to  the  value  given  on 
the  last  card.  The  last  element  card  must  always  bs  supplied. 

Triangular  dements  are  also  permissible,  they  are  identified  by 
repeating  the  last  nodal  point  number  (L  e, ,  I,  J,  K.  L). 


L  Order  nodal  points 
counter-clockwise 
around  element. 

I,  Maximum  difference 
between  nodal  point 
I.  D.  must  be  less 
than  27 


F.  PRESSURE  CARDS  -  (215,  IF10.0) 


One  card  for 
pressure. 

Columns  1 
6 
11 


each  boundary  element  which  is  subjected  to  a  normal 

-  5  Nodal  Point  1 

-  10  Nodal  Point  J 

-  20  Normal  Pressure 


As  .shown  above,  the  boundary  element  must  be  on  the  left  as  one 
progresses  from  I  to  J.  Surface  tensile  force  is  input  as  a  negative  pressure 


PART  C  -  ADDITIONAL  REMARKS  AND  OUTPUT  DATA 


A.  MATERIAL  PROPERTIES 

Material  properties  vs.  temperature  are  input  for  each  material 
in  tabular  form.  The  properties  for  each  element  in  the  system  are  then 
evaluated  by  interpolation.  The  mass  density  of  the  material  is  required 
only  if  acceleration  loads  are  specified  or  if  the  approximate  frequency  is 
desired.  Listing  of  the  coefficients  of  thermal  expansion  are  necessary 
only  for. thermal  stress  analysis.  The  plastic  modulus  ratio  and  the  yield 
stress  are  specified  only  if  nonlinear  materials  are  used. 

B.  SKEW  BOUNDARIES 

If  the  number  in  columns  5-10  of  the  nodal  point  cards  is  other 
than  0,  1,  2  or  3,  it  is  interpreted  as  the  magnitude  of  an  angle  in  degrees. 
This  angle  is  shown  below. 


*V  -  >---  -'  ''  V  TT "  ^ ’  ,A 

rv^^vn' •  ,  , 


-SS 


The  terms  in  columns  31-50  of  the  nodal  point  card  are  then  interpreted 
as  follows; 

XR  is  the  specified  load  in  the  s -direction 

XZ  is  the  specified  displacement  in  the  n-direction 
The  angle  6  must  always  be  input  as  a  negative  angle  and  may  range  from 
♦O.OOi  to  -180  degrees/  Hence,  +  1.0  degree  is  the  sane  as  -179.0  degrees. 
The  displacements  of  these  nodal  points  which  are  printed  by  the  program 
»re: 

uy  =  the  displacement  in  the  s -direction 

u  =  the  displacement  in  the  n-direction 
z 


o 


C.  USE  OF  THE  PLANE  STRESS  OPTION 

A  one  punch  in  column  60  of  the  control  card  indicates  the  body  is 
i  plane  stress  structure  of  unit  thickness.  In  the  case  of  plane  stress  analysis; 
the  material  property  cards  are  interpreted  as  follows:  * 

Columns  11  -  20  Modulus  of  elasticity  -  Er 

21  -  30  Poisson's  ratio  -  v 
31  -  40  Modulus  of  elasticity  -  E 


The  corresponding  stress-strain  relationship  used  in  the  analysis 


is: 


Er 

Ll-V1 


where 


rz 


U  = 


V 

0 


v 

1 


0 
0 

y-v* 

Z(V+V) 


v  z 

K 


rz 


E 


D.  OUTPUT  DATA 

The  following  information  is  developed  and  printed  by  the  program: 

1.  Reprint  of  input  data 

2.  Nodal  point  displacements 
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p 
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3.  St  re  m?#,  at  the  cente  r  of  each  element 

4.  ,An  approximate  fundamental  frequency.  '  (The  displacements 

*  * 

-for  the  given  load  condition  are  ^aed  a£  an  approximate  mode 
shape  in  the  calculation  of  a  frequency  by  Raleigh's  procedure. 
*  A  considerable  amount  of  engineering  judgement’ must  be  used 


.in. the  interpretation  cjf  this  frequency.) 


o  - 


X 


E."  PLOT  OF  FINITE  ELEMENT  MESH  v 

'  '  f  :  ^ 

The  program  automatically  develops  a  plot  of  the  outline  of  each 

v  ,  4  i  *  «  { 

element  in  th<*  system.  This  serves  as  an  excellent  hheck  on  the  input  data. 

i ,  *  , 

In'  order  to  obtain  the  plot  from  ACC'#  computer  operation,  an  additional 
tfharge  card  must  be  submitted  vdth  the  job.  If  only  a  plot  of  the  mesh  is 
de ainerff^the  calculation  Of  displacements  and  stresses  may  be  eliminated  by 

't  ' 

.  specifying  more  pressure  cards  than  actually  exist.  The  first  30  columns 
<§f  the  identification  card  are  used  as  a'title  foe  the  plot.  ^ 

5  :  •  '  /  • 
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APPENDIX  C 


PARAMETRIC  DESIGN  CURVES 


FOREWORD 


The  parametric  design  data  presented  in  this  Appendix  has  been 
compiled  from  the  following  t.vo  references: 

c 

1)  -LOCKHEED  PROPULSION  COMPANY  STRUCTURES  MANUAL,  December  1969 

2)  Messrier,  A.  M.  and  Schlessmann,  D.:  "Bararneter  Calculation 

of  Simple  Propellant, Crains  for  Temperature  Cycling,  » 
»  .  ^ 

v  Pressurization,  and  Acceleration",  Appendix  D,  Study  of 
Mechanical  Pr&^rtles  of  Solid  Rocket  Propellants, 
Aerojet-General  Report  No.  0411-10F,  March  1962. 

Permission  to  publish,  this  material  is  greatly  appreciated. 


.1  General 

Curves  are  presented  to  aid  in  making  preliminary  stress  and  strain 
analyses  of  propellant  grains*  Inner  bore  hoop  strain,  interface  radial 
stress  and  interface  shear  stress  values  may  be  obtained  for  a  vide  range 
of  b/a  and  L/b  ratios.  Linear  interpolation  may  be  used  as  required  for 
problems  in  which  intermediate  values  of  the  governing  parameters  exist*  The 

primary  loading  conditions  associated  with  propellant  grain  structural  - 

problems  are  a  function  of  pressure,'  temperature  and  acceleration.  Results 
of  a  stress  analysis  for  each  of  the  three  loading  conditions  may  bo 
superimposed  to  obtain  total  stresses  and  strains  resulting  from  a  oombined 
loading  condition* 


Analysis 

was  performed  based  on  the  inf uiiteaiaial  theory  of  elasticity  and  subject 
to  all  of  the  associated  limitations  and  assumptions.  In  particular,  the 
aesumptions  are  mad®  that  the  propellant  is  a  homogeneous,  isotropic,  elastic 
solid  and  that  the  magnitudes  of  ihs  strains,  rotations  and  displacements 
are  small. 

Actual  grain  configurations  consist  of  a  concentric  hollow  cylinder 
with  square  ends.  The  analytical  solutions  are  thus  valid  only  for  the 
axisynaoetrlcal  case*  Mechanical  properties  end  load  levels  used  in  the 
analyse*  are  as  f cl lows j 

Linear  Coefficient  of  Thermal  Expansion 

•  i 

) 

Linear  Coefficient  of  Thermal  Expansion 


Poisson* 8  Ratio 

Poisson's  Ratio 

Modulus  of  Elastioity 

Modulus  of  Elastioity 

Thickness  of  Case  to  Diameter  Ratio 

Pressure  Loading 

Axial  Acceleration  j 


Case 


*.  -wexV-jlSy 


Propellant  a  «  63  x  10*^  in 
p  in*? 


Case  yo  -0*3 
Propellant  y^m  °»5 
Case  Ke  »  30  x  10^  pei 
Propellant  E^  ■  1000  pei 


t/D  -  0.00195 
P  -  500  pei 
A  -  10  g 


C.l 


.2  Recooaainded  Analysis  Procedure 


All  of  the  design  curves  are  b&e&d  on  analytical  solutions  of  a 
concentric  hollow  cyimaer  with  square  snds,  Cons*quently»  a  star  boro 
configuration  mist  bo  condor  tod  to  an  equivalent  hollow  cylinder* 

Absolute  magnitude  of  the  strasaes  and  strains  «&y  ba 
obtained  f-oa  tha  design  surva#  a s  follows  s 

A.  Detaroine  the  dimensions  end  loading  conditions  to  ba 


considered 

1«  Outar  radiu#  of  propellant  b 

2.  Inner  radius  of  propellant  a 

3*  Length  of  propel)  nt  L 

H,  Pros sura  p 

5.  Cure  t«aperaturs  -  storage  At 

6.  Acceleration  in  number  of  g's  n 

7.  Poisson's  2atio  of  propellant  is  Dp 

0.5 

Modulus  of  propellant  B p 


B.  Find  appropriate  solutions  for  specified  geometry 
and  end  bonding  condition.  Linear  interpolation, 
nay  be  used  as  required. 

C,  Multiply  solutions  found  in  B  by  the  applicable 
factors  listed  in  Table  -1. 

D«  Determine  strain  concentration  factor  at  the  star 

tip  and  multiply  inner  bore  hoop  strain  by  this  factor. 

For  original  grain  dpaign,  consideration  should  be  given 
to  the  following  recommended  design  practices. 


TABLE 


.3  Recommended  Design  Practices 


A.  In  addition  to  ensuring  that  strain  levels  are  kept  down 

to  a  minimum  it  is  necessary  to  achieve  a  high  strength  bond  between  the 

propellant  and  tne  case.  In  general  it  is  good  practice  to  keep  the  bond 

ctrsss  lower  than  10  percent  of  the  propellant  modul.ua. 

B,  A  compromise  must  be  made  between  star  tip  fillet  radius 
and  sliver  loss.  Structurally*  a  star  tip  that  subtends  the  maximum 
angle  la  the  beat  and  the  ideal  tip  geometry  is  a  2*1  ellipse*  * 

C*  Structural  reliability  decreases  as  grain  constraints 
increase.  Highly  bonded  grains  with  snail  inner  bores  are  poor  structurally. 
Free  surfaces  and  unbonded  regions  tend  to  relieve  thv  stresses  and  strains 
in  the  system, 

D,  There  are  several  basic  characteristics  of  the  propellant 
grain  systems  that  can  be  assumed. 

1.  While  deformations  of  the  motor  case  have  a  diroct 

influence  on  the  propellant -grain,  tho  grain  is  incapable 

of  causing  any  ease  deformation  effects. 

2.  All  strains  and  stresses  generated  by  independent 
loads  can  be  added  to  obtain  results  for  combined  loads* 

3.  Steady  state  thermal  conditions  are  always  more 
severe  than  the  transients  between  the  steady  state  condition. 

If  a  motor  is  to  be  placed  in  a  low  temperature 
storage  box  until  steady  state  conditions  prevail  and  then 
mo/ed  to  a  high  temperature  storage,  the  most  severe 
structural  conditions  will  occur  in  the  low  temperature 
environment. 


*  This  statement  is  true  within  the  limitations  of  elastic  theory, 
however,  for  the  case  of  viscoelastic  materials  there  is  evidence  to  the 
fact  that  actual  tip  geometry  is  not  important 
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.h  Sample  Problem 

Use  of  the  design  curves  is  beet  illustrated  by  a  i  aple  problem. 
The  problem  shown  in  Figure  1  is  solved  for  the  following  combination 
of  loads  and  material  properties! 


LOADING  CONDITIONS 


1.  Temperature  Cycling  to  +35*F.»AT  *  "®5*? 

2.  Pressure  Loading,  p  •  1290  psi 

3.  Axial  Acceleration,  A  •  30  g 


MATERIAL  PROPERTIES 

1,  Poisson's  Ratio  of  Propellant  v  »  0.5 

2,  Poisson's  Ratio  of  Case  vo  »0.3 


3.  Modulus  of  Elasticity 
of  Propellant 

4.  Modulus  of  Elasticity 
of  Casa 

5.  Linear  Cc-ff icient  of 
Thermal  '  .pension  for 
Propellant 

6.  Linear  Coefficient  cf 
Thermal  Expansion  for  Case 


Z  •  3500  psi 
P 

z 

*c  *  30  x  iO  psi 
,„-6  in 

V63x  10  iS^F 


5.9  x  10 


-6 


in 

in-*P 


7.  Density  of  Propellant 


J>  m  0,063 
p  in 


lb 

3 


8*  Cure  Temperature  of  T  •  12C*F 

Propellant  cure 

(Stress  Free  Condition} 


Configuration  of  Sample  Problem 


UliftlfMtliiy  . . . 


'■rr*^w«n 


mm  'i-1  9wm ' ' w  


O 


4 


CALCUIATIONS 
L  •  35  in, 
b  •  10  in, 
a  •  3  in. 

tft  *  ®n 


ML* 


bora 


■s  -°1 


lA  -3.50 
b/a  -  3.33 
t/D  -0.00195 
where t  Oj  •  37*  and 
©2  -  U5* 

ee  •  3.31  tg 


boro 


Ons  End  is  Bended 

Preesurl  tailor, 

Interfaoe  Radial  Stress 
Stress  *  7s lus  shown  s 


Actual  Pressure 


WTir 

Interpolate  between  Figures  10 , 11  an.1  .’.3,14 


1268  pal 


Stress  a  <*r 

Leoaiion  near  free  end 
Xnnor  Bore  Hoop  Strain 

Strain  «  Value  shown  x  Strain  Concentration  Factor 
Interpolate  between  Fijuras  10 » 11  and  13,14 


C.7 


) 


Strain  ■  tg  »  U.20  x  3»3* 


Strain  ■  t  •  13 .90^ 

VAX  _  _ ; - 

Location  Near  Bonded  End 


4  •/» 


Interface  Shear  Stress 


,  ,  Propellant  Modulus 

Stress  -  Value  shown  x - "■  — ■ - 

Interpolate  between  Figures  .17  *nd  rl5 


Stress  •  18.2  x 


63.8  psi 


Location:  Near  Inner  Bore  Surface 


Temperature  Cyclinp 


Interface  Radial  Stress 


,  Propellant  Actual  Temp 

Stress  *  Value  shown  x  Modulus  x  j£.C£te25£L. 

’  Yoon  ns  i  -19*? 


Interpolate  ^between  Pigures3?.}33  and  3^,38 
Stress  -  82  xfegjx 


Stress  »  ff,  •  310  psi 
Lc  -ition  at  Vree'Ead 


Inner  Sore  Hoop  Strain 

r  Strain  Actual  Temp. 

Strain  «  VAlu*  shown  x  Concentration  x  Difference 

Factor  -79  »p 


Intafpol* to.  between  Figures  34,35*nd  37,38 


Strain  <*  c, 


e>  ■  6,1  x  3.31  * -zfik 
^ax  ,y 


Strain  •  ■  21. Of, 

L? nation  Hear  Bonded  Bid 


r 


Interface  Shear  Stress 


Stress  •>  Value  shewn  x 


Propellant 
Modulus 
1000  osi 


Actual 

Temp. 

Difference 

-?9«F 


Interpolate  between  Figures  34,35 and  39 


Stress 


,  .  5  xfe£)x 

'  xjioooj  -79 


Stress  •  c  «  88 c 5  psi 

8  y.. ...  - - 


Location  near  Inner  Bore 


Acceleration. 


Interface  Radial  Stress  .> 

.  Actual 

,  ,  s  Acceleration  „  b 

Stress  Value. c^hown  x - — —  x  —m- 

•f  10 

*■  r- 

interpolate  between  Figures  6Q»'-'ind  63 
Stress  -  19  x  •Ir  x  -0.555 

XU 

Stress  »  o  »3f.8  psi 

h  — 

»  Location  at  Free  End 
Interface  Shear  Stress 

Actual 

Stress  *  Value  show;  x  Acceleration  x  b 

• - 10 - ~TH 


Interpolate  between  Figures  60  and  63 
Stress  -  i*.8  x  ^  x  0,555 

fir*  t> 

Stress  O  •  8.0  psi 


Location  Hear  Fres  End 


^ 1 


Inn*:'  Bor#  Hoop  3t.r«.ln  - 

'  Strain  ,  Actual 

Strain  ■  Value  shown  x  Concentration  x  Acceleration 

factor  10 


_  1000  _  b 

Prop#  lit  nt  ~TH 

Modulus 


Interpolate  between  figures  60  and  63 
Strain  ■  0.58  x  3.31  r  ^  x  *  0.555 


Strain  •  *9^^  •  -  0.92^ 


Location  Hear  Bonded  End 


r- 

^  i 


Parametric  Curves 


r; 

Structural  problems  commonly  encountered  in  solid  propellant  grains 
can  best  be  described  by  illustrations  which  show  the  g^ain  deformations 
under  load. 

The  propellant  solidifies  at  its  cure  temperature  and  is  then  stres^ 
free  as  shown  in  Figure  2A  When  the  motor  is  cooled  to  an  operating 
or  storage  temperature  level*  the  propellant  trios  to  assume  the  configuration 
shown  in  Figure  2B  Figure  2C  shows  the" low  temperature  configura¬ 
tion  that  results  because  the  propellant  is  bonded  to  the  case  and  cannot 
assume  the  unbonded  geometry  of  Figure  2B  Innar  bore  hoop  strain  ie 
a  measure  of  the  percent  increase  in  inner  bore  radius  from  Figure 
to  Figure  2C  It  is  important  to  note  that  strains  are  measured  from 
the  stress  free  configuration  2£  and  n°t  from  initial  dimensions 
shown  in  Figure  *  2A  A  plot  of  inner  bore  hoop  strain,  since  it 
represents  percent  change  in  radius  will  have  the  saw  shape  as  the  ixu»r 
boro  of  the  grain. 

The  deformed  grain  shapes  obtained  by  pressuriration  and 
acceleration  loading  conditions  are  shown  by  Figures  2D  and  2E 
respectively. 

Mechanical  properties,  constants,  and  loading  conditions  which 
wore  used  throughout  the  analyses,  to  prepare  the  design  curves,  are 
presented  in  section  ,1. 

Configurati  ns  of  geometries  analysed  are  shown  by  Figure  3F 
and  a  list  of  solutions  are  presented  by  Tabia  -2.  Reference  to  the 

list  of  solutions  will  facilitate  use  of  the  design  curves  and  permit  the 
rapid  solving  of  problems.  The  design  curves  are  grouped  by  type  of 
loading  and  classified  within  each  group  by  geometry,  type  of  stress  or 
strain  and  definitive  dimensionless  ratios.  Each  design  curve  thus 
catalogued  is  referenced  to  the  appropriate  figure  and  page  number. 
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TABLE  -2 


JJiiPW  -M-  c  '' 


V 

'  ^ 


f 


List  of  Solutions  (Cont'd) 


LOAD  CONDITION 

GEOMETRY 

L/b 

STRESSES 

b/ 

a 

FIGURE 

* 

Acceleration 

Both  ends  bonded 

2 

Interface 

2t3,fc,6 

67,68 

2 

FVd  end 

69 

2 

Aft  end 

70 

h 

Interface 

71,72 

h 

Fwd  end 

73 

u 

Aft 

74 

B 

Interface 

75,76 

8 

Fwd  end 

77 

Acceleration 

Both  ends  bonded 

8 

Aft  end 

*,W 

78 

C.15 


Intarfoca  Radial  Stress,  psi 


irmar  Bora  Hoop  Strain,  Percent 


Hoop  Strain  Equal  to  Value  Shown 


P  -  500  psi 
L/b  •  2 


20 


40 


60 


80 


100 


Percent  of  Total  Segment  Length 
Hoop  Strain  Caused  by  Pressure 
No  End  Bonding 


Figure 


5 


Interface  Radiol  Stress,  psi 


Inner  Bore  Hocp  Strain,  Percent 


Hoop  Strain  Equal  to  Value  Shown 


Hoop  Strain  Caused  by  Pressure 
No  End  Bonding 


Figure 


7 


u 


Inner  Bore  Hoop  Stroin,  Percent 


Hoop  Strain  Equal  to  Value  Shown 


Percent  of  Total  Segment  Length 

Hoop  Strain  Caused  by  Pressure 
,  No  End  Bonding 


P  -  500  psi 
L/b-e 


y‘ 


interface  Radial  Stress,  pst 


Redici  Distance,  Percent  of  b  Rcd'ci  Distance,  Percent  of  b 
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Interface  Radial  Stress,  psi  Interface  Shear  Stress,  osi 


Inner  Bore  Hoop  Stroin.  Percent 
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Interface  Radiol  Stress,  psi  Interface  Shear  Stress,  psi 


Shear  Siress  Equal  to  Value 

Shown  XMg-d-u-‘-u-?- 

1000 


S»»( 

BBMH 


■■■! 


IB 


II! !i  ! ! S 111!!!!  1  SHI  111  I!  1SS11  IS  111  If  ~ 

wmmit'-zzk 


wmmmmmmmmmmmrnwmmmmmm 

■■■■a ■■■«■■■■■■ BBBaa 

■BapauiaBaiiaasaiiaaBBaaBaBBaa 

BBBM  - 


b/a  -  3 


fijiiBB*— ‘IWfrl 


BBBBB 

niuMHHM 

IIIHUMIIHm3!f«ii£ 
BBBBB  BBIMUMBi 
BBBBB  BBBBB  MB 


-,**B  BBBBB  Bi 


BBBBBBBaBBBBBBBBaBBI  lUK'VBBBr^BBBBBr’JrBBI 
WBB«BBBaBBBBBB5B.BBaBIVIIiaB»'«aBflBaa^Br^rBH|| 

m BBBBBBBBBB BBBBB  BBBBB B^-BB  BBBBB Umr^rjamM  I 


RES 


| Braga 

liflBBB 


easailUPV  JHRB  BBBBB! 

niaBssssaSss! 


I  BBBBB BBBBB BBBBBBBBBBBBBI 


BBBBB BBBBB BBBBB BBBBBBBBBBBBBBBBBi 


■BB 


C.28 


inner  Bore  Hoop  Strain,  Percent 


10  15 

Interface  Shear  Stress,  psi 


_y  :i,:  :A~  n::.i  l/b 

~Pn\-r  t-aj"::!  II  :r|z:tz\;a^r.ilrbt:d 


yri.  /r:jtd  ii.] 


B*  :  1  •> f  r  i  i  j  •  1  *  r  •  •  •  ♦-  f  »  •  *  } 
b/o  ~  3i  •  1  i  ;  1  1  <••  *  <  II..- 

]‘|!!Sii!!:l-!illiii'i1fl-F 

<  |  t  f  |  Axiol  Stress  Equol  to  Volue  j_j 

IpTninffliJ-i  Uii'H  Shawn  xfl”LuI5_  H 

n-r-f-FFl'-H1  4mT-  i-hf  500 

#1#^  t  mTfffSTO 
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FOR 

STAR  SHAPED  PROPELLANT  GRAINS 
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Figure  D-8. 
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4  '.  this  appendix  presents  a  sample  rocket  motor  structural 

.analysis  to  i >1  us t.f ate  the  use  of ‘.the  methods  diseased  in 
'  the.'handbook.  Rather  than  attempt  a  complicated  problem 

v  •  ,  S'  *  , 

here,  it'was  felt  .that  np  re  bene  fit1  would  be  derived  by  the 
novice  designer/analyst ’from  a  relatively  straightforward  motor 

design;  '  FoV  this  purpose,  the  feature  article  of  Volume  4,  , , 

0  ' 

November  3,  of  the  Solid  Rocket  Structural  Integrity  Abstract, 

*’  (UTES  SI-67-028;  July  1967),  "ThV  Structural  Design  of  a  Large  . 

\  —  .  I  *  > 

“Solid  Rocket  Motor  Grain",  (UTEC  SJ-67-050)  by  Dr.  Harold  Lecsming: 
,  is. reprinted  in  Its  entirety  herein. 
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THE  STRUCTURAL  DESIGN  OF  A  LARGE 
SOLID  ROCKET  HOTOR  GRAIN;  <  ' 

by 

H.  Leasing 

Lockheed  Propulsion  Company 
Redlands »  California 


INTRODUCTION  9  '  '  ,  ■  ‘  *  „ 

to  &  ’ 

/  *  h  J  '  *>  C  ' 

T>i«  purpc*e  c£  this  article  is  to  describe  tha  methods  used  at  Locked  • 
Propulsion  Company  to  ensur©  the  structural  integrity  of  a  large,  solid 

.rocket  motor  (L5H).  The  analysis  method*  esjd  experimental  techniques  t, 
described  are,  of  course,  used  for  all  solid  propellant  structural  analyse* 
and  their  application  to  w  specific* design  of  rotdcet  motor  will  serve  to  „ 
illustrate  the  approach*  The  .particular  L£K  design  described  and  analysed 
in  this  article-  w*»  successfully  fired  et  LPC  sn  15  January  1965.  It  is  a  ’ 
monolithic  ISS-inqh  ditmetei*  actor  'oamtalnirg  a  circular  port  grain  design,  . 
with  a  radial  slot  near  the  aft  end  to  give  an  increased  initial  burning 

..  area  end  produce  a  satisfactory  pressure-time  record.  / 

•S  .  *  „  '  .  '  '  •  ' 

Most  pf  the  LSMa  made  to  d*te«bav*  been  mi  It i -segmen  t  designs  but  th#y  will 
not  be  considered  in  this  article  since  the  etructu&l  design  pf  .csoo  segment 
is  Identical  with  that  used  for.  the  monolithic  LSM  and  the  environmental  loads 

.  encountered  are  the  name.  -■  - 

*  »  , 

Before  e^uctural  caelysia,  ballistic-  pSrassetsra  such'  ce  i«ouls^ ,  thrust  and 
kirn  time,  together  with  anticipated  propellant  byrrjifi&  rate  have  dictated  a 
circular  port  gepeetry  with  an  additional  hadial  Slo%  Since  at  this  early 
stage  the  grain  dimension*  «ra  not  precisely  Renown, -the  structural  analysis 
proceeds  in  two  phass*.  initially  3  only  Che'%0*t  significant  environmental 
loads  era  considered  and  a  preliminary  analysis  is  p*rfpna»d  to  ensure  that 
the  design  is  feasible. end  safety  factors  adequate. 

t  '  ■  *  *  , 

i  During  this  phage,  propellant  and  bond  properties  are  estimated  frost  relatively 
few  tests  performed  on  a&rly  development  prcpeliapt  batches,  Once  the  feasi¬ 
bility  of  tha  -design  has  been  established  and  «  propellent  has  been  formulated , 
&  large  batch  is  cast  for  •characterisation  of  its  physical  properties  and  the 
second  structural analysis  phdse.is  initiated.  This  comprises  a  detailed 
analysis  of  $ha  specific'  gmin  design  making  use  of  numerical  computer  pro- 
gross  to  ascertain,-  as  accurately  aa  possible,  the  aaxisu#  stresses -and  strains 
existing  within  the  grain.'  These  maxims  are  then  compared  to  allowable  propel¬ 
lant  -and  bond.  systsa“prdpertie»  determined  from  the  chsractsrizat^cn  propellant 
batch  to  determine  safety  factors^  Design  details  such  as  'tha  lengths  of  the  » 
boots  or  flaps  are*  Also  investigated^  this  stage  of  the  analysis. 
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When  *  very  large  motor  is  involved  in  which • numerous  batches  of  propellant 
are  cast  into  a  single  grain,  a  further  review  of  the  analysis  is  required.  _ 
Test  data  are  obtained  from  each  batch  of  propellant  used  in  the  LSH  casting 
and  statistical  propeliarit  physical  properties  are  determined  enabling  a  real¬ 
istic  assessment  of  tne  structural  safety  of  the  motor  to  be  made,  prior  xo 
firing.  '  ’ 


Many  assumptions  and  approximations  are  necessary  in  a  structural  analysis  of 
any  solid  rocket  motor,  ^These  will  be  discussed  subsequently  and  a  still  later 
section  will  consider  methods  of  improving  the  whole  structural  analysis 
procedure.  __ 


MOTOR  DESIGH  PARAMETERS  t 

*  '  * 

*i ,  .  ' '  •  a  i  , 

-/The  particular  motor  design  considered  in  this  article  is. illustrated  in 
Figure  1.  It  consists  ofxa  monolithic  circular  part  grain  with  a  radial  slot 
at  the. aft  end.  The  dimensions  shown  in  the  sketch, are 'those  adopted  in  the 
final  motor  design,  •  '  ‘  • 

/ 

A  summary  of  the  key  design  parameters  is  given  below* 


V  ,  » 

t 

Grain  Length  L 

X 

288  inches  r 

Grain  Outer  Diameter  2b 

* 

• 

»  156  inches 

Crain  Inner  Diameter  2a 

a 

'55.7  inches 

Case  Wall  Thickness  ?  h  ‘ 

u 

0.5  inches 

Propellant  Thermal  Expansion 

. 

\ 

v  • 

Coefficient  cp 

.  c 

4.4  x  10  inch/ineh/°F 

*\  £- 

Case,  Thermal  Expansion 

Coefficient  cc  ' 

V 

« 

0,63  x  10  "  inch/lcch/°F 

Case  Material  Modulus  E 

c 

m 

27  x  ;.06  psi 

Equivalent  Propellant  Modulus  E  - 

P 

e 

* 

(Various,  ^ee' text) 

•  ,  n 

Poisson-' s  Ratio,  Case  Material  vc 

s 

0.3  ;  ' 

Poisson? s  Ratio,  Propellant-  vp 

*  8 

t 

0.5  *  •  , 

Propellant  £ulk  Modulus  •  K 
y  P 

m  ’ 

5  x  105  psi 

Motor  Operating  Pressure.  ■  650  psi 

Pressure  Rise  Time  .  '  »•  0.406  seconds 

*  ' ,  j . 

Minimum  Storage  Temperature  «  40° F 

Maximum  Storage  Temperature  *  100® F 

t  *  >, 

Minimum  Firing  Tes^jerature  *  60°F 

*  i 

Maximum  Firing  Temperature  *  100®-F 


^  ■  » 

The  propellant  used  in  the  LSM,  designated  LPC-580  is  based  on  a  polybutadienaJ 
acrylic  acid-acrylonitrile  (PBAH)  binder  which  contains  87  percent  total  solids 
content*  by  weight* 


GRAIN  ANALYSIS  TECHNIQUES  AND  PROBLEM  AREAS 


The  structural  analysis  of  a  propellant  grain  has  become  increasingly  sophis¬ 
ticated  in  recent  years ,  The  use  of  large  digital  computers  has  enabled 
analyses  to  be  made  of  complex  grain  shapes  with  reasonable  accuracy.  However, 
many  assumptions  are  stiU  inherent  in  the  computer  analyses  and  in  the  methods 
used  to  correlate  experimental  propellant  physical  properties  with  the  param¬ 
eters  required  in  the  analysis  progress , 

Almost  all  currently  available  computer  programs  are  based  on  infinitesimal 
elastic  "theory  with  the  assumption  that  the  propellent^  insulation  and  case 
materials  are  isotropiq  and  homogeneous.  These  assumptions  are  for  the  moat 
part  valid  for  motor  cases  but  not  true  far  propellants  and  elastomeric  insul- 
lation  materials.  These  are  known  to  exhibit  properties  which  depend  strongly 
on  temperature  and  strain  rate,  which  is  typical  of  viscoelastic  rather  than 
elastic  materials^.  The  theory  of  linear  viscoelasticity  is  commonly  used  to 
describe  such  behavior.  / 


A  further  assumption  'frequently  made,  is  that  propellant  is  incompressible -with 
a  Poisson’s  ratio  of  0.5.  this  assumption  is  valid  for  the  majority  of  propel-; 
lants  under  loading  conditions  removed  from  failure.  Many  rubber  based  propel¬ 
lants  containing  large  quantities • of  ammonium  perchlorate  and  aluminum  fillers 
exhibit  filler-binder  pulls  way  or  dewetting  when  failure  is  approached.  When 
dewett&ng  occurs,  the  apparent  volume  of  the  propellwit  increases  due  to  the 
prod$c&Lon  of  minute  voids  so  that  the  propeilaqt  is  no  longer  incompressible 
and  Poisson’s  ratio  is  much  less  than  0,5.  However,,  with  currant  analysis 
methods,  the' assumption  of  incompressible  behavior  enables  one  to  adopt  simpli¬ 
fied  analysis  procedures. 


E.3  ' 


In  deriving  physical  properties  from  experimental  test  data  for  use  ingrain 
analyses,  it  is  assumed  that  propellant  is  not  only  linearly  viscoelastic  but 
thermorheologically  siaple.  This  assumption  tJhich  again  is  usually  good  et 
small  strain  levels  enables  data  derived  at  one  strain  rate  and  temperature  to 
be  correlated  with  other  different  strain  rate  and  isothermal  data  by  means  of 
the  principle  of  time-temperature  equivalence.  Considerable  experimental  data 
at  small  strain  levels,  support  the  view  that  propellants  are  thermorheologically 
simple  materials.  A  commonly  used  extrapolation  of  this  principle  is  its  appli¬ 
cation  to  failure  data  obtained  at  different  strain  rates  and  temperatures.  By 
this  means  failure  properties  may  be  estimated  and  used  in  motor  calculations 
ffor  conditions  which  cannot  be  determined  experimentally ,  e.g,s  failure  under 
the  very  low  strain  rates  (IQ-?  inch/inch/minute)  obtained  during  thermal 
cooling  of  a  large  motor.  A  review  of  failure  property  determination  will  be  . 
given  in  a  later  section  of  this  article. 

•  > 

The  simplifying  assumptions  described  briefly  in  tills  section  enable  grain 
stresses  and  strains  to  be  calculated  using  only  one  intrinsic  physical  prop¬ 
erty,  parameter;  the  relaxation  modulus  of  the  propellant.  From  the  relaxation 
modulus  -  reduced  time  curve,  its  associated  shift  factor  -  temperature  curve 
and  knowing  the  motor,  history,  an  equivalent  modulus  may  be  determined 
(References  (1)  and  (2),  and  inserted  in  the  grain  analysis  program. 

It  should  be  stressed  that  even  if  the  grain  analysis  is  carried  out  by  mans 
of  simple  equations  derived  from  closed  form  analytical  solutions,  the  afore¬ 
mentioned  approximations  and  assumptions  still  have  to  be  made.  Jn  fact,  to 
arrive  at  a  closed  form  solution  it  is  usually  necessary  to  simplify  the 
equations  even  further  by  assuming,  for  example,  either  s  plane  strain  or 
plane  stress  condition  exists.  Thus  tbs  problem  is  reduced  in  complexity  . 
from  a  three  dimensional  to  a  two  dimensional  stress  state. 

Since  a  detailed  grain  analysis  program  is  both  costly  to  run  and  time  consuming 
to  act  up,  the  simpler  equations  are  usually  adopted  during  the  preliminary 
design  phases  when  ballistic  and  physical  properties  may  interact  causing  many 
design  changes  before  a  final  grain  geometry  is  adopted. 

,  + 

Figure  2  illustrates  the  iterative  approach  which  must  be  adopted  in  motor 
design.  The  motor  specification  describes  the  essential  ballistic,  geometric 
and  environmental  conditions  which  must  be  achieved,  Osin*  assumed  ballistic 
and  physical  properties  various  design  geometries  are  considered  until  a  satis¬ 
factory  compromise  is  achieved.  During  this  phase,  many  small  seals  develop¬ 
ment  propellent  mixes  are  made  and  tested  to  tailor  a  formulation  for  the 
specific  application.  From  these  test  data  a  final  propellant  formulation 
and  design  geometry  are  established.  Large  scale  propellant  batches  are  then 
cast  for  ballistic  and  physical  property  characterisation. 

.  *  j 

A  detailed  design  analysis  is  then  performed  using  a  ccetputer  program  based 
on  the  specific  design  geometry, and  realistic  safety  factors  or*  established 
to  guarantee  satisfactory  motor  operation. 


PHYSICAL  PROPERTY  TESTING 


In  contrast  to  the  *&rly  day*  of  motes*  design  analysis,  characterisation  of 
the  physical  properties  of  a  propellant  requires  an  extensive  program  of  tests 
designed  to  measure.  the  uniaxial  and  biaxial  response  over  a  wide  range  of 
temperatures  to  simulate  the  stress-strain  stated  existing  at  critical  loca¬ 
tions  within  a  grain*  Lockheed  Propulsion  Company  adopts  the  experimental 
procedures  described  in  the  ICRPG  Solid  Propellant  Mechanical  Behavior 
Manual  (3),  whenever  standardised  teat  procedure  exists.  In  the  case  of 
tha  strip  biaxial,  tension-tension  tests,  an  agreed  specimen  type  and  test 
procedure  is  not  yet  available*  . The  specimen  end  procedure  adopted  at  LPC 
for  this  important  test  condition  are  described  briefly  in  the  text. 

Test  types  conducted  as  part  of  a  propellant  characterization  program  are 
as  followst 

1)  Uniaxial  stress  relaxation  tests  using  tab-end  specimens 
over  the  environmental  temperature  range. 

,  *  * 

2)  Uniaxial  constant  strain  rata  tests  using  JANAF  specimens 

st  s  2 ,C- inch /minute  croeshesd  speed,  over  the  environmental 
temperature  range* 

3)  Strip  biaxial,  tension-tension  tests  st  s  O.l-inch /minute 
crosshead  speed,  over  the  environmental  temperature  range. 

4)  Simple  shear  tests,  using  the  chevron  shear  specimen  at  a 
crosshead  speed  of  a  0.05- inch /nitrite  over  the  environmental 
temperature  range. 

5)  Diametral  compression  tests  at  a  crosshead  speed  of  0.2-inch/ 
minute  over  the  required  temperature  range. 

6)  Bond-in- tension  teste  at  a  croeshead  speed  of  0.2-inch/ 
minute  ovor  tha  required  temperature  rat*e. 

A  brief  description  of  the  test  samples,  experimental  results  for  the  LSM 
propellant  LPC-580,  and  the  loading  conditions  to  which  the  data  .are  applied, 
are  gives  next. 


Uniaxial  Stress  Relaxation  Teats 

mmmmummmmowvMmMmiaMMMaMKMimmMWi 


A  sketch  of  a  tab-ended  uniaxial  tensile  specimen  of  the  type  used  for  stress 
relaxation  testing  is  given  in  Figure  3.  The  specimen  has  a  square  cross 
section,  constant  across  its  who la  length,  and  therefore  the  gage  length  is 
known  very  closely  as  4,0-inches. 


E.5 


In  stress  relaxation  tests,  the  tab-end  tensile  specimens  are  elongated  to  a 
strain  level  e0  and  the  decay  of  stress  in  the  specimen  with  tine  is  observed. 
Tests  are  conducted  at  a  series  of  temperatures  spaced  sufficiently  close  that 
an  overlap  exists  between  the  1003-second  duration  relaxation  modulus  curves 
as  shown  in  Figure  4.  The  master  stress  relaxation  versus  reduced  ti m  curve 
and  the  logarithmic  shiftfector  versus  texperature  curve  are  then  obtained  by 
translating  the  individual  modulus  curves  horieeatelly  along  tbs  log  tia*  axis 
to  coincide  with  the  7Q°F  relaxation  modulus  curve*  Figure  5  shows  th$  result¬ 
ing  master  relaxation  modulus  cdrye  and  the  shift  factor  cux*ve  log  versus 
temperature  for  LPC-580  propellant* 


Uniaxial  Constant  Bate  Tests 


A  sketch  of  a  JAXAF  uniaxial  tensile  specimen  is  gives  in  Figure  68  Such 
specimens  axe  generally  used  to  determine  standard  failure  properties  at  a 
specified  crosshead  speed  of  2.0-inch  per  minute*  The  failure  point  is  most 
conveniently  takes  as  the  maximum  in  'die  lead-time  record,  from  which  the 
stress  at  maximum  load  and  the  strain  at  maximum  load  are  dstaxmined.  Experi¬ 
mental  failure  data  for  UPC-580  proponent  are  shown  in  Figure  7  against  a 
scale  of  temperature . 

_  tv  .  ; 

There  is  no  state  of  uniaxial  tension  anywhere  within  a  grain  co  that  uniaxial 
tensile  failure  date  are  not  used  for  design  purposes*  JAXAF  uniaxial  test 
data  are  accepted  industry-wide  as  a  standard  and  are  mainly  used  in  compara¬ 
tive  evaluations  of  different  propellants. 


Biaxial,  Tension-Tension  Tests 


A  strip  biaxial  specimen  shewn  schematically  In  Figure  8  consists  of  a  filleted 
plate  of  propellent,  with  a  width  five  times  its  height,  bonded  to  rigid  wooden 
supports  along  its  width*  The  specimen  is  clamped  along  the  wooden  support 
members  end  elongated  in  a  testing  machine  at  a  constant  rate  as  shown  in 
Figure  8.  The  direct  force  applied  by  the  testing  machine  produces  a  stress  o 
in  the  direction  of  the  force,  i*e*,  along  idle  length  of  the  specimen*  The 
restraint  applied  to  the  propellant  by  the  wooden  supports  produces  a  secondary 
tensile  stress  equal  to  c/2  (for  an  incompressible  propellant)  ‘  across  the 
width  of  the  specimen*  The  resulting  stress-strain  field  closely  approximates 
that  occurring  at  the  middle  of  the  port  of  a  long  circular  port  grain*  Thus, 
strip  biaxial  failure  data  is  used  as  a  .measure  of  the  capability  of.  propellant 
at  the  ports  of  circular  port  »  st;ar  center  grains  under  thermal  and  axial 
acceleration  loadings* 

Ultimate  true  stress  and  strain^urves  for  LPC-580C  propellant  tested  in  strip 
biaxial  tests  at  a  crosshaad  spei^l  of  0. 1-inch /mi nuts  are  given  in  Figure  10* 
Typically,  it  is  found  that  fhilure  stresses  .are  similar  tc  uniaxial  failure 
stresses,  but  failure  strains  are  lower  tffean  these  obtained  in  uniaxial  tension* 


Chevron  Sheer  Tests 


A  sketch  of  the  double  lap  Chevron  sheer  spqciBew  adopted  et  LPCI*  shown  in 
Figure  11.  Early  experiments  with  square-ended  specimens  showed  that  it  wan 
necessary  to  cut  the  ends  of  the  specimens  to  the  45°  eagle,  producing  the 
Chevron  shape,  to  eliminate  failure  initiation  at  the  highly  stressed  corners. 
In  test,  the  shear  specimen  if/  rigidly  clamped  to  a  metal  fixture  restraining 
the  deformation  under  load  to  simple  shear  Testing  is  carried  out  at  a  con¬ 
stant  croeshaod  spead  of  0*05-isch/*iaite  and  msasureaeats  are  made  of  maxi¬ 
mum  shear  stress  *nd  corresponding  shear  strain.  Experimental  data  obtained 
with  LPC-580  propellant  am  shown  in  Figure  12  as  a  function  of  temperature. 
Maximum  shear  stress  and  shear  strain  data  are  used  as  *  motor  failure  crite¬ 
rion  under  conditions  of  &'dai  acceleration. 


Diametral  Cccnrsssion  Tests 


The  diametral  compression  specimen,  shown  ix  Figure  13,  consists  of  a  thin 
circular  disc  of  propellant,  the  diameter  of  which  is  three  times  its  thickness* 
The  o^eclmea  is  tested  by  applying/a  load  across  a  diameter  in  a  testing  machine 
at  a  constant  crosshead  speed  as  shown  in  Figure  14.  The  geometry  of  the  speci¬ 
men  produces  a  tensile  stress  normal  to  the  applied  compressive  stress  at  the 
center  of  the  specimen.  Failure  occurs  at  the  center  of  the  specimen  and  either 
a  tenuila  failure  {vertical  fracture)  or  a  shear  failure  may  be  obtained. 

Diametral  compression  failure  data  obtainad  with  iPC-580  is  shown  in  Figure  15. 
These  data  are  used  as  a  criterion  of  failure  under  pressurization  conditions 
upon  ignition  ind  firing  because  the'  stress-strain  stats  rssesblss  that  existing 
at  the  part  of  a  long  grain  under  p re ssisri action  loads  (principal  failure  stress 
and  strain  are  both  tensile  wiih  a  xargs  normal  compressive  stress). 

Bond-in-Te^sion  Tests 


The  bond-in- tension  test  specimen  is  illustrated  in  Figure  16.  Specimens  are 
prepared  by  casting  propellant  into  the  steel  cylinders  onto  end  plates  pre¬ 
pared  with  the  insulation-liner  substratum  to  be  used  in  the  LSH,  After  propel¬ 
lant  sure  they  are  tested  in  tension  at  a  constant  cre^shesd  speed  of  ©,?-irsa/ 
minute  over  the  temperature  range  of  interest.  The  measured  tensile  strength 
at  failure  end  the  type  of  failure,  e.g. ,  adhesive,  or  eoheaive  in  the  propel¬ 
lant,  are  recorded  to  define  the  strength  of  the  weakest  component.  Measured 
strength  values  lower  than  the  failure  stresses  obtained  in  strip  biaxial  tests 
supersede  the  use  of  the  strip  failure  data  as  the  applicable  failure  criterion, 
when  the  failure  is  observed  at  a  substrate  interface  (adhesive  failure)  in  the 
bond-in-tensioa  specimen. 
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The  bond-in-tension  failure  strengths  observed  with  LPC-5S0C  propellant  are 
shown  in  Figure  17 »  Cohesive  failure  was  obtained  so  that  the  strip  biaxial 
failure  stress  was  retained  as  the  critical  failure  criterion* 


Additional  Tests 


In  addition  to  the  standard  types  of  tsstf  described  so  far,  two  additional 
experimental  investigations  were  required  because  of  the  aethod  of  casting  the 
LSM  from  numerous  propellant  batches,  and  because  of  the  lade  of. controlled 
conditioning  facilities  for  storage  of  the  LSM  prior  to  firing* 

The  first  test  series  was  designed  to  investigate  the  effects  of  an  interrup¬ 
tion  to  the  casting  schedule  due  to  possible  equipment  failure*  JANAF  uniaxial 
tensile  specimens  were  machined  fro ra  cartons  in  which  half  the  propellant  had 
been  put  in  place  initially,  and  the  remainder  had  been  cast  after  a  series  of 
delays  up  to  48  hours.  Half  the. cartons  were  coated  with  a  layer  of  liner 
material  prior  to  Casting  the  second  half  of^the  propellant  and  the  remaining 
cartons  were  untreated  prior  to  the  second  casting  of  propellant.  The  cartons 
were  Maintained  at  the  casting  temperature  145°F  before  casting  the  second  half 
of  the  propellant. 

The  failure  stresses  and  strains  resulting  from  this  series  of  experiments  are 
shown  in  Figure  38.  It  was  determined  that  a  casting  delay  of  up1"!©  24.  hours 
could  be  tolerated  with  no  detrimental  effects.  Furthermore,  the  data  implied 
that  the  propellant  surface  need  hot  be  treated  with  liner  prior  to  continuing 
casting  operations* 

In  another  series  of  experiments,  JANAF  tensile  specimens  were  tested  after 
exposure  to  0.  30,  80,  and  100  percent  R.H.  for  periods  of  7,  14,  28,  55,  and 
100  days.  The  results  of  these  tests  are  shewn  in  Figure  19  through  22.  Exami¬ 
nation  of  these  curves  shows  that  LPC-S8G  propellant  shewn  no  degradation  in 
physical  properties  ytfcder  0  and  30  percent  R.H.  storage  for  100  days.  Exposure 
to  60  percent  and  160  percent  R.H.  environment  produces  a  marked  lose  in  tensile 
strength  which  occurs  most  rapidly  at  the  100  percent  R.H.  storage  condition. 

It  was  determined  from  these  data  that  a  maximum  continuous  storage  humidity 
level  of  30  percent  R.H,  could  be  tolerated  by  the  LSM  propellant* 


PRELIMINARY  GRAIN  STRUCTURAL  ANALYSIS 


The  equations  for  determining  critical  stresses  and  strains  within  the  LSM  and 
the  means  of  calculating  the  propellant  and  bond  system  failure  properties 
used  during  a  preliminary  structural  analysis  are  given  in  detail  In  LPC  Report 
No.  578/56C-F-3  "Engineering  Methods  for  Grain  Structural  Integrity  Analysis” 
(Ref.  4), 
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Th®  following  loading  conditions  wore  investigated  during  this  analysis 
phase  t 

1»  Storage  at  a  uniform  temperature  "of  40°F» 

2.  Firing  at  60° F  temperature. 

3.  Slump  and  shear  stresses  under  vertical  storage  conditions  at  100°F, 

4.  Transportation  with  maximum  loading  of  3g,  10  cps  sinusoidal,  at 
lOtPF. 

The  environmental  lading  conditions  are  first  examined  separately  in  this 
section  and  later e  safety. factors  are  determined  using  the  linear  cumulative 
damage  concept  (Sef.  5  and  6), 


Thermall  Storage  at  40°  F 


Under  thermal  equilibrium  conditions,  the  thermal  hoop  strain  ee  (a),  at  the 
port  is  given  by s 


where 


and 


«0(a)  *  loj^  (1+  |  ^  x*  h,  AT) 
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1  ♦  v 

«R  "  ap  -  - - —  »a 
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vc 

VP 

X 

A  T 


prtipellant  linear  coefficient  of  thermal  expansion 
c%vse  linear  coefficient  cf  ti^rmal  expansion 
Poisson's  ratio  of  the  case  material 
Poisson's  ratio  of  the  propellant 
ratio  of. grain  0,3.  to  grain  I.p. 


t«B^trs,turo  decrement,  below  sero  strese/straln 
temperature 


star  Tilley  stress/strain  concentration  factor  (equal 
to  one  for  a  cylindrical  port  grain) 

Parr  correction  factor  for  finite  loath  grain 
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The  value  of  £xT  is  tieasursd  fro®  an  equivalent  *  trass  and  strain  free 
temperature  Tj  which  is  higher  than  the  curve  temperature  (x45°F>  becau 
cf  shrinkage  of  the  pros* lists t  during  cure,  a  value  of  *  H'0°F  ha^ 
been  determined  experimentally  for  “PEAK  propellants  of  the  tPC-580  typh" 
cured  at  145°F,  and  this  figure  has  been  adopted  in  the  analysis,  a  / 


the  values  of  the  constants  ue«d  in  the  LSM  analysis  are  given  above,  from  which 
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Under  thermal  equilibrium  conditions,  the  maximum  bond  stress  at  the  propellant 
case  interface  is  given  by 


'<*  (*>)  "  I  wr  Kp  Kp  (x*-i)  AT 


where 


K  is  the  stress  concentration  factor  at, the  case/gbain  termination,  taken 
P 

equal  to  2,0,  aqd  E^  is  the  equivalent  elastic  modulus  of  the  propellant  at 

the  end  of  cooldown.  To  determine  E  ,  a  cooldown  time  of  80,000  minutes 

P 

(56  days)  was  used  based  on  experience  gained  during  earlier  LSM  manufacture 
at  LPC.  Although  this  cooldown  time  is  insufficient  to  arrive  at  a  nearly 
uniform  grain  temperature  distribution  as  discussed  by  Fitzgerals  in  Raf.  7. 

The  equivalent  modulus  is  obtained  from  the  equation 


^  -  if  *w 


where 


■  r 

*  - .  \ 

O  aT 


A  method  of  determining  an  exact  viscoelastic  solution  to  this  equation  is 
given  in  fef.  (2),  For  many  materials  including  propellants,  an  acceptable 
equivalent  modulus  may  be  defined  by 


^rel  (t/aip) 


sn d  this  equation  is  frequently  adopted  at  LPC  to  arrive  a*  quasi  viscoelastic" 
solutions,:  For  LPC-S80  propellant  when  t  »  8  x  101*  minuted  =  4,8  x  106 
seconds'  and  T  =  60° F,  from  Figure  5,  log  a^  «.  0,25,  Hence  logj(?  t/a^,  * 

6,68  -  0,25  *  6,43  and  the  value  of  the  relaxation  modulus  E  at  log  t 

/  •  eq 

6,43  seconds  is  estimated  to  be  110  psi. 
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Thus  CTr(b)  »  4  X  3.85  X  10“5  X  no,x  2  (7.8U*4)  x'100 

.  *  3-9  psi  *  s’  .  '  . ' " 

•  :  •  *  -•  v'i',  . 

VJhen  T  »UD°F>  log  a<p  *  1.0  and  lqg  '■*  5*68 


Than  E^q  s  130  psi  a^d 
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j  a  sa 


sss  and  Strain 
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From  (3) 
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The  Mthods  for  determining  .allowable  stress  and  strain  . values  f rcm^he  h 
experimental  data  are  fully' described  irf  Ref.  .(4),  However,  as  an  illustra¬ 
tion,  thKlitniting  thermal  Strain  at  the  port,  of  the  motor  and  the.  limiting 
-bond  stres\jat/the  case-npepellant  interface-  w4ll  be  determined. 

/  ft  -  ’  »  '  ft*‘  ,  ,  » 

The  relevant  fainfr6  data  are  the'  strip-byixial  tension-tension  obtained 

experimentally  at  a  strain  rate  of  9.06?-inch/inch /minute.  Making  the.  assump¬ 
tion  that  the* strain  rate  during  cooling  is  a  cbnstan^,  we  find  that  the  port 
hoop  strain  rate  *  •  3,9  »’  inch/icch/iainute  ft  <5x  1Q“7  inch/inch /minute . 

WTTITT^r”  ■  1 

,  »  -  •*  *' 

*  *  •,  ,  *  . 

^  * .  * 

-  It  Is  required  therefore  to  determine  the  strip  biaxial  failure  stress'  and 
strain,  at  this  low  thermal  cooiiiig  strain  rate.  Strain  rata-te^hr&ture  •  *  " 

( equivalenc*  shows^.  that*  testing  at  a  lew  strain  rate  at  ?0°F  is  equivalent , to 
*  testing. at  the  normal  strain  rate;  but  at  a  high  temperature.  The  temperature 
shi.t  may  be  determined  from' the  log  aT  versus  temperature  curve,  Figure  5, 

using  the  'strain  rate  Patio  R^s/R^.  =  5  x  10“7/0.fl67  »  7,5  x  lb”6  giving  a 

log  shift  factor  -  s.  l^»e  7,S  x  10"  »  -5,125.  The  allowable  failure  '& 

stress  and  Strain  is  'obtained  therefore  by  determining  the  tumperstura  eqdiva-- 
lent  to.  a  log  a-j.  shift  of  -5.125  frbm-.the  starting  tamper sture,  40°F,  (initial, 
shift  factor  -  1,0}  and  taking. the  failure  stresq.  and  strain  values  at  this 

temperature.  , for  example,  the  temperature  equivalent  to  a  shift  i<g  a^  value 
of  -5,125  +  1.0  =-"4,125  .is  190°F|  .the  strip  biaxial  failure  strain  at  this 

temperature  i3  .13,5  percent  and  ,Xhe‘ failure  stress  is  36,0  psi,  Assuming  that  *» 
statistical-  d’ta  are  not  available  at*-  this  time  to  give  lower  2<f  failure  values,^ 
valuqs  of  80  percent  bf  the  measured  stresses  and  strains  may  be  u&ed,  based  on 
considerable  data  with-  siigil^r  propellants.  Therefore  the  lexer  2o  strip"  biaxial 
failure  strain  =  0.^  x  13.5  =  10.8  percent  and  the  lower  2o  failure  stress  = 

0.8  x  36  =  29,0  psi,-  Thus  the  strain  damage  increment  D,.due  to  storage  at 

40°F  and  defined  by  the  ratio,  calculated  stress  cr  strain/  allowable  stress 
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os'  strain,  is  equal  to  3«§  p*  OiSS  and  th®  bond  stress  daaagc  increswot  D  i- 


*qaal'  to  S.5  »  0*13,  ,  thw»  for  th®  stooge  alone,  th*  thsreal  port  hoop  strain 

WT: 


safety  factor  £s  given 'by  1 

■  •  •  *  -  H> 

'safa-ty*  factor  *  A  *  5.$ 

•  rar 


*«8  and  the  interface  bond  stress 


Preasyfisation  on  Xscltioa 

sen; s— e» mws—  rra>iw,ii«iwpa  awugHmex  »®mp>? 
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Ignition  of  th«  sctc^-produdis  a  pressurization  port  hoop  strain  additional  to 
that  obtained  during  them*!  cooldown  to  firing  tampers  ture .  Assuming  a  finite 
propellant  oteipreasibill ty  and  free  or  stress-relieved  ends  to  ths  grain,  the 
following  expression  gives  the  critical  hoop  pressurization  strain  cqq  (a) 

v  »  .  •  / 

occurring  during  ignition  at  the  grain,  port  t .  .  , 


uhere 
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P,  -  MED?  pel  , 
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X  ■  propelled  hu^c  modulus 
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and  the  other  symbols  have  th«*  earning  previously  assigned  thee,  (a  finite  bulk 
Modulus,  K,  *  is  -used  in  this  egression  since  th*  change  in  propellant  voluae 
under  high  pressures  can  produce  significant  increases  in  hoop  strains  in  sea* 
motor  designs). 


Hence;  «*(*):  -  &L*LlgjL *  .ff0  *.1,  <(h!k~k)  (§&.  ) 

'  o;S  x  27  X  ioS  x  (>  x  7.i)  2  x  10* 
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The  allow»|ble  port  hoop  strain^is  determined  ‘in  &  similar  manner  to  that 
illustrated  for  thermal  cooldoyn.  but  in  this  chse*.the  applicable  fail¬ 
ure  data  are  those  determined  in  the  dlametral^cuapressioh  test.  Asduor 
ipg  again  a  uniform  strain  rate  during  ignition,  the  meaiTstraijajrAte  is* 
given  by  ■  -  .  ’  ~~  " 

t  (p)  (a)/  prepare  rise  time  ■  1.36  x  60  inch/ inch/minute  =>2.0  inch/  •- 

100  x  1.406  .  ;  ’ 

inch/mioute.  Since. the  test  strain  rate  is’  equal  to  0.06? -  inch /inch /min, ,* 
the  strain  raite  rqtib  «  2.Q/e0£7  •  30,  giving  »A®8  shift  factor  of  ^  1.48, 
The  equivalent  temperature  for  the  igaition-rsce  of  strain  .for  firing  at 


60°P  is  fpund  from  Figure-  5  to  be  25°?>  /fhe  measured  failure  strain  from 
Figure  15  is^thereforfe  23.0  percent  giving  an  estimated  lower  2o  value 
of  28  x  0.8  ■  22.4 percept .  The  oa»egein6renent  sustained  under  pres¬ 
surization-  loading  is  given  by  1^36/22.4  »  0.061.  "  '  — 

Using  the. linear  cuaaulative  daaiage  concept,  the  safety  factor  under -pres- 
‘aurisatioo^after  nedcidown  to  60^F  stay  be  evaluated-  asfpllows.  If  D~  Is  , 
tha  damage  increment  due  to  thermal  cooldcwq  and  Dp  la  that  Increment 
sustained  under  pressurization  .then  total  damage  sustained  «*  S  D^  *  D^  + 

Dp.  and  >  safety  factor  ■  1^  — 1— »  *'  .  ■  " 

.  ,  •  t  m  %  +  - __  ..  *.  • 

For  the  13M,  the.  strain  damage  at  the  port  is  tfceil^  — 

■  ■  “  '  -.*••• 

/'  D-mr  -  3.27  +'  0.061  “  0.303  +  0uQ61 

•  •  10.8^  •.  •  •' 


“and  the  firing  safety  factor  at  60°P  is  equal  to.  I  ■  •  41.76 

-  \  5  '  .  ,  -  0.363  ■'  - 

A  safety  factor  is  cot  calculated, here  for  firing  at  *00°F'  but  Figure  23 
shows,  the  relationship  between  thermal  and  pressurization  hoop  strain  re¬ 
quirements  st  the  LSH  part  and  the  allowable  lower  2c  failure  strains  for 
these' conditions  against  a  base  of  temperature.”  'Safety  factors  for  fir¬ 
ing  at  the  various  temperatures  are  also  plotted  showing  the  reduction  in 
safety  factor,  with  lower  operating  temperature.  At  a  temperature  of  -45°?, 
the. firing  safety  factor  is  calcul*ted:to  be  1.0  and  theoretically',  the) 
motor  should  fire  aatiifac^orily.^rt  this  temperature.  It  is  common  prac¬ 
tice  to -include  a  mihisua/safety  factor-  of  1.5  in  the  deslgzr  calculations- ■, 
making  the  lower  safe  filing  temperature  equal  to  -'3Q°F. 
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'  Slump  and  Shear  Stresses  hadar  .Vertical  Storage  at  10Q°F 
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The  radial  ^md  axial  defections  of  a  grain  under  vertical  storage  conditions 
are  given  by  the  equation 


ur,*  •  (h  f“s8* 


(5) 


P  »  a  constant  determined  from  Figures  D-10  through  D-14#  Ref.  (1) 


propallakt  densitjKli/Jji3 


ng  3  acceleraticu  in  gravities  \ 

«  .equivalent' elastic  arduous  at  time  considered 


From  the  reference  curves  for  a  free-free  ended  grain  £  «.  0.48  for  axial 
displacement  Ofe,  and.,  *  0.13- for  radial  displacement  U^. 


The  value  of  S;  >  *  60  psi  may  .  be  estimated  from  Figure  5  using  s  storage  peri  ’ 

*  ,  *•  v  ^  y  .g.  ■  * 

.of  three  months  ‘W  S  x  10  seconds  and  a  log  a_  of  -0,5  corresponding  to  a 


' 100°F  storage  temperature; 


Thus  U8  -  0«UB  x  0.06U  x  X  x  1& 

60 


iroR  v5; 


S.3U  inches 


and  uj, 


U  «  x  Q.oQj  x  X  x  78* 

*  so .  ; 


from  (5) 


0.6U  inch 


'^r 


The  additional  hoop  'Strain  at  the  bottom  end  of  the  port  due  to  vertical 

storage  is  calculated  to  be  x  ioo  *  2.3  percent.  'Fortunately 

?7j85  '  j 

this  strain  occurs  'at  the  end  of  the  grain  where  .the  hoop  strain  due,  to,  . 
'therssal  cooling  is  ,*erpf  or  slightly  coapressiye  and  the  additional  hoop 
strain  due  to  vertical  storage  does  npt  produce  *  critical  condition. 
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The  propellant-case  interfacial  shear  stresses  under  vertical  storage' 
conditions  may  be  calculated  from  the  equation 


"  (*8"*  ) 


where  all  the  terns  have  been  defined* 


Substituting  *  2,0_onr  Ji&s-then  fron  equation  (6) 


+M  -  1  x  78  x  0.064  x  2  /7.84  ~ 


*  4.35  pai 


Measured  shear  failure  data  under  constant -load  conditions  are  the  correct 
values  to  coepare  with  this  storage  shear  stress.  Since  these  data  were  not 
available,  *n  estimate  of  the  probable  minim®  failure  shear  stress  was  made 
from  the  curve  given  in  figure  12..  A'  minimus  value,' of  30  pai  was  taken  which 
implies  a flower  2o  failure  stress- of  27.0  psi  giving  a  shear  stress  safety  , 
factor  of  27/4.35  *  6.2. 


srtation  Stresses  at  100°F 


The  same  equation  ^ivwn  for  vertical. storage  nay  be  used  to  determine  the 
maxima  shear  stress  under  a  3g  sinusoidal  acceleration  transportation  load, 
as  the  motor  was. transported  in  the  vertical  condition* 


hence  T.(b)  *>  (xa~l  ) 

‘  ~~2  Ta~ 


Tz(b.)  -  3  xJBx. 


N  7.64  * 


15.0  psi 


rv 


To  determine  a  man  strain  rata,  an  equivalent  modulus  is  calculated  using 
Schapery's  approximation  (Ref.  8)  that  frequency  and  time  are  related  by  the 

aquation  For  a  frequancy  of  10  ops  »  63  radians /second  the  equiva¬ 

lent  time  *  1/126  *  *008  second, Thus, log  t/a  »  -1.1,  and  the  modulus 
value  from  Figure  S  is  found  to  be  700  psi,  TheTdynamic  strain  level  corres¬ 
ponding  to  13 .,0  psi  stress  ia  then  1.85  percents  and  the  mean  strain  rate  is 

)  65  X  60 

approximately  *  i'o"o"  x"'6'.'l'  x’o'.i'i  **  45  inch/inch/®inute* 


^  The  allowable  failure  stress  is  determined  fro®  Figure  12  using  ths  strain  rate 
ratio  of  45/0,067  *  670,  giving  a  log  shift  of  2,83  from  the  value  at 
'  100° F,  -0,5.  *♦ 


The' temperature  corresponding  to  the  high  strain  rate  at  100°F  is  therefore 
15°F  and  the  measured  shear  failure  stress  is  then  150  psi.  The  lower  2o 
allowable  shear  stress  is  therefore  0,8x150.  *  120  psi  giving  a  safety 
factor  under  the  3g  transportation  vibration  of  s  9.2.  The  higher 


-  safety  factor  vhen  compared  to  the  static  case  is  due  to  the  higher  failure 
strength  of  the  propellent  under  dynamic  loads.  Clearly  it  is  better  to  com¬ 
pare  dynamic  stress  «n<f  straiit  values  with  failure  data  determined  in  a  dynamic 
test  mode.  However,  the  lcw/lavel  Of  the  stressos  and  strains  obtained  in  the 
LSM  design  and  the  consequent  high  safety  factor  estimates  lead  to  the  conclu¬ 
sion  that  the  transportation  vibration  problem  is  not  critical  for  short  time 
periods.  If  the  loading  is  sustained  for  a  considerable  time,  then  measured 
fatigue  data  should  be  obtained  and  used  to  calculate  allowable  failure  stresses.' 


CoftciLuaiofcC  of  Preliminary  Structural  Analysis 

♦ 

Table  I  details  the  estimated  stress  and  strain  maxima  calculated  in  the  pre¬ 
liminary  structural  analysis  phase.  Also  tabulated  are  the  estimated  failure 
stresses  ana  strains  and  the  resulting  factors  of  safety,  baaed  on  the  linear 
cumulative  damage  concept  where  more  thf»-s?ne  type  of  loading  is  involved. 

The  analysis  shows  clearly  that  the  dosiga  is  structurally  sound  and  contains 
no  obvious  weaknesses.  Consequently  a  detailed  computer  analysis  of  the  specific 
LSM  grain  may  now  be  made.  '  ' 


DETAILED  STRUCTURAL  ANALYSIS  OF  LSM  DSSI® 


The  detailed  computer  analysis  oF  the  fcSH  grain  was  carried  out  using  the  motor 
geometry  shown  in  Figure  1.  The  ssd symmetric,  finite  difference  computer  pro¬ 
gram  devised  by  A,  Messner  while  at  Aerojet  General  Corporation,  and  described 
in  Ref,  'J  through  11,  was  used 'to  perform  the  grain  structural  analyses-,  Three 


-  J 


loading  conditions  wars  investigated,  thermal  storage,  pressurization,  and 
axial  acceleration.  The  resulting  stress  and  strain  distributions  calculated 
along  the  gr^in  are  shown  in  Figures  24  through  30*  .Also  given  on  these 
Figures  are  4he  numerical  parameters  used  to  obtain5"  these  results. 

The  stress  and  strain  curves  for  the  three  loading  conditions  will  be  discussed 
briefly  in  the  next  sections. 


Thermal  Storage  s. 

'  > 

Figure  24  shows  the  port  hoop  strain  developed  during  thermal  cooldown  to  66°F 
from  a. stress  free  temperature  of  150°Ft  The  curve  shows  a  maximum  port  hoop 
strain  equal  to  3.4  percent  at  a  point  approximately  100-inches  from  the  head 
end  of  the  grain.  This  value  is  very  close  to  that  obtained  during  the  pre¬ 
liminary  analysis  phase,  i.e.,  3.27  percent. 

Figure  25  shows  the  normal  tensile  stresses  at  the  propelluuit-daae  interface 
after  cboldown  to  6Q*F  and  a  peak  of  4,6  psi  is  obtained  near  the-eft  end  of  the 
grain*  A  peak  value  of  2,7  psi  is  obtained  near  the  heed  end  and  a  level  of 
v  2.X  psi  occurs  fre®  approximately  20  inches  to  120  inches  from  the  motor  heed 
end.  The  peak  normal'  stress  value  estimated  during  the  preliminary  analysis 
for  a  &0»F  storage  temperature  was  3.9  pai,.  somewhat  lass  than  the  4.6  peak 
given  in  Figure  25.  *  _ — 

The  propellant-case  interface  shear  stress  distribution  is  shown  in  .Figure  26 
and  shows  a  peak  propellant-case  interface  shear  stress  vaius  of  3,4  psi  occurs 
near  the  head  end  of  the  grade.  A  smaller. peak  value  of  2.75  psi  occurs  near  the 
aft  end  of  the  grain.  - 


Pressurization  Loading 


Fort  hoop  strain  and  propellant-case  intcrfaoa  shear  stress  curves  arc  given 
•gainst  axial  position  along  the  actor  in  Figures  27  and  26.  A  maximum  pres¬ 
surization  hoop  strain  of  2.3  percent  i»  obtained  which  is  higher  than  the 
1,36  percent  calculated  in  the  preliminary  analysis*  Figure  28  shows  a  peak 
pressurization  shear  stress  ralus  of  18.7  pel  at  the  head  end  of  the  motor  and 
a  lower  peek  value  of  8  psi  at  the  aft  end. 


S 

Axial  Acceleration 


On  computer  solution  derived  for  a  steady  state  acceleration -load  was  used  to 
obtain  •  Figures  2P.  and  30.  Figure  29  shows  the  port  hoop  strain-resulting  fit* 
motor  storage  ir.  e  vertical  position  for  a  period  ttf  3  months  at  100®F, Tho 
peak  deformations  are  found  at  the  ends  of  the  grain  and  a  rfaxieus  tensile  hoop 
strain  of  3.1  percent  ie  obtained.  This  value  suet  be  compered  with:  the  2.3  per-, 
cent  strain  value  calculated  in  the  preliminary  analysis .  - _ 
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Figure  30  shew*  the  px^opaljUtot-case  interface  stresses  obtained  under  a  3g 
axial  acceleration  at  a  temperature  of  1CC°F.  Once  again  the  shear  stresses 
peak  at  the  grain  ends  with  a  maximum  value  of  10.5  psi  at  the  aft  end.  This 
value  compares  favorably  with  the  13.0  psi  calculated  during  the  preliminary 
analysis.  _  J 


Effects  of  Variatlop  In  boot  length 

/t? 

Preliminary  estimates  of  tbs  minimum  length  of  boots  cr  flaps  required  to 
prevent  pjrepallant-caee  unbending  at  the  grain  terminations  ars  pads  on  the 
basis  of  experimental  data  shown  in  Figure  4-2,  Ref.  (&).  This  curve  shows 
measured  crack  dept he  far  meters  of  various  disaster  up  to  120  inches.  For  a 
motor  156  inches -disaster,  a  cxmeJc  depth  of  4  to  5  inches  would  be  anticipated 
and  conservatively  a  flap  or  boot  length  of  twice  the  crack  depth,  i.o.,  8  to 
10  inches  pay  fca  used, 

A  computer  analysis  was  made  to  determine  the  affects  of  using  different  boot 
lengths  from  10  inches  to  37  inches  at  the  heed  end  of  the  grain.  Figure  31 
shows  the  note  >1  tensile  stresses  as  a  function  of  axial  position  for.  thermal 
storage  at  60V  and  Figure' 32  shows  the  shear  stress  distributions,  the  normal 
stress  curves  show  small  differences  in  peek  tensile  stress  t*>  2.75  (psi)  at 

the  heed  end  for  boot  lengths  from  10  to  23  inches,  but  t be  tensile  stress  peak 
increases  to  3.4  psi  with  the  longest  boot  length  of  37  inches.  The  interface  - 
shear  stresses,  en  the  other  hand,  arc  maximum  at  the  shortest  boot  length  and 
decrease  from  3.5  pel  to  2.3  psi  as,  the  bo&t  length  increases  from  10  inches 
tc  37  inches.  The  results  of  the  analysis  confirmed  that  a  boot  length  of 
10  inches  was  adequate  for  the  LSM  design  end  that  nothing  would  be  gained  by* 
using  a. greater  length.  < 


Determination  of  Allowable  Failure  Stresses  and  Strains 


Thl  methods  used  for  determining  allowable  stress  sad  strain  valued  are  exactly 
the  same  es  those  described  during  the  preliminary  analysis  phase*  ; It  if'  not 
necessary  to  estimate  lower  2o  failure  atrcaae*  and  strains  since  -the  atrip 
biaxial  test  data  obtained  from  a  series  of  £#£~$80  propellant  batches  during 
costing  of  th*»LSH  and  shewn,  in  Table  11  enables  realistic  standard  deviations 
to  be  calculated.  The  standard  deviation  fer  the  stresses  is  15.4. pai  *  15  per¬ 
cent  ox  the  mean  value,  whereae.the  standard  deviation  for  the  strain  i*_. _ 

4<^6-  percent— «-  13  percent-pf-^he-aean-failure  straiar  value. — -Thus-  a -lower  2a 
failure  stress  of  0.70, of  t^e  measured  value  end  a  lower  2o  failure  strain  * 

0.74  of  the  measured  vniusteey  be  used. 
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Conclusions  of  Computer  Structural  Analyai# 
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The  calculated  snaxiraum  stresses  end  strains  obtained  frcta  the  computer  analysis 
are  given  in  Table  III  together  with  tb«  allowable  values  and  the  resulting 
safety  factors ,  A  r«via«  of  these  figures  shows  that  although  ia  «o&*  instances 
safety  factors  are  lower  than  those  obtained  from  the  ampler  analysis,  no  design 
weakness  is  evident  and  the  Rotor  aheuld  perfostf  satisfactorily* 


SUMMARY  AND  CONCLUSIONS 

Existing  design  analysis  techniques  to  ensure  the  structural  integrity*  of  a 
large  solid  actor  have  beer,  described  its  this  article 0  1?*;  analysis  techniques 

and  physical  property  interprets  tiee  proca&ire^  are  certainly  adecuate  hut  --only. — 
when  maturs  judgment  1*  «mrcim6,„  _____ _ 

The  use  of  digital  computer  progress  has  enabled  *  realistic  aasesaa wmt  to  be 
made  of  stresses  and  strains  oceust'lng  within  a  specific  sartor  design*  The 
particular  sotar  eoasJ.d®r®d  in  this  anticls  has  a  tiiaplm  grain  configuration 
which  ©an  be  analyzed  using  axisywsa trie  t carter  programs  with  no  approximation. 
Other  cofifiguratians  such  m  afar  ahep-id  perforated  srain*  require  additional 
analyses*  usually  baaed  oa  a  gamnsllsm  pline  *tr&ir;  «pp2^i»ati<w,.to  inves¬ 
tigate  the  effects,  of  port  shape.  The  reesltmo?  tbi  axisymmtric  aadjfche _ 

plane  strain  analyses  must  then-  be  ccabiaed  tc  give  a  single  set  of  Maximum  . 
stress  sna  strain  values  occurring  within  the  grain,  .  . 

At  th:U  tim®,  the  accuracy  or  computer  aaalyssa  ia  limited  principally  by  the 
fact  that  real  materials  are  cot  isotropic,  homogeneous  and  inccoprassible. 
Furthermore ,  propellants  are  .not  perfectly  linear  yisftggjjj&tic  materials.*  ' 
especially  At  the  higher  filler  levels  currently  being  used.  As  a  consequence, 
raajipr  improvements  to  the  araly'sea  way  be  madw  by  generalising  the  fundarenttl 
equations  to  include  nonlinear  {elastic?  behavior  and  f ini ta  compressibili ty * 

Since  a  solution  fey  a  completely  general" material  description  is  clearly 
insolvable ,  the  '^xjterimeataiisfc  must,  first  describe  the  essential  features  of 

the  real  materials  occurring  in  solid  rocket  motors*  In  this  content,  the  _ 

nonlinear  viscoelastic  theory  of  SchaperjM  12)  appears*  very  prcaising  approach' 

"  to  a  difficult  problem.  Ekr  making  assusption»  ci^atible  with  the  rax. -dynamics 
and  practical  experience  with  propellant,  a  nonlinear  material  description  my 
b*  devised* 

Although  analysis  techniques  need  improvement  before  a  complex  three-dimensional 
grain  problem  can  L*a  handled  with  ease,  the  greatest  uncertainty  with  any  grain 
structural  integrity  analysis  reesins’  the  determination  cf  allowable  failure 
stresses  and  strains.  No  unifying  failure  theory  is  yet  defined  which  can 
describe  the  failure  properties  of  propellant  under  the  commonly  occurring  stress 
and  strain  ftxid L l Lous.  Consequently,  various  failure  criteria  ore  adopted  icr 
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different  regions  of  the  same  grain,  e.g,,  maximum  principal  strain  criterion 
for  port  failure  and  maximum  principal  stress  criterion  for  propellant-case 
interface  band  failure:. 

The  maximum  principal  strain  theory  of  failure  is  widely  used  in  propellant 
grain  analyses,  although  it  has  proved  unreliable  for  metal  railure\pr_ fiction. 

Its  chief  advantage  is  the  fact  that  port  strains  are  measurable  quantities 
which  may  be  compared  directly  with  laboratory  test  values.  On  the  other  hand, 
sfru^cs  cannot  be  observed  but  have  to  be  inferred  using  an  equivalent  modulus 
value.  Thus  in  reality  propellant  may  fail  because  a  limiting  stress  is  exceeded, 
but  the  uncertainties  of  calculating  the  maximum  stress  values  within  the  grain 
may  make  the  application  of  this  failure  criterion  very  unreliable. 

Current  effort  to  devise  a  usable  failure  theory  includes  the  strain  energy 
approach  adopted  by  Williams  (13),  the  failure  envelope  concept  due  to  Smith  (14) 
and  the  multiaxial  stress  "constraint  parameter"  suggested  by  Siron  and  Duerr  (15), 
Clearly  there  is  no  lack  of  theories  of  failure  which  can  be  demonstrated  to  apply 
to  certain  propellants  under  well  defined  experimental  test  conditions.  There  is, 
however,  very  little  data  verifying  the  applicability  of  any  one  failure  theory  in 
a  realistic  motor  environment.  In  this  context  the  recently  initiated  Air  Force 
program  to  investigate  failure  and  cumulative  damage  theories  using  one  pro-  llant 
type  between  several  contractors  should  prove  of  great  value.  A  closely  all  ad 
program  using  the  identical  propellant  is  the  Structural  Test  Vehicle  work  in 
which  experimental  measurements  will  be  made  of  bond  stresses  and  port  strains  of 
-simple  circular  poi*t  grains!.  The  objective  of  this  program  is  an  experimental 
investigation  of  the  accuracy  of  currently  available  structural  analysis 
techniques . 

Considering  t'-.e  results  of  the  "truc^rrai  analysis  described  in  this  article, 1 
the  maximum  stresses  and  strains  ob'  lined  in  the  preliminary  analysis  phase 
are  generally  close  to  those  obtained  from  the  computer  analysis.  The  chief 
advantage  of  the  more  detailed  analysis  procedure  is  that  variations  in  stress 
and  strain  throughout  the  grain  can  be  observed  and  possible  sources  of  trouble 
identified  which  are  not  obvious  at  first  glance. 

It  should- be  mentioned  that  in  many  instances  the  absolute  magnitude  of  a  streps 
peak  is  a_ function  of  geometric  grid  sise,  since  theoretically  an  infinite  stress 
is  obtained  at  a  singularity.  For  these  cases,  experience  dictates  an  approach 
similar  to  that  discussed  in  Ref,  16.  The  grid  system  selected  is  such  that  the 
shear  and  tensile  strass  maxima  are  determined  at  a  distance  of  one-percent  of 
the  outer  radius  (b). 


The  axisyrametric  computer  program  is  capable  of  handling  a  more  complex  analysis 
of  a  grain  than  those  described  in  this  article.  Layers  of  insulating  material 
and  elastomeric  boot  materials  can  be  .-incorporated  in  a  more  detailed  motor 
description.  In  the  case  of  motors  which  have  lower  safety  factors  or  which  may 
be  marginal  in  certain  aspects,  a  more  thorough  analysis  of  this  kind  is  per¬ 
formed,  The  motor  design  considered  here  is  considered  sufficiently  safe  that  ' 
no  more  detailed  analysis  was  necessary.  Similarly,  it  is  known  thaf'the  analysis 
of  a  grain  under  transient  rather  than  steady  3tate  temperature  conditions  may 
produce  higher  interface  normal  and  shear  stresses.  However,  in  the  cnes  of  ,a 
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larger  motor,  rates  of  cooling  and  heating  are  ao  low  that  significant  stress 
increases  are  not  obtained. 

The  analysis  and  experimental  work  described  in  this  article  was  supported  by 
35-inch  iimhtev  subscale  firing  of  the  LSM  grain  design  using  LPC-33Q 
propellant  before  the  large  motor  was  cast  and  fired. 

Finally,  there  is  cm®  key  point  which  should  be  borne  in' wind,  in  which  the 
design  and  manufacture  of  an  LSH  is  vary  different  from  any  other  (smaller) 
motor;  the  LSM  has  to  fire  successfully  tha  first  time,  there  is  no  second 
chance.  The  normal  proving  and  qualification  aeries  of  teat#  just  cannot , 
be  carried  out*  Therefore,  almost  any  depth  of  analysis  required  to  prevent 
structural  failure  during  firing  is  justifiable. 


'  v 
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MOTOR  EXPERIENCE 


F.l  INTRODUCTION 


Thi appendix  presenfs  a  compendium  of  motor  experience  gained 
throughout  the  solid  propellant  Industry  during  the  past  decade.  Motor 
failures  ard  subsequent  corrective  action  taker;  are  discussed  in  the 
hope  that  such  information  migl.w  benefit  the  entire  industry  in  pre¬ 
venting  similar  type  failures  in  the  future.  Inasmuch  as  the  greatest 
effort  has  been  made  to  avoid  comp romi sing  the  proprietorship  of  the 
various  companies  or  causing  embarrassment  to  any  compary  or  presenting 
material  of  a  classified  nature,  these  discussions  take  on  a  rather 
general  form  in  which  the  specific  details  relating  to  motor  programs, 
mission  objectives  and  propellant  type  are  for  the  most  part  omitted. 
It  is  still  felt  that  this  material  will  benefit  the  r.ew  engineer 
entering  the  solid  propellant  Industry. 

F.2  MOTOR  FAILURES  / 


The  .first  two  motor  failures  discussed  below  were  reported  in 
the  open  literature  by  Rocketdyne  [!}.  the  following  motor  failures 
are  reported  anonymously  for  the  reasons  cited  above. 

F.2. 1 .  BOOST-SUSTAIN  DEMONSTRATION  MOTOR 

This  particular  development  motor  had  a  grain  geometry  consisting 
of  a  partially  restricted  two-slot  sustain  and  a  six-slot  boost. 

A  conlcyl  (radial  slot)  was  used  in  the  transition  zone  between 
these  two  geometries.  After  a  period  of  aging  and  during  a 

F.l 


i> 


-rwsxsms 


rsHes  of  temperature  cycles.  «  fracture  was  noted  by  radiographic 
inspection  at  tne  liner  propellant  interface  in  tr.e  sustain  grain  near 

,  i 

i 

the  conicyl  (section  V  of  figure  F-l).  After  reviewing  the  analyses , 

material  properties  and  processing  techniques  *  it  was  hypothesized 

i  -t  ' 

tnat  the  material  properties  had  to  be  significantly  different  from  the 
control  properties  used  in  the  analyses.  This  hypothesis  was  supported 
by  the  fact  that  the  failure  did  not  occur  in  the  area  previously  shown 
to  be  most  critical  by  conventional  failure  analyses*  and  later  sub- 

i 

stantlated  from  tests  conducted  on  samples  obtained  from  the  motor 

after  dissection.  -  \ 

1  \ 

To  provide  a  basis  for  grain  structural  Integrity  reassessment 
the  motor  was  dissected  using  a  remotely  operated,  TV  monitored  lathe 

at  several  judiciously  selected  longitudinal  stations  (see  figure  F-l). 

0 

Propellant,  propellant-restrictor  and/or  -liner  specimens  wereremoved; 
and  mechanical  properties  were  determined- for -material  from  various 
locations  within  the  motor,  fconsiderafels  variation  in  properties 
across  the  grain  webs  were  reflected  ir  the  comparison  of  these  speci¬ 
men  tests.'  The  additional  comparison  with  prooertTis  from  control- 

■  <i 

samples  cast  “from  the  same  propellant  dr.  showed  a  significant  difr?r-" 
ence  and  provided  an  assessment  of  the  combined  effects  of  propellant/ 

*  !x  s 

restrictor, -/liner,  -/insulation  and  -/mandrel  compatibility;  chemical  > 

migration,  processing  techniques;  thermal  cycling;  vibration  ami  high- 

»  ■*  > 

temperature  aging.  - 

Figure  F-2  depicts  Rax  hardness  distributions  measured  following 
motor  dissection.  These  readings  save  .initial  insight  IntotKe  propel-  ‘ 
I art  mechanical 'property  variational? trends  across  the  grain  web.-  Baked 
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FIGURE-  F«-2  A  SUMMATION  OF  REX  JSARDNESS  READINGS  TAKE-! 

‘  t)N  GROSS'  SECTION.  OF  SUSTAIN  GRAIN  SEGMENTS  [1] 
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on  this  distribution,  each  motor  section  was  segmented  into  a  series 
of  pie-shaped  pieces,  and  peel  test  and  numerous  mechanical  property 
specimens  were  removed  as  illustrated  in  figure  F-3.  The  latter  were 
cyt  with  their  longitudinal  axis  parallel  to  that  of  the  motor  and  at 

a 

various  radial  distances  from  the  liner-propellant  interface.  The 
graphical  representation  of  the  mechanical  properties  of  these  speci- 

v.  ^ 

mens,  presented  In  figures  F-4,  F-5,  F-6,  illustrates  the  degree  of 
heterogeneity  across  the  grain  web.  These- properties  and  the  associated 
distributions^ were  analytically  considered  in  a  reassessment  of. the 
grain's  structural  capability  under  various  loading  conditions. 

A"  two-dimensional  model  of  the  central  region  of  the  grain 
(figure  F-7)  was  used  in  a  finite  element  analysis  to  reassess  the 
structural  capability  of  this  grain  design.  The  simulation  of  the 
propellant  modulus  variation  shown  in  figure  F-4  is  also  depicted  in 
this  figure.  ^Inasmuch  as  the  2- D  model  assumes  the  grain  to  be  axisym- 
metric.it  was  necessary  tc  assume  equivalent  web  fractions  for  the 
slotted  boost  and  sustain  grains.  The  basis  for  this  assumption. was 

to  utilize  a  web  fraction  which  for  a  cylindrical  grain  would  predict 

* 

a  radial  bond  stress  under  a  plana  strain  loading  condition  which  was 

equal  to  the  maximum  value  predicted  in  the  plane  strain  analysesyjf 

the  actual  slotted  grain  cross  sections,,  the  web  fractions  were  68  and 
* 

50%  for  the  sustain  and  boost  grains,  respectively.  A  thermal  analysis 
was  carried  out  considering  this  model  with  the  modulus  distribution 

V 

shown  in  figure  F-7. 

Figure  F-8  illustrates  the  analytically  determined  maximum 
principle  stress  distributions  in  the  propellant  at  the  liner  interface 
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FIGURE  F-3  LINER-PROPELLANT  BOND  AND  SYSTEM  COMPATIBILITY  TESTS  [1] 
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JANAF  SPEOIMEN  TEST  CONDITION 
X-Hoad  Rate  =  2.0  jn./rain 
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Gage  Length  =3*0  inch 
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Section 
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FIGURE  F-4  MODULUS  VS  SPECIMEN  LOCATION  [1] 
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FIGURE  F-5.  GRAIN  ALLOWABLE — UNIAXIAL  STRAIN 
— — _  .  VARIATION  WITH  DISTANCE  FROM 
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FIGURE  F-6,'  GRAIN  ALLOWABLE — UNIAXIAL  STRESS  VARIATION 
*  WITH  DISTANCE  FROM  LINER-GRAIN  INTERFACED  ] 
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b.  Material  Moduli  Distribution 


FIGURE  F-7  MATHEMATICAL  MODEL  FOR  BOOST-SUSTAIN  GRAIN  MOTOR{ 1 ] 
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ir  the  central  region  of  this  grain  using  wniuyeneuub  propellant 
properties  as'  determined  from  imaged  control  samples,  and  employing 
the  heterogeneous  propellant  modulus  distribution  indicated  at  the 
top  of  fiaure  F-8  and  in  figure  F- 7.  Using  the  data  from  the  dissected 
motor,  a  negative  margin  of  safety  of  17%  was  calculated  at  the  propel - 
lant/liner  bond.  Considering  the  conventional  laboratory  control  data 
&  positive -margin  of  safety  of  94%  was  predicted.  .The  circumferential 
crack.,  schematically  illustrated  figure  F-8,  was  observed  during 

v  ’  *  * 

radiographic  inspection -of  the  temperature  cycled  motor  and  confirmed 
by  visual  inspection  of  the  dissected  grain.  - 

Figure  F-9  illustrates  the  associated  significance  of  heterogeneity 
at  the  inner  bore  of  the  restrictor -portion  of  this  slotted  grain  design. 
The  u/iiaxlal  strain  at  failure  of  specimens  taker,  across  the  dissected 
grain  web  give  a  relatiye  assessment  of  the  local -immediate  vicinity  of 
restrictor-reduction  in  prbpellant  allowable- elongation. 

The  failure  In  this  demonstration  motor  was  attributed  to  a 
etiratlve  Imbalance  between ‘the  propellant  and  liner  which  caused  a 
hardening  of  the  propellant  and  reduction  of  elongation  at  the  propel¬ 
lant  liner  interface. 

This  failure  and  subsequent  structural  Integrity  reassessment 
program- illustrates  the  importance  and  usefulness  cf  motor  dissection 

'  ‘  j 

as  a  means  of  assessing  grain  structural  integrity.  The  curves  of 
mechanical  property  data  obtained  from  the  dissected  motor  superposes 
Oitiulativs  damage  effects  resulting  from  aging  and  temperature  cycling. 
Thus, comparison  of  such  data  with  un-aged  control  sample  data  should 

5  * 

?  S 

provide  the  grain  structural  integrity  engineer  with  a  higher  confidence 


FIGURE  F-9  PRIMED  LINER/SLOT-RESTRI CTOR  INFLUENCE  ON  PROPELLANT  ULTIMATE  ELONGATION 
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level  in  the  propellant  mechanical  property  capabilities. 

This  failure  also  points  out  that  it  is  possible  to  experience^ 
failures/ in  areas  which  are  not  thought  to  represent  the  most  critical 
regions  by  conventional  analyses.  -  V 

F.2.2.  DEVELOPMENT  MOTOR 

r 

As.a^rHs^lt  of  the  successful  dissection  and  grain' structural 
.  ’integrity  reassessment  program  for  the  boost- sustain  demonstration 

■  '  Vj, 

motor  described  in  F.2-.1.  aboye,  and  the  observed- significant  differences 
between  motor  and  control  propellant  properties,  a  similar  program  was 
carried  out  by  Rocketdyne  when  they  experienced  a  propellant  structural 
failure  during  another  development  motor  progfam.  A  schematic  view  end 
u  the  five  cuts  used  in  dissecting  this  motor  are  shown  in  figure  F-l. 

This  motor  is  approximately  12  inches  in  diameter,  90  inches'  long  and 
contains  300  pounds  of  propellant.  After  high  temperature  waging  followed 
by  temperature  cycling, /the  prooellant  separated  from  the  liner  at  the 

-  J 

aft  end  in  the  region  of' the  glass  phenolic  insulator,  and  several  small 

cracks  were  noted  at  the  forward  end  of  the  Igm’ter'bore.  These  latter  *< 

,  .  .  ’  \ 

Y 

cracks  extended  around  the  forward  dome  near  the  propellant/liner^nter- 

fa£e.  These  failures  we’re  not  expected  since  previbus' -stress  analyses 

* 

showed  tbe  area  with  the  minirmin  margin  of  safety  was  the  tip  radius 
of  the  conicyl.  . 

Rex  hardness  readings  for  propellant  taken  from  sections  A  and  3 
are  shown  In  figure  F-10.”  Upiaxlal  JANAF  specimens  w ere  cut^-from  pie- 
'  shaped  segments  of  propellant  removed  from  the  .various  sections,  and 

I 

tensile  testing  of  the  JANAF  specimens  was  dpne  at  several  crosshead 
rates  and  temperatures.  Typical  ferults  of  this  testing  for  section  B 
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These  data  were  plotted  as  ak function  of  the 


radial  distance  from  the  propel  1  ant/liner  Interface  to  the  center  of 
the  specimen  as  shown  In  figures  F~1l  through  F-13.  Control  sample  ■ 
properties  for  the  same  propellant  mix  are  also  presented  in  these 


figures  for  comparative  purposes* 

*  ,  »  * 

.  The  original  grain  structural  analysis,,  based  on  control  properties, 
showed  a  minimum  margin  of  safety  of  1702  at  the  conicyl  tip-.  The 

i  -  •  *  *  ■» 

mathematical  model  the* analysis  of' sections  A  and  B  is  shown  in 
figure  F-14.  The  modulus  distribution  based  on  dissected  properties 

ft  c 

’  .  * 

is  also  shown  1nt  this' figure.  When  heterogeneous  properties  and  allcw- 
able  propellant  values  from  figure  F-li  and  F-12  were  used  in  a  finite 

element  computer  analysis,  this  margin  of  safety  decreased  to  112%. 

. 

However,  strain  in  the  igniter  bore  became  the  critical  item  and' the 

t  ,  , 

resulting  margin  of  safety  for  this  area  as  shown  In  figure  F-14  was  -20% 

Indicating  that  the  observed  propellant- cracking  should  have  occurred. 

*  *  * 

*  ,  , 

The  liner  and  propellant  In  section  F  was  significantly  different 
frota  the  remainder  of  the  motor..  Because  of  the  presence  of  the  glass 
phenolic  insulator  in  section  F,  the  propellant  and  liner  In  this 

j  *  *  * .  - 1* 

area  were  softened  Instead  of  hardened  as  In  section  B.  The  softening 

of  the- propel 1  ant  and.resulting  changes  In  tensile  strength  and  elonga- 

v  '  ■' 

tion  are  shown  In  figures  F-t5  through  F-17.  \  The  Margin  of  safety  at  r 

the  aft  tip  of  section-F  was  180%  In  the  original  analysis;  however,  the 
marorlr  of  safety  became  negative,  when ; the  dissected  motor  properties 
of  figures  F-15-through  F-17  were  used.  ,  ..  . 

Although  some  changes  in  material  properties  were  anticipated  for 
the  motor  after  high  temperature  aging  and  temperature  cycling,  based 
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^j-  on  previous  motor  experience  and  laboratory  testing,  thn  changes  were 

A> 

*  * 

•not  anticipated  to  fee  as  significant  as  shown  by. the  dissection  results* 
%» 

,  The  softening  of  the  propellant  at  the  inner  bore  and  resulting  de-  .  ■ 

r r*£i soo  <Jr,  fone 41m  sviH  dl/snnav-Jrttt  c Krtiuri’  In  ^nm*ae  P— 1ft  P-l  1 
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and  F-12'was  traced  to. a  conicyl  mandrel  coating  material /propel! ant 
Incompatibility  which  became  evident  after  high  temperature  aging* 

.  Hardening  of  the  propellant  and  reduction  of  elongation  at  the  propel¬ 
lant  liner  Interface-  shewn  in  figures  F-10  and  F-12  was^ausedr^y  a 
Mapo  curative  Imbalance  between  the  propellant  and  liner.  These 
problems  were  solved  by  changing  the  conicyl  mandrel  coating  material, 
and  balancing  the  propellant-liner  curative.  The  softening  of  the 
propellant  at  the  aft' end  and  resulting  decrease  In  tensile  strength 
as  shown  In  figures  F-15  through  F-17  were  traced  to  out  gassing  of 
the  glass  phenolic  Insulator  during  high  temperature  aging.  This 
problem  was  solved  by  changing  the  Insulator  material,  and  changing  the 
aft  end  propellant  contour  to  make  a  30°  angle  with  the  case.  Instead 
of  the  60°  angle  the  previous  motor  had. 

F.2.3.  CASE  3  -  * 

i  * 

A  catastrophic  failure  occurred  during  endurance,  vibration  of 
an  essentially  rod  efl'tTtt&e  grain  design  at  high  temperature.  The 
rod  was  supported  at. 6  locations  -  3  forward  and  3  rear  -  by  sponge 
peds.  The- failure  was  attributed  to  excessive  temperature  rises  under 
the  sponge  pad  supports.  The  problem  was  satisfactorily  corrected  in 
subsequent  motors  by  Increasing  the  number  of  support  pads  to  9  and  by 

i 

using  :  stlffer  sponge  material.  x  ■  / 


During  170°F  endurance  vibration  cracks  were  observed 'at  the  base 


of  some  star  points  in.  this  motor  'program  as  illustrated  below. 


Initially  heavy  accelerometers* 
were  attached  to  the  s 

/ 

points  that  cracked.  These  * 
'accelerometers  were  replaced 
by. smaller,  lightweight  accelero¬ 
meters;  however,  the  problem  still 


fi\  <r\J 

iu 


crack  ' 


persisted.  It  had  been  reasoned,  that  the  large  mass  of  the  original 
accelerometer  had  acted  to  greatly  increase  the  amplitude  of  the  deflec-r 


tions.  When  the  problems^stlll  persisted,- however,  ft  was  apparent  that 

the  accelerometers  did  not  represent  the  real  problem^  the  problem  was 

*  .  ^  * 

corrected  by  providing  supporter  the  star  points.  The  real  -problem  ;  - 
was  probably  associated  with  the  large  deflections  that  long  slender 
'star  points  m^y  undergo  during  sustained  vibration;  however,  it  is 
unusual  that  cracks  developed  rather  than  excessive  temperature  rises 
'being  observed, ' 

F.2,5.  CASE  5  / 

•  :  ■  ,  *  } 

This  grain  design  was  essentially  a  cantilever  grain  supported  on 

a  plastic  tube  which  burned  on  inner  and  outer  surfaces. 


/ 

Graj'n  unbending  during  tempera  burp  cycling  followed  by  propellant 

/ 

peeling 'from  the  grair,  support  dur’i.g  tiring  was  observed.  This  problem^ 

was  corrected  by  Introducing  fiberglass  reinforced  floaters  (1„e.,  flaps) 
v  < 

at  the  head  end  of  the  motor. 

F.2.6.  CASE  6'- 

Cracking  of  this  motor  during. temperature  cycling  was  observed 
under  the  locations  where  clamp-on  type  aircraft  hangers  were  attached. 
•The  problem  was  attributed  to  the  large  amount  of  induced  case  ovality. 
The  problem  was  reacted  by  a  redesign  of  the  hanging  fixtures^ 

4  V 

;  Theproblems  of  grain  cracking  directly,  under  hanging  lugs  during 

/,  i 

0  low  temperature  drop  tests  also  occurred.  The  sponsoring  government 

•  l 

agency  had  supplied  the  original  design  configuration  and  hanging  fix¬ 
tures  }  andi  the  propulsion  contractor  had  already  redesigned  the  hanglijg 

*  ^  ( 

fixtures  once  to  correct  the  temperature  cycling  problem.  Rather  thar^ 

Invest  the  effort  required  for  another  redesign  of  the  hanging  fixtures\ 
the  sponsor  chose  to  raise  the  low  temperature  extreme  for  drop  testing. 
No  further  problems  were  observed  at  this  new  temperature;  however,  the 


original  Droblem  was  not  satisfactorily  sol^d  either  analytically  or 
experimentally,. 

Trie  above  problem  was  observed  in  another  motor  program  by  this 
same  jcoiRpSn y.  r  Again,  the  problem  was  circumvented  by  the  sponsor- 
raising  the  lo£  temperature  requirements  fer  drop  testing, 

F.2C7.  CASE  7  •  ‘  . 


During  temperature  cycling  and  low  temperature  vibration  grain/case 
separation  at  the  forward  end  of  a  high  mass  fraction  motor  was  observed. 
A  three-dimensional  photoelastlc  analysis  was  performed*  and  the  head  end 


^s^^b-^ct&  ^  '*.«*>* 
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i  *? 


configuration  was  changed  slightly  with. the  .released  area  extended’ 

'  t 

slightly. 

F.2.8.  CASE  8  .  ' 

r  / 

’  4 

This  failure  k  a  good  example  of  the  interaction  between  a  grain 
stress  analysis  and  ballistics.  A  schematic  of  the  aft  end  of  the 

,  »  *  i  5 

H 

motor  is  shown  below.  ' 


During  firing  the  bum  profile  shown  by  the  solid  line  was  obtained. 
The  angle  at  which  the  bum  surface1  reached  the  termination  point  was 
such  that  higfr  local- stresses  and  grain/case  unbonding  resulted;  The 
situation  was  corrected  by  extending  the  Insulation  as  shown  by  the 
dotted  line  which  slightly  changed  the  bum  shape  and  at  which  th§.  bt$m 
surface  reached  the  termination  point.  This  example  points  out  that 
critical  stresses  do  not  necessarily  occur  at  motor  ignition,  but  may 
develop  during  flntor  burning. 

F.2.9.  CASE  9  - 

This  failure  involved  a  demonstration  motor  using  a  submerged 
nozzle  and  a  full  diameter  radial  slot  separating  the  main  grain  and 
a  small  "doughnut"  shaped  aft  grain.  The  design  is  shown  schematically 
below.  Shortly  after  Ignition  a  failure  characterized  by  a  distinct 

increase  in  motor  pressurization  followed  by  ejection  of  the  nozzle 

/ 

assembly  was  observed.  Following  an  extensive  failure  Investigation, 

F.24 
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it  wp  concluded  that  the  design  of  aft  grain  and  cavity  with  the 
restricted  .flow  passages  resulted  in  preferential  ignition' in  the  aft 
cavity.  The  slot  ODenfna  was  wider  than  the  entrance  tn  the  »€*- 

'  '  -  ■  -  >  *  r-i 

cavity  so  that  a  substantial,  pressure  differential  existed  between 

.  ... 

the  slot  end  the  furthermost  aft  cavity.  Th'is  pressure  differential 

was  of  sufficient  magnitude  to  rupture  the  srrtaTl  aft  grain.  The 

*  >  » 

additional  pressures  generated  by  the  additional  burning^area  resulting' 
from  the  rupture  of  ihp  aft  grain  ancl  the  restriction  of  gas  flow  from  \ 

-  9  v  '  k. 

the  aft  cavity  were  of  sufficient  magnifude~to  cause  failure,  of  the 


njtezle 


attachment  bolts. 


.  I  >  i  •  ■  ‘i. 


A. 


viirv 


*  A 


This  problem  was . corrected  by  increasing  the  width  of. the  entrance 

to  the  aft  cavity;  thus  allowing  an  equal  pressure  on  all  faces  of  the  ' 

*  (’ 
aft  grain.  , 

F,2.ia.  CASE  10  -  ' 

-  This  next  example  involves  the  structural  failure  of  several  rotors 

due  to  the  presence  of  moisture.  The  .failure  investigation  program  is 

•  * 

discussed  in  s am  since  it  vividly  i^ustrates  the  structural-'.' 


F,25 
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,  .  .  '  l  ' 

damage  thatmsy.be  incurred  due  to  the  presence  df  moisture,  and  It 

•  ■  »  /  >  •  -  ;  , 

brings  out  several,  .inportjant  facets  of  propellent ‘behifvi or  and  prqces- 

.n  *  *  »  ‘  ‘  t  f  *  /  ,  *  *  ^  *  if  '£ 

slhg' "controls  thatv^hould  be  considered  In  a  production  motbr  program. 

•-  Inspection  upon  con^l^tiojL^rf'  various, tests  revealed  that  ffve 
qualification  motors  ‘.exhibited  cracks  in  the  propellant  grain  web  . 
valleys/  -Investigation  showed  that  all  five  motors  had  underr  me, 

•  .  *  -  4  t 

among  the  various  tests,  temperature,  cycling  between  the  high  and  low 

>  .  <  ,  '  .  *  f*  .  i 

’  ,  r  .  * 

temperature  ‘environmental  limits,  -In  all  instances,  inspection  of  the* 
.grains  indicated  that  moisture1  -had  been  present. 

-  .  -  ■  .  -a-  <  ,  >  c  "  * 

Probing  the  cracks  and  the  areas  where  moisture  had  been  present  »■ 
*  ,  ‘  •  *’  ;  *  -  •  '  ~  *  ; ;  ■  * 

revealed  darkened  areas  which  were  indicative  either  of  oxidized 

propellant  binder,  or  penetration  of  the  grain  by, a  carrier  of  the 

t  ..  •  ’  • 

oxidizqd^surface  material  of  phenyl ene  diamine.  Because  phenylene 

i  '  •  ■  *  ’ 

diamihe.  is  soluble  in  water,  it  was  initially  assumed,  and  later  sub'stan- 

*  ,  ,  o 

tinted,  that  the  propellant  had  absorbed  water.  ».  1 

■  «’  '  *  r  . 

The  mechanical  properties  of '  the  particular  prppellarft  involved  1 

r>  t  *  »  ,  *  , 

ar*e  highly  sensitive  to  moisture  content.  Laboratory  tests  on  cut 

/  '  . . 

propellant  samples  showed  tljiat  the  physical  properties  of  propellant 

*  -o  j  *  - 

s' are  degraded  when  exposed,  t^  humid  atmospheres  (figure  F-8),  There-, 
fore.it  was  conjectured  that  if  the  propellant  was  exposed  to  moisture 
and  then  subjected  to  a  low  temperature,  the  grain  would  not  have 
sufficient  low  temperature  elongation  to  survive  the  exposure.  <> 

Cops  1  deration, of  all  other  possibilities  resulted  in  no  assignable  , 

,  '  -•  > 

cause, which  could  have  caused  the  cracks.  .  Although  the  original  premise . 

of  mojsture  degradation  could  be  supported  quite;  well,  the  source  of  the  ’ 
moisture  could  not  be  determined.  The  motors  were  closed  during  cycling' 


• .  • ..  >' .  - 

i  . 


-  '•  ^  -  - 


COfttPf.r?0/t/w6  r/Me  fpevsj 


with- a  semi-rigid,  polyethylene  over-caps  tm  both  the  Igniter  boss  and 
the  aft  cl osure^ flange.  In  addition,  the  normal  breathing  of  the 

“v  n  . 

bio  toe,  cavity  as  the  temperature  changed  could  not.  account  for  the  large 

amounts  of  moisture  found  In  the  motors.  It'  was  determined  analytically 

(■  '  ' 

that  eight  changes  of  air  at  50  percent  relative  himHdity  and  70° F 

,  •  f  _  -  • 

temperature  were  necessary  to-bring  in  one  fluid  ounce  of  waters  however* 
nearly  one  pint  was  drained  from.. e>W  motor',  and  the^deslccant  bags  In 

V  *  •  • 

another  motor  had  gained  one  pound. when  the  motor  was  inspected.' 

* 

.Analysis^  the  propellant  raw  ingredients  revealed  the  possibility  for 

six  pounds "of- ^ater  to  be  present  ip  the  grain,  not  including  the 

■  \  .  . 

additional  2.88  pounds  which  Is  ^dded  as  a  processing  aid.  If  as  little 

\  .  ' 

as  10  percent  of  this  water  could  migrate  to,  the  grain  surface.  It  would 
account  for  the  amount ^of  moisture  which  was found,  3 

\  •  i  > 

•A  comprehensive  failure  Investigation  was  undertaken  to  Isolde'  the 
source  of  the  moisture,  to  verify  t|iat  moisture  can  cause  grain 
and' to' eliminate  any;  other  possible  causes  of  failure.  This  program  was- 


\ 


divldefl  into  to$ee  sections:  ' 

(1)  Propellant  Laboratory  Testi  .  ; 

»  *  ( 2 )  -  Structural  .Integrity  laboratory  Tests 
(3)  FulVScale  Motor  Tests  ,x_ 

A  plant  scale  batch  of  propellant  whs .mixed  end  cast' to  provide 
all  of  toe  samples  for  the  propellant  investigation.' 


F.28 
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PROPELLANT  LABORATORY  TESTS 


ANALYSIS  Of  R&i  MATERIALS  AND  PROPELLANT 

To  determine*  the  amount  of  moisture  carried  through  the  mixing  and 
deaeration  cycles,  moisture  analyse?  were  made 'on  the  raw  materia  i  s  and 
on  the  propellant, at  the  end  of  tb«j  mix  cycle,'  after  the  vacuum  casting 


operation,  and  at  end*  of  cure* 

,  Material 

Unground \Amonim  perchlorate 
SrouftduwiDonluffl  perchlorate  > 
Magnesium  oxide 
Fuel  ilurry 
Propellant  nrix* 

Propellant:  . 

end  of  mix 
vacuum  cast 

cured  in  sealed  container 


The  results  follow. 


\JikO(%) 


0i02' 

0.03 

0.29 

0.59 


Based  on  Hs6  intent  of  ingredients  added 


Analysis  method 

t 

Karl  Fischer  reagent 
Karl  Fischer  reagent 
Oven  drying 

Azeot^olc  distillation 
Calculated  ' 


Azeotropic  distillation 
Azeotropic  distillation 
Desiccation 


Since  the  theoretical  quantity  of  water  resulting  from  curing.  , 
reactions  has  been  calculated  as  0.19  percent,. it  Is  apparent  that  the 
postulated  reactions  are  incomplete,  or  part  of  the  water  Ts^ tied  up 
Irreversibly  by  reactions  with  MgO  or  tig  (CIO*)** 

The  value. of  0.07  percent  for  moisture  in  the  cured  propellant  Is 

*  ** 

appreciably  less  than  anticipated  at -the  start  of  the  investigation. 


SPECIAL  <ffUDIES  4  • 

4.  •  •  ... 

Equilibrium  moisture  content.  Ws>y  materials.  Including  solid 

6  *  '  •*  * 

propellants,  exhibit  an  equilibrium  moisture  content  which  Is  a  function 

.  '  * 

of  relative  humidity.  Thus,  «t  a  specified  relative  humidity. 


„  >  f  ' 


propellant  having  a  atetsture  content  greater  than  the  equilibrium 
moisture  value  will  lose  water  until  the  equilibrium  moisture  value 

^ .  •?  i  . 

4  ■  * 

will  lose  water  until  the  equilibrium  value  Is  attained*  while  propel¬ 
lant  at  a  lower -than  equilibria#  *alue  will  gain  moisture. 

From  these  data  it  is  concluded  that  practically  all-  unbound  or 

uncccluded  water  present  In  raw  materials  Is  eliminated  during  ths 

.  .  4  "  *  « 

mixing  process..  Host  of  the  water  released  from  the  cure  reactions 

after  completion  of  the  mix  cycle  is  retained  by  the  pyopeTlant. «, 

Knowledge  of  the  propellant  equilibrium  moisture  relatlorfeblp  is 

*  •  *  ^  » 
essential  to  ah  understanding  of  processes.  Involving  the  drying  or 

wetting  of  propellant.  Since  the  relationship  can  vary  somewhat  with 

temperature*  measurements i’were  carried  out  at  both  25°C  and  60°C. 

«  * 

The  experimental  procedure  was  as  follows. 

-Staples  of  propellant  were  prepared  In  the  form  of  cuttings  and 

dried  by  desiccation  until  no  further  Igss  In  weight  occurred, -and  the 

•  *  .  *  .*  ;  *  *  1  *  * 

samples  in. weighing  dishes  were  then  placed  into  desiccators  containing 
saturated  salt  solutions  whichmalntalna  kncwn  constant  relative  > 

r  ■**  ^  i 

humidity,  is  indicated  below.  *  . 


Solution 


&  Relative  Humidity 
at  2S#C  (*) 


47 

76 

85 

53 


Solution 

ftafer  ’ 
NaCl 

mi  ' 

Cp$0% 


Relative' Humidity  < 
v  iat  60°C  r 


Dishes  were  weighed  periodically  oyer  a  period,  of  260  hours*  after 
which  time  all  weights  had  stabilized  except  those  over  90  percent 
relative  humidity  which  were  continuing  to  gain  weight.  For  comparative 
purposes,  simples  of.  Knnonlun  perchlorate  were  si  so  exposed  end  weighed. 


■  '■■'rt  ■ 
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Weight  gair«  after  £60  hours  were  calculated  to  moisture  content  on  a 
,  dry  basis.  *  • 

A  * 

The  data  obtained  are  plotted  In  figures  F-19  and  F-20.  The 
following  conclusions  mqy  be.  drawn. 

There  is  a  significant  difference  In  thaV'.ationshtp  of  equilibrium 
moisture' to  percent  relative  humidity  as  k  function  of  temperature. 
At  a  given  percent  relative  humidity,  tfle  equilibrium  moisture 
Increases  with  Increasing  temperature.  \  — ■** 

.•  At  normal  ambient  temperature ,  the  equiTfbrlun  moisture  content 
Is  less  than  0.1  percent  at  values  of  relative  oumldlty  below 
57  percent.  Since  the  moisture  content  of  thrxffred  propellant 

.  .  / 

js  approximately  0.07  percent,  there  Is  negligible  driving  force 

for  gain  or  loss  of  moisture  In  the  30  to  50  percent  relative  “ 

♦ 

humidity  span. 

'  fc  ,v  ^ 

•  The  equilibrium  moisture  of  propellant  Is  substantially  above 
that  of-ttHtCIO*.  However,  above  about  94  percent  relative 
humidity*  the  oxidizer  exhibits  deliquescence;  l.e. ,*1t  continues  . 


to  take  up  water  until  completely  In  solution.  In  this  region 

i  *  ’«> 

no  equilibrium  moisture  Is  attained  by  the  propellant.  There 
Is  evidence  that  the  percent  hplatlve  humidity  for  NH*C10<,  ^ 

deliquescence  Is  lower  at  higher  temperatures. 

*  ?  >  .  -  ' 

Diffusion  rates  of  moisture  In  propellant.  Data  on  rates  of  change  of 
propellant  moisture  content  as  a  function  Of  temperature.^re  desired 
In  order  to  estimate  the  possibilities  of  drying  grains  and  the  degree 
to  which  propellant  moisture  might  contribute  to  the  accunulation  of 
water  during  the  cycling1  process. 


i 


rop&hsnt  ms  cast  into  :s  series  of  Dint  <*»•«  +*  *> 

«  v"’  »  »■*»  «»  wjfvcr  Mi 

approximately  2-1/2  inches  (curable  to  the  web  thfcfcn&r  of'thm 

m0t0r  grain).  The  jars  were  sealed  tightly  and  subjected  to  «fe  nomal 
curing  cycle,  then  cooled  to  roan  temperature.  Aii  epoxy-versamida 
m1n  was  used  to  seal^raoklng  at  the  glass  propellant  interface. 
MDisturo  content  of  the  cured  propellSht,  as  previously  noted,  w« 
founo  to  be  only  0.07  percent,  the  samples  were  then  exposed  to  \ 
•essentially  roro  percent  relative  humidity  In  desiccators  over  DrieMte 
■at  40°F,  75CF,  and  140°F,  and  loss  in  weight  was  measured  periodically 
*  over  a  period  of  300  h&ir$; 

Because  of  the  low  initial  molsturi^ntent,  drying  rates  were 
lowland  essentially  constant  300-hour  period.  Expressed  as 

percent  loss  in  H20  per  10?)  hours,  results  were  as  follows: 


40 

•75,  . 

140 


AHa0  ' 

«/100  Hours) 

0.0018. 
0.0023 
0.0060-  • 


^Prolonged  drying  wen**,  of  course, -resuj$  in  a  decrease  in  ral 
.with  time;  It  may  be  concl udetf  that  any  significant  drying  of  the 
ellanfc/gra 


propel last^rafn  below  its  .initial  low  water  content  would  be  an 
extremely  time-consuming  process,  and  that  there  can  ba  only  negligible 
contributions  of.K*0  from  the  propellant  grrfn  to  the  substantial 
amount  of  water  noted  in  some  motors  during  cycling.  Nevertheless, 
prolonged  exposure  of  the  grain  to  the  dry  atopsphere  resulting  from 
the  presence  of  a  desiccant  pack  in  the’  motor  will  result  in  transfer 
of  water  from  the  grain  to  the  desiccant,  and  will  gradually  reduce  the 
capacity  of  the  dasiccant. 


\(n:< 

'•  *  re- 


.Following  teml nation  of  the  above  tests  at  300  hours,  jars  were 
transferred  to  desiccators  at  >90  percent  relative  humidity  to  observe 
the  fate  of  moisture  adsorption.  The  data  obtained  follow:  1  ■ 


Temperature  (0°F) 

Relative  Humidity  (*) 

Time  (hr) 

H20  Gain  {%) 

75 

93 

66 

0.Q26 

75  . 

93 

135 

0.061 

140 

94 

66, 

0.39 

HQ 

94 

135 

0.85 

The. percent  of  moisture  gained  refers  to  the  propellant  mass  as  a 
wholes  surface  layers,  of  course,  would  be  much  Higher.  The  higher  rates 

reflect -the  greater  driving  force  due  to  the  high  equilibrlun  moisture 

■>.  * 

of  the  propellant  at  these?  relative  humidities. 

Simulated  cycling  test.  The  purpose  of  this  study  was  to  estimate  by 
a  laboratory-scale  experiment  the  moisture  which  would  accumulate  in 
the  part  of  a  grain  under  the  following  specified  set  of  cycling 
conditions:  , 

•  2-1/2  high-to-low  temperature  cycles 

•  No  desiccant  present 

e. ,  to  maintain  atmospheric  pressure 
but  not  to  be  otherwise  exposed 

during  the  duration  of  the  test.' 

>1  .  # 

Each  of  the  .two  test  units  consisted  of  propellant  cast  to  a 
2-1/2  Inch  depth  (web  thickness)  in  4-1nch  diameter  steel  pipes  capped 
at  both  ends.  Propellant  liner  was  applied  .to  the  bottom  cap  and  side* 
walls  to  minimize  the  chances  of,onbondlng  during  cycling.  A  i\ree 
volume  above  the  top  surface  of  the  propellant  was  maintained  to  simu¬ 
late  the  ratio  of  propellant  volume  to  pcPi  volume  existing  In  the 


System  free  Ji  "breathe" (1. 
during  temperature  changes) 


motor. 


-'V 


*4. 


I* 


The  propel laht  was  cured  with  the  units  tightly  sealed  to  prevent 
e  * 

loss  of  mo|stura  generated  during  cure.  After  cooling.  to_ambient_-- _ 

temperature  A  the  cap  on  each  unit  was  fitted  with  a  "Bunsen  valve'^  J\ 

\  '  *■  * 

(section  of  rubber  tubing  arproxlmately  2  Inches  long  with  a  3/4- Inch 
\  •  .  *  * 
v  si  it  lengthwise)  to  alio*  breathing.  The  units  ./ere  then  subjected  to 

^the  following  cycling,  history: 

(1)  Heated  to  I20°F  over  24-hour  period,  then  to  14Q°F  over 

24-hour  period  ",  , 

(2)  Cooled  to  80°F  over  24-hour  period,  then  to  30°F  over  12rhour 
period,  then  to  -20°F  over  36-hour  period 

(3)  Heated  to  80°F  over  24-hour  period,  then  to  110°F  over 
12-hour  period,  then  to  140°F  over  36-hour  period 

(4)  Cooled  to  80°F  over  72-hour  period,  then  to  -260F  over 
72-hour  period 

(5)  Harmed  to  ambient  over  36-hour  period 

It  was  recognized  that  this  experiment  would  fall  to  simulate  the 

conditions  on  cycling  of  any  given  motor  in  at  least  two  respects. 

First,  rates  of  heating  and  cooling  of  the  test  units  would  not  be  the 

same  as  an  actual  motor  because  of  the  gross  difference  In  size;  to 

minimize  differences,  heating  and  cooling  was  conducted  stepwise,  as 

noted.  Secondly,  the  relative  humidity  of  the  air  in  the  conditioning 

chanbers  was  not  controlled.  Not  only  would  this  be  difficult,  but  the 

history  of  external  relative  humidity  during  previous  motor  cyclings 

*  « 

was  not  known.  However,  a  general  similarity  In  these  conditions  Is  a 
reasonable  assumption. 

Following  t>C‘cycling,  the  units  were  assemblgd^so  that  a  current 
of  dry  nitrogen  could  biassed  through the^ffee  volume  and  thence 


thiough  a  tared  drying  tube  containing, anhydrous  Mg(C10*» )2 -  AfteKJtwo 
hours  purging,  weight  gams  of  the  drying  tubes  were  0.Q47  and  0.066 
grams  respectively  for  the  two  units.  The  headcaps  were  then  removed 
and  the  units  Inspected.  There  was  no  free  moisture,  prestent  and  no 
visible  evidence  that  liquid  water  had  been  present  on  the  propellant 
surface  at  any  time.  No  unbending  at  the  propel! antr liner-cate  interface  - 
was  visible. 

Expressed  as  percent  of  propellant  weight,  the  quantities  of  H20  - 
^measured  correspond  to  0.0051  and  0.0b7  percent.  On  this  basis  water  in 

•  •  I  s’ 

the  amount  of  86  and  102  cubic  centimeters  respectively,  was  expected  to 

t 

be  presented  in  the  propellant  grain.  Analysis  of  the  propellant  for 
moisture  content  following  the  above  treatment  gave  results  of  0.099  and 
G.093  percent ‘for  the  two  samples. 

,  r 

•  t 

4  ’  (  ’  » 

STRUCTURAL  INTEGRITY  LABORATORY  TESTS’ 

O  •  '*  r.* 

PHYSICAL  PROPERTY  TESTS 

■  The  propellant  samples  and  analog  motors  obtained  from  the 

casting  or  propellant  were  divided  into  three  pretest  groups: 

•  /  *  '' 

(1)  Undesiccated.  and  tested  as  received 

(2)  Desiccated  with  OrlerHe  for  seven  days  at  70° F 

(3)  Postdrled  for  seven  days  at!40°F 

Data, obtained  In  uniaxial,  tensile  tests,  together  with  comparable 
physical  property  test  data  obtained  from  other  motor  propellant  batches, 

*  ,  4 

are.' presented  below.  * 

Constant  elongation  rate  uniaxial  tests.  Uniaxial  constant  elongation 
rate  tests  were  performed  on  machined  JANAF  samples  over  a 
temperature  range  of  140° F  to  -75°F.  Samples  were  prepared  from 

Fi37 


n  . 


*  *  . 


4 


■> 


' 


randomly 'selected  half-gallon  amounts  of  propellant  from  tbe  three 

basic  pretest  condi  tions.  The  measured,  s&ain  data  Here  obtained  "using 

.  -  .  \ 

a  plastic  extensofiieter.  '  . 

Data  presented  figure  F-2J  Indicate  a  marked.  Improvement  In 
physical  properties  for  propellant  which. has  been  desiccated  for  one  , 
week  at  .No  significant  difference  between  the  physical  properties 

I  .  •  *  •  V  ,  u  t 

of  propellant' In,  the^^as^^ei ved"  and^postdrled"  condition -was  •- 
apparent.  ,v  , 

%  ♦  f  '  *  <3  V 

Data  qbtalnad  from  the  other  motor  propellant  batches  also  appear 
In  figure  F-21  /  .The  properties  from  this  batch- of  propel  Taut  (P-4677)  , 
were  significantly  higher,  especially  In  the  strain  at  maximum  Stress 

;  *  *■  ■  >  •  i\  ,  ■  x-  --  *  1  S-  y 

parameter,  then  the  properties'  of  thb  other  batches;  th'^sfgni  fiance  > 

•  .  "*  .  * 

-of .this -finding  is  discussed-in  subseqyent  paragraphs.  , 

•  .*  ’  ,  -  .  •  •  •  . 

Constant  strain  endurance.  .Constant  strain  tests  were  performed  on 

JANAF  test  specimens  desiccated  one  week  prior  to  testing  exhibited  a 
slight  Increase  in  constant  strain  characteristics  except  for- the  , 
ten^erature  range  below  -60° F.  8®lo^  -60°F,  the  propellant* s' physical 
properties.  fy>p«ared  simi Ur  to. ^he  physical  properties  of  the  ■" as-  cast” 
and.  “postdrled"  propellant  sables,  in  all  instances,,  the  constant' 
strain  data-were -comparable  with  the  stFain  at'jmimum  stress  data 
bbtalned  from  constant ’elongation  rate  tested  -  •  .  *  , 

•  .  .  -  -  /  V  .  * 

Humidity  Study  .  ,  _ _ 

*  *  -?  , 

.Hiagidlty  levels  of  0,  32,  66,  and*!  1C®  percent  relative -humidity  .  , 

-t  M  ‘  "  _  _  * 

were  established^  uj^no' large. glass  desiccant  jars.  Rel  at  1  ventral  dl- 

ties  (RH)  of  32' and  56  percent  were  obtained  by  Adjusting  the  density. 

*  .  '  > 

<■  ^  ■  ~r  ,  - 

of  an  aquebus  solution  Of  calcium  chloride  arfi  sodium  nitrite;,  the 
zero-hurlddicy  condition  was  established  by  using  DrieHte;  and  the 

"  :  .  F.39v  -  *  '  . '  - , 
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i  . 

*/ 

*»  * 


JOQ  percent  condition- was  established  by  *».  idHiqningjthS  specimen 
over.s  water  solution.  The  propellant  samples  ased  In  the  humidity 

^  •  *  -I  '  *s  , 

‘study  were  In  the  "as  cast",  undesiccatsd  condition! •  Uniaxial  cdnstant 

'  *  v  >  1 ' 

elongation  rate  tests  were  conducted  at  three*  test  temperatures  to 

,  /  -  /  ,  .  "  .•  - 

define  a  standard  or  control  fbr  physical  properties  of  the  propellant. 

#  .  *  *  •  «■ 

The  remaining  samples  were  than  randomly  selected,  placed  . In  the  four 
-  *  *  .  _ .  t 
desiccant  jars, -.aRd  humidity-conditioned  at.  a  constant  temperature,  of 

70” F.  At  intervals  of  3,  7,  14,  and  2$  days  conditioning  time,  samples 

were  removed  ’from  the'desjccant  jars  and  subjected  to  the  standard 

constant  elongation,  rate  tests  at  three'  temperatures.  / 

•  ‘  •  4  ■  *  I  ■ 

Iffgcl humidity  on  the  pftysi cal .  prooerti es .  The  effect  of  humidity 
.  *  ,  -  ’  [  '  • 
orr  the  constant  elongation  rate  properties  of  the  propellants  at  70° F  is 

shown  1b  figure  F-22.  In  the  figure,,  changes  in  maxlmisn  stress  and^-lrt 

^  strain  at  maximum  stress  are  quoted  as  the  ratio,  in  percent,  of  the 
ard  physical  properties  as  deflnedfor  the  test  ond*tion  under 
ieratlon  to  the  physical  properties  at  the  corresponding  temperature. 
At  a  test  temperature  of  70° F,  storage  at  zero  percent:  RH  increased  the 

*  *  ’  *  *  O  .  /  ' 

constant  elongation  rate  properties ,of  the  propellant/  After  28  days 
storage  at  70°F,  the  strath  at  maximum  stress  increased.  39  percent,  while 

•  the “maximum. stress  Increased  approximately '20  percent.  At  levels  of  32  J- 

«  ^  ,  , 

%  *  ,  • 

and  66  percent  RH,  the  .propellant  exhibited  a  slight  change  Iri  constant 

elongation  rate  properties’.  Exposure  to  TOO  percent  RH  produced  a 
*■  *  *  '  «  ^ 
significant  and  rapid  decrease  In  physical  properties.  After  three 

cays*  the  straln'had  decreased  to  50  percent  of  the  Initial  properties, 

While -the-  maximum  stress  properties- were  only  70  percent  of  the  original 

properties/  After  28  days  at  100  percent  &H,  these  properties  were 

26  and  35  percent  gf  the  original  .physical  properties  respectively”. 


F.4Q 


Similar  rapid  decrease*  In  constant  elongation  rate  properties 
were  obtained  at  the  other  two  test  temperatures. 

.  ‘1.4  '  -  * 

Physical  properties  of  wet  propellant,  the  results  of  constant  elcnga- 

*  i  *  ■  .  t,  < 

tlon  rate  tests  performed,  on  JANAF  samples  which  had  been  Immertted  In 
water, and. t^tetf  at  periodic  Intervals  Is  also  depicted  ir-  figure  F-22. 
After  one  day*  the  properties  deteriorated  to  40  percent  of  the  initial 
strain' and  SO  percent. of  the  Initial  stress  values,  Further  degradation 
In  physical  properties  was  such  that,  after  14  days,'  the  70°F 
physical  properties  are  15  percent  of  ^  -initial  strain  and  14  percent 
of .the  Initial  Stress.  , 


facts  ol 


on  prestralnec 


specimens.  A  series  of  tests 


was  conducted  in  which  madded  JANAF  specimens  were  prestrained  to 

•4  to  9.  percent  strain  exposed  to  humidify  levels  of  zero  and  100  per- 
. .  ,/ .  •  *  •  )  O  \ ' 

f cent  for  a  -period  of  seven  days,  and  subjected  to  a  constant  Elongation 

^fate  test:  The  results  indicated  that  the  one-week  storage.  oFprey\ 

strained  prppelTanlj  samples  at  tero  percent  ftK  produced  a  measurable  \ 

,  increase  in  constant' elongation  rater^»pert1es.  Storage  of  prestrained 

samples  a tj  100  .parent  RH  for  one  week  degraded  the  .properties  catastrophic 

;  1  ■’  L  '  '  1 1  "  -  f 

sally.  AIT  of  the  prestrained  samples  stored  at  100  percent  RH  for  * 

'  /  k  •  .  'j  ^ 

pm  wseh  failed  befftre^apy  additional  rests  could  be  performed. 

^Effect  of  Vm  temperature  storage  on  brocfellant*.  ‘  The*  low  • 


Effect  of  low  temperature  storage  on  Proee11antV‘  The*  low  • 

■  c,\  :  .  '  _;S>.  •  /-  •  ■  •  1 

‘tem^rstare*.sterage  capabilities  ofjrbpellaht  were  investigated  in  a 


titles  of  biaxial  constant  elongation  rate  tests.  OANAF  specimens  In 

&  -desiccated  edition  were  stored  at  the  low  temperature  extreme  for 

periods  of  tlssoup  to  28  days.  The  data  showed  a  small  decrease  In 
*  ♦  *  > 
strain  at  maximum  stress  capabilities  at  the  maximum  28  days.  However,  / 

t&’  -.y  ' 

stooge  at  this  temperature was  beyond  the  motor  requirements; 


’  V  4-i  -i-  '  * 
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since  the  magnitude  of  the*  induction  was  small.  It  was  concluded  that 

.  *  *  * 

the  degradation  was  not  detrimental  to  full-scale  motor  operation. 
Ihvestlgatlpn^lnto  flow  defects.  The  casting  flow  pattern  in  a  typical 
motor  lasting  was  duplicated  by  a  specially  deshjned^sample.  The 
sample  was  designed  to  duplicate  the  condition  at  the  root  of  the  star 
Valle?  and  Was^cast  and  cured  using  the  standard  process  techniques. 
.JAHAF  specimens  were  t£en  prepared  with  . the  suspected  defeat  area 
located  in  the  central  constant  cross  section  of  the  specimen.  Constant 
elongation  rate  tests  showed  no  evidence  of  structural  defect;  the 
maximum  true  stress. and  associated  strain  data  were  Identical,  within 

*  \  •  .v 

experimental  error*  wl.th  the  original  control  propellant  physical 

properties.  ,  .. 

*»  .  > 

Investigation  of  skin  effects.  JANAF  specimens  were  also  prepared  so 

* 

that  one  side  of  the  specimen  had  a  cast  surface  similar  to  that  of 
the  motor  port.  Constant  elongation  rate  tests  on  the  specimens  showed 
no  evidence  of  a  serfage  or  skin -effect;  the  physical  property  stress  - 
stralp  d&ta^were  again  Identical  with  the  original  control  propellant 
data.  The  specimen  failure  mode  wa$  also  standard;  no  prime  failure 
was  observed  ins  pr  directly  connected  with,,  the  surface  condition.  \ 
ANAtofi  mm TESTS 

By  suitable -choice  of  Internal  grain  dimension,  cylindrical  case- 
bonded  analog  motors  afe  used  as  convenient  test  vehicles  to  simulate 
the  motor\theoBpl  hdop  strain  versus  temperature  conditions.  ^Based 
upon  previa  theoretical  investigations,  a  4-1  nch  diameter  by  10-Inch 
long,  50  percent  web  fraction  inotor  was  chosen  for  testing. 


Thermal . cycling.  Three  analog  motors  were  suojected  to  thermal  cycling 

tests  between  the  envi ronmental  temperature  extremes.  The  propellant  In 

these  three  motors  was  subjected  to  pretest  conditions  as  follows^.  - 

Motor  Condition. 

No.  1  As  rast,  desiccated 

No.  2  Post-dried  at  140#F  . 

No.  3  As  cast,  motor  {sort  with  free  water 


With  all  three  motors  at  ambient  conditions',  the  grain  temperature 
was  elevated  to  140® F»  then  rapidly  cooled  and  st&sequently  returned  to 
ambient.  Visual  Inspection  of  the  motor,  utilizing  a  bores cope,  revealed 
severer  small  longitudinal  cracks  on  the  bottom  surfac  of  Motor  No.  3. 

The  other  two  motors  displayed  no  evidence  of  grain  cracks  or  case/grain 
end-separation.  These' two  motors  were  then  twice  subjected  to  the 

*  A 

*  .  ^ 

temperature  cycle  /tnd  no  cracks  or  end  separation  was  observed.  Since 
the  analog  motors  were  specifically  designed  to  reproduce  the  motor 
critical  thermal  hoop  strain  character! sties,  the  failure  of  Motor  No.  3 


after  one  cycle  was  considered  significant,  ‘ 

Analog  aotrr  thermal  failure  tests J  A  thermal . condl tl on-to-des tructl on 

*  -  '  * 

test  performed  on  three  4  by  10-Inch  analog  motors.  The  propellant 


grain  in  each  motor  was  subjected  to  pretest  conditions  as  follows: 

.  t 

Motor  ‘  Condition 

No*  4  As  cist,  undesiccated 

No.  5  Desiccated  one  week  at  70*F. 

No.  6  Conditioned  at  100  percent  RB  for 

one  week 


) 


After  each  successively7 lower  grain  temperature  was  established, 
the  motor  bore  diameter  was  measured  and.  the  motor vwas  Inspected.  At 
a  temperature  of  -98°F,  grain  Inspection  revealed  no. cracks  or  case/ 
grain  end-separation. 


F.44 


The  superior  low  temperature  capabilities  of  these  motors  was 
attributed  to  the  superior  strain  at  maximum  true  stress  characteristic 
of  propellant  Batch  P-4677.  Based  on  uniaxial  dat,s,  failure  at  -80° F 

V  ! 

was  predicted;  the  deviation  between  predicted  and  actual  failure 
temperature  being  attributed  to  the  analog  motor  deficiencies  at  low 

*  •  •  i  , 

^jtemperataresr-' 


EFFECT  OF  HOISTURE  pESRADATIOfi 

The  drastic  reduction  In  the  physical  properties  of  this  propellant 
dya  to  high  relative  humidity  and  liquid  moisture, discussed  above,  and 
its  effect  on  the  operation  of  the  motor  was  examined  In  detail. . 

N  ■* 

Constant  stairs  endurance  capability  was  used  as  the  propellant 
failure  criterion  governing  the  failure  temperature  ef  a  thermally  cooled 

•  -  i  .  ^  • 

grain  with  the  hoop  strain  at  the  root  of  the  star  velley  being  the 
critical  location. 

.  Shown  in  Figure  F-23  are  the  degradation  1r,  propellant  phvs^ca) 
properties,  applied  to  the  lower  two-sigma  values  of  the  straln-at- 
maximum-stress  data  from  21  motor  batches  of  the  propellant,  and 
the  motor  maximum  hoop  strain  under  thermal  cooling.  The  maximum 
motor  hoop  strains  were  derived  analytically  and  corroborated  previously 

f 

in  a  condttlon-to-destructlon  test  cn  a  full  s^ale  wtor.^Thls  figure 
Illustrates  the  extras  deleterious  effects  of  moisturepn  this  propel-, 

i 

lant  grain. 

'  y 

The  effect  of  moisture  In  liquid  form  fs  catastrophic.  A  subsa- 

•!  •'  ■'# 

quant  cycling  test  peffoimed  on  a  full  scalfe  motor  demonstrated  the 
'  ! 
validity  of  this  analysis.' 
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Figure  F-23  Thermal  Hoop  Strain  Requirements  versus  Propellant 
Capabilities 
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FULL-SCALE  fOTOR  TESTS 


Hotor  drying.  '  One  motor  .was  installed  In  a  circulating  air  oven  with 

V 

.50  pounds  of  desiccant.  The' oven  temperature  was^  set  at  140°F,  and 
air  was  circulated  through'  the  motor  and  the  desiccant  packs.  After 
24  hours,  the  desiccant  was  weighed  and  was  found  to  have  'gained  six 
'  pounds.  The  desiccant  was  changed,  and  during  the  second  24-hour  period 
*  the  desiccant  gaiiW^n  additional  six  pounds.  Because  of  the  similarity 
,  In  these  two  weights,  a^econd^oven  was  set  up  without  a  motor  and  air 
was  circulated  in  essentially  the'  samf  manner  .as  before.  After  one  day 
of  operation,  the  desiccant  gained  nearly  six  pounds 'also.  *  The  ovens 
were  kept  in  operation  three  more  days  with  similar  weight  gains,  arrd  It 

*  v 

was  concluded  that  the  air  was  not  extracting  moisture  from  the  motor. 

These  data  were  later  s instantiated  by  laboratory  testing.  - 
Evaluation  cylinder.  Another  drying  ti»st  was  conducted  on  a  16-itieh 
evaluation  cylinder  which  contained,  an  18-Inch  port.  The  drying  rig  used 
for  the  evaluation  cylinder  was  thought  be  &• closed- loop  except  for 
the  valve  which  was  permitted  to  open  for  charging  of  the  system.  The 

desiccant  packs  were  weighed  continuously  during  the  test  and  the-data 

»  * 

recorded.  It  was  found  that  the  desiccant  gained  one  pound  in  the  first 
two  hours  and  then  leveled  off  to  a  constant  moisture  gain  of  0.15 

pounds  per  hour.  The  test  was  continued  for  three  days  with  the  desic.cant 

* 

changed  every  24  hours:  the  motor  was  then  removed  from  the  .drying  loop 
and  test  conducted , for  an  additional  2.4-hour  period.  It  was  found  that 

•<  ‘I 

the  weight  gain  was  essentially  the  same  without  the  motor  as  with  the  motor, 

'  .  4 

and  it  was  concluded  that  moisture  was  being  introduced  from  the  atmosphere 


aid  no  significant  drying  of  the  motor  resulted. 


■  v_ 


1  '  ,  *  L 

Temperature  cycling rte$ts.  Ore  motor,  which  had  previously  failed  in 
temperature  cycling,  was  cleaned  with  a  solvent  to  remove  the  moisture 
deposits  from  the  grairr  surface,  sealed  with  an  igniter  headcap  and  aft 
closure  asses*  ly,  and  pressurized  to  §0  p$i  with  .dry  nitrogen.  The 
motor  was  temperature  conditioned  through  one  cycle,  opened*  and 
inspected  at  TO^F.-  Inspection  showed  no  signs  cf  moisture  on  the  grain 
surface.  The  motor  was  reassembled,  pressurized,  and  cycled  a  second, 
time;  Inspection  showed" no  moisture  after  this  second  cycle. 

Another  motor,  which  had  also  failed,  was  rotated  180°  from  the 
attitude  first  used  to  test  the  motor,  and  sealed  with  a  polyethylene 
sheet  which  was  taped  around  the  outer  periphery  of  the  aft  flange.  The 
footor  was  undesi ccated  and  subjected  to  temperature  cycling.  Without 


opening  the  motor,  an  Inspection  was  conducted  at  70*  following  the  first 

-  »  ' 

cycle.  The  Inspection  showed  no  additional  moisture  deposits  on  the  , 

,  * 

surface.  The  motor  was  then  conditioned  to  -3°F,  and  Inspection  through  1 
the  polys thylene  sheet  showed  no  additional  signs  of  moisture.  The  poly- 
ftfcylene  sheet  was,  removed  from  the  motor  with  the  conditioning  chamber 
box  open  arid  the  grain  surface  Immediately  began  to  frost  over.  The 
motor  was  left  open  and  the  air  permitted  to  .circulate  into  the  cavity, 
entering  on  the  top  side  of  the  motor,  exiting  on  the  bottom,  and  extending 
about  halfway  over  the  length  of  the  motor.  The  box  door  was  closed  and 
the  temperature  reset* to  70°E.  Upon  re Inspection  at  ambient  conditions, 
the  motor  displayed  an  appearance  and  degree  of  moisture  content  similar 
to  that  of  the  motors  in  which  cracks  had  been  found. 
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A  full-scale  mcftor  was  cast  to  demonstrate  the  results  of  the 
propellant  Investigation.  (The  motor  was  assented  with  48  units  {4  pounds) 
of  desiccant  installed  and  Was  temperature  cycled  twice  over  the  environ- 

a  '  *  P 

mental  -temperature  extremes.1  The  motor  was  disassembled  at  ambient 

—  ' 

tenperatura  and  inspected  by  the  contractor  and  propulsion  company 
•personnel.  The  grain  was  sdund  and' free  of  moisture  and  oxidizer4  •• 

deposits-  I  -  f 

The  motor  was  reassembled  without  ..desiccant,  using  the  semi-rigid 
polyethylene  covers  to  seal  the  cavity.  The  motor  was  a$ain  temperature 
cycled  twice  and  inspected  at  ambient  temperature.  The  grain  cavity 

.  ^  ,  -t 

contai ned  f ree  moisture  and  heayy  oxidizer  deposits,  and  the  lower  web 

valleys  were  (racked.  The  cracks  were  identical  with  those  previously. 

-  .  » 

/  , 

observed  in  the  motors  which  failed.'  • 


Conclusions.  From  the  “described  tests  and  the  data- obtained  in  the 

laboratory,  it  was  concluded  that  the  cause  of  the  failure  of  the  five 

’  ^  . 

motors  was  the  Introduction  of  atmospheric  .moisture  into'  the  grain 

>  c  *  , 

cavity  of  those  motorss during  inspections  conducted  routinely  at  iow 

te>updratwe9  and  leakage,  past  the  semi-rlirid  plastic  covers  used  to 

'  ,  * 

close  the  motors  during  conditioning.  Although  the  covers . themsel ves 

-  \  * 

were  considered  to  be  tight  fitting,  a  seal  was  not  effectedwcause 
the  bolt  holes  in  the  aft  flange  of  the  chamber  were.-open  to  the 

s  , 

atmosphere  which  permitted  moisture' to  bypass  the  cover  seal. 

These  conclusions  were  supported  by'  the  following  events: 

•  .Successful  temperature  cycling,. prior  to  occurrence  Of  grain 
cracking  ih  the  five  motors,  of  two  motel's  which  did  not  have 
bolt 'holes  open.  1  ... 


o 


/ 


<8K  Successful*,  condi  ticking,  suosequerft  to  the  grain  defecjMiive^tfga-  , 

.  „  '  s\'  \  " '  '  '  . 

'  tion  ctV/our  motors  which  were  sealed.  ^ 

*  c  ^  *  • 

On  the  basis  of  the  collected  data  generated  by  the  Investigation, 
and  in  consideration  of  pnofipymi  data  accumulated  previo^to  and  sub¬ 


sequent  to  the  investigation^  the  corrective  action  described  below  was 

\  /  .  .  :  V 

instituted.  ^  ‘  ' 


4  Desiccant  packs  were  incorporated  1npG  the  inotonfc  to  maintain  ( 

‘  ,  *  • ,  '  “V  . 

the  cavity  ac  the  desired  hunrfdity  levdl.  '  ' 

,  '  .  .  c 

•  The  graW  cavity  of^the  motor  was  purged  with  dry  nitrogen 
curing  assembly  to  provide  a- dry1  atmosphere. 


»  inspection  and  haETkdling  Instructions  was  issued,  which  /*o-  ’ 

•  •  •  3  .  •  •  . 

hlblted  opening  of^th^cmotors ' at  temperatures  below  60°F.  : 

•  •  Ail  testing^  wasi1  conducted  with  the  motors  fully.  Resembled. 

.  "  .  -  4  '  ' 

•  The  motors  , were, •  shipped  completely  assemh1ed_snd-pm^ed- to  ^ 

f /  ‘  '  '  '  ‘  .  *  s 

protect  them,  from  the  atmosphere.  -  . 

*■  .  »  * 

*  •  W 

.  No  further  grain  failures  were  noted  daring  the  remainder  of:the 

' '  *  .  ,»  f  ■ 

prograaf  after  this  corrective  action  was  instituted. 

*  F.2.11.  CA$£  11  *  - 

v  /'  , 

,  This  p*‘xt  example  points  out  the  seriousness  of  Inadequate  quality 

•  .  1  .■ »  y. . 

control  on  mdtor  processing  hardware.  The  Articular  motor  involved 

was  a  workhorse  sled  rocket  motor  which  was  also  used  as  an  upper - 

■  . '  .  . .  \ 

stage  vehicle  in  a  sounding  rocket.  The  motor  is  approximately  10  feet 
.  §  ^  *  / 
long  and  9‘ Inches  in  diameter.  The  forward  section  of  the  grain  had  a-  . 

cylindrical  port  configuration  with  a  very  high  web" fraction.  The 

aft  section  of  the  grain  had  a  star  perforated  configuration,  lipor. 


.  K 


psyr*  i  »-Strw.  - 


cooldown  to'  ambient  temperatures  following  propellant  cure  cracking 

fn  the  star  valleys  in  thfe  vicinity  of  the  transition  region .from  the 

'  *  *  -  '  “ 

star  to  circular  port  configuration  in  eight  out  of  njne  motors  cast 

~\  ,  ’•  ••  ' 

from  a  single  battjjj^gf  propellant  was  observed.  The  one  motor  which  did  not 


crack  was  found  to  be  unbonded  fKthe  cylindrical  section  of  the" grain  for 

eighteen  inches  by  radiographic  inspe.cti oh.  In  ^Uditlon,  these  units 

also  had  head  and  aft  end  unbonds.  These  failures  were  totally 
•  ’  ,  (  . 
unexpected  since  a  large  ...umBertrf-these  motors  had  beeh  produced  ir)  . 


the  past  on  several  different  programs  , with  no  .difficulties.  The 

propellant, used  on. many  different  programs  ;/wa*s  a, low  solid§  filled 
' ,  "  s 

PBAA  with  excellent  .physical  propellants.  •-  /  .  <• 

,  v  **  ,  w''  , 

•Propellant  samples  were  removed  from  one  unjt  to  provide  specimens 

*  ■  *  -  .  t  * 

.  for  structural .Integrity  and  chemical  analysis.  During  removal  of  these 

samples  it  was  noted  tha£  there  appeared -to  be a  physical  difference 

'  ,  '  -  ■  *  ’  \ 

.  in  samples  taken  from  theihead  and.aTt  end  locations.  .The  general. 

conditions  appeared  to  be!  tacky  and  sticky;  Suggestive  of  propellant 

r  ' .  9  \  v  «  ^  *  • 

undarcure.  Test. specimens  taken  from  the- aft  and  head  end .of  the  motor 
gave  the  following  results:  •’  ,  •• 


stress  *  133  psi  .  •  *  126  psi  * 

strain  @  max.  stress  28%  -  ’  21%  ' 

It  was1 subsequently  determined  that  the. propel! adt  cura  schedule 
had  recently  been  changed,  fromvynbli nal  1.08  hours  at  140°F  to  72  hours^ 
at  140°F.  This  particular  propellant  casting  was  the  first  to  employ 
the  new  cure' cycle.  It  -as  further  noted  that  other  programs  had 
previously  used  a  120  hour-cure  at,  1403F.  . 
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Al  the  time  that  the  cracking  of  these  motors  was  observed,  an  ' 
additional  casting  of  .nine  motors  was  taking  place*  These  motors' 

^fioWid  no. visual  signs  of  cracking  at  tne  end;of  the.72  hour  cure;  , 
however,  they  we're  placed  in  hn  6veh  at  14Q°F  and  cured  for  on  additional 
36  hours,  for  reasons  discussed  b61ow,  followed  by  a,s1ff.'  cooldown  to 
,  8G°f.  Visual  inspection  of  four  t>f, these  -actors  revealed  that^Jlfour 
motors  were  cracked.  Thus,  it  was' concluded  that  the  additional  post 

.  ?  V  *  -  ’  j" 

cure  of  the  motor  was  not  effective  in  retarding  cracking.  -The 
additional  post  cure  probably  did  more  ham  than  good.  Inner  boj*e  , 

/  *  °  S 

cracking  Is  governed  mainly  by  propellant  elongation.  It  has  been  T 
demonstrated  oh  many  propellants  that 'normally  propellant  strain 

capabilities  an*  Jiigner  in"  a  slight'y  undercured  state  than  in  a  more 

>  ■  . 

‘fully  cured  state. Thus,  It  should  ndt  have  been  expected  that  the 

additional  post  cure  .would  have  alleviated  the  cracking  problem. 

♦  * 

In  addition. to  the  short  cure  time,  a  known  high, humidity  condition 

•»  *  *  %  *  *  \  ,  "  •*  -  ..  •* 

,  *■  ^  •  -  ■*  »  0  ' 

was  known  to  have  existed  during  “either  final  processing  of  these  .last 
two  motrr  castings.  Two  specimens  taken  from  the  aft  eJld  of  the  motor 
from,  which  previous  propellant  samples  were  removed  were  subjected  to . 
50$  relative  humidity, for  22  hours  and  42  hour?:.  The  test- results  were 
as  follows.. _  ••*'*■*■ 


max.  stress 


strain  @  max. .stress 


22  Houts 

95  psi  . 
25$  .  " 


42  Hoyrs- 

70  ps  i 
13$ 


Althou^i  none  of  these  values  or  the  previous  physical  property 
>  . '  -  *  •  /  .  >■ 
data  were  sufficiently  low.  to  analytically  predict;failura  at  the  i 

temperature  environment  the  motors  had  experienced,  thi  results  did 


I 


Indicate  that  .a  difference  In  tha  propellant  existed  between'  the  aft  > 

B  '  * 

and  head  end  ef  the  motor;  and  exposure  of  specimens  to  humidity  results 
In  significant  degradation  physical  properties .  Bssedon  this  latter 

_v*V*  >  4 

Information  and  , the  fact  that  high  Humidity  conditions  wera  known  to- 
have  existed  during  either  final  processing  or  motor  casting  the 

•  ■  °  i  ^  "  ' 

decision  was  made -to  post  cure  the,  motors  from  the  second  casting  an 
'+  *  a  ”  »  , 
additional  3$, hours  at  14Q°F.  this  decision  was  based  on  past  .  - 

experience  which  seemed  to  indicate  that  moisture  had  a  mors  severe 

1  _ 

effect  on  uhdarcured  propellant  than  on  fully  cured  propellant. 

Subsequent  failures  on  motor  cooldown,  however.  Indicated  that%e^ 

k  .  *  . 

extended  cure  probably, did  sore  ndrm  than  good. 

_  ,  > 

In  order  to  support  the  customer  flight  test  schedules  itwas  — - 

&  s  *  * ,  “*  .  "  > 

•  necessary  to  consider  casting  another  group  of  nine  motors  based  on 

the  limited  failure  analysis  data  present  at  that  time.  Stress  relief,, 

flaps  were* Introduced  at' the  head  end  of  the  motor  to  alleviate  the 

head  end  unbonding  problem.  new  batch  of  liner  was  prepared  for 

these  motors  and,  a  step ’cure  cycle  consisting  of  labours  at  120°F 

12  hours  at  13S°F  and  92  hours  at  14QftF  was  Introduced  and  the  cooldown 
.  /  -  •  '  , 
period' was  extended  tp  15  hours.  In  addition,  dessicant  bags  were 

.  *  i  « 

placed  In  the  motors  immediately  after  mandrel  *  removal .  Of  these  nine 

t  «  a 

motors,  one  exhibited  head  end  unbending  and  one  motor  had  a  liirge 

*  4  ■  S^/- 

void  area  near,  the  propellant  surface  In  $ie  cylindrical  sectUn  of 

•  -  ,  r  - .  *  ,  1 

the  grain  which  later  gave  use  to  a  crack  In  the  port.  No  other 

aneesalies  were  observed  in  the  remaining  motors.  -  '  * 

At  the  same  time  the  above  meters  were  being  cast  for  the  customer, 

ijm  i 

a  comprehensive  fallufe  Investigation's  initiated.  'This  program  was 
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*  I  t 

tit  Investigating  (1)  the  moisture  contact  In- the  Insulation  and  ‘ 

/  .  |  „  ' 

all  components  of  the  propel  ant  and  liner*.  (2)  determining  effect'of 
'  '  •  -  "  .  /  '  * 
humidity  en  propellant  physical  properties, /(3)  evaluation  of  liter/,  .... 

’  *  *  1  '  J  •  *  *  '.t  ' 

propellant  bond  system  and  (4)  evaluation  of  prbpellant  cur^  cycle., 

Midway  through  tJfe  above  failure  investigation  program  the  * 

structural  Integrity  engineer  had  the- occasion  to  Inspect  the  casting 

mandrels.  It  was  noted  that  the  star  .valley  rhd 11  appeared  to  have' 

*  '  /  .  ' 
a  smaller  radius  than’called  for  on  the  engineering  drawings.  Subse- 

•  *  *'  v 

puent  measurements  showed  the  configuration  shewn  on  the  right  below. 

•  Prior  to  the  casting  of  the  first  group  of  motors  the  grain,  design  had 

been  changed  slightly  for6  ballistic  reasons  and  new  mandrels  had  been 

„  .  *  *  ,  .  /.  , 

fabricated  supposedly  with  a  2/8“  radiys  on  the  star  valleys  In  the 

•  _ .  .  O .  .  i _  - .  .  -  ...  ....... 

transition  region  as  showr/on  the  left  below. 


X 


The ^mandrels  were  observed  to  have  offsetting  curves  of  3/8“ 

A  /  .  J  *  .  tt  **  * 

radii  such  that  a  much  smaller  radius  was  present  at  the  star  valley. 

•W  '  ,  .  • 

A  subsequent  grain  analysis  showed  that  the  motors,  should  have  cracked 

at  ambient  temperature. 

Hew  mandrels  of  the  proper  configuration  were  fabricated;  the  . 
stress  relief  flaps' were  Introduced,  the. liner  thickness  and  liner 
precure  were  altered  slightly  and  .the  120  hour  step  cure  on  subsequent 
motors  was  maintained  with  the  grain  Interior  dessi gated  during  nandiing, 
transportation  and  storage.  Ho  subsequent  fa-itm**  pmhiAm*  noted.  ’ 
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Theaboye  discussion  Illustrates  how  expected  sensitivity  to 

events  such  as,  for  example,  cure  cycle  and  the  presence,  of  moisture 
* 

may  mask  another  real  problem.  This  also  points  the  need  for  a  close 
association  between  manufacturing  personnel  and  the  structural  integrity 
engineer,  ^jln  particular  it  ^important  for  the.  structural  Integrity 
engineer  to  be  quite  familiar  With  actual  motor  processing  equipment- and 
procedures  in  contrast  to  those  specified  on  engineering  drawl nos  since 

I  i 

quite  often  deviations  will  exist,  which  may  seem  acceptable  to  indi- 

*v  *>  t 

viduals  not  fully  aware  of  the  importance  of  grain yStructural  integrity 
*  '  •  1  ' 
considerations. 


f .2.12.  CASE  12 

o  ,  '  * 

This  example. involved  a  high  energy  propellant  demonstration  motor « 

>  •  t  ■  •  .  • 

The  motor  wqs  approximately  36  Inches  long  and  18  inches  In  diameter,  and 

p  '  * 

consisted  of  an  end-burning  grain  loaded -In- a  thick. rubfceb  Insulation 

-/  ,  .  *  >  » 

’cartridge  which  was  head^end  bonded  only..  These  motors  were  cast  and 

,  i  '  ‘ 

fired  at  ambient  temperature  In  an  altitude  chamber.  The  first  motor 
•  f  fired  failed  during  the  firing.  Inspection  of  the  drawings  and  remain- 

r  *  * 

ing- motors  led  to  the  supposition  that  the  rubber  cartridge,  which  exten- 
ded  about  4  Inches  past  l^e  end  of  the  grain,  had  been  deformed  against 
the  case  before ‘pressure  had  been  equalized  between  the  cartridge  and 

« ■-  •  '  i 

the  case;  and  subsequently  had  peeled  away  from- the  grain  exposing- 
sufficient  additional  burning  surface  to. cause  an  overpressurization 

failure.  The  c.i^tridg®  was  trimmed  to  within  1/4"  of  the1  grain  end  and 

*  - 

the  remaining  two' motors  were  fried  successfully; 

V  •  *  / 

r  4  ‘  -  \ 
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F.2.13.  CASE  13  • 

Unbending  and  bubbling  of  a  mastic.  Insolation  was  observed  In 

-  »  c  ' 

,  V 

this  motor  during  cure  of  a  leyer  of  liner  coating.  The  problem  was 

attributed  to  oiitgasslng  of  hydrophobicKowponents  In  the  mastic.  The 

‘  *  *  * 

mastic  was  removed  and  replaced  with  a  commercially  purchased  Insulation 

/  '  ,  k 

material.  / 

This  same  motor-had  aft  end  stress  relief  flaps  which  were- 
secondarily  bonded  together  and  then  bonded  to. the  motor  case..  During 
•-  cure  of  the  motor  the  secondary  bond  between  the  flaps  failed  «nd  the 
propellant  adhered  to  the  mandrel.  When  the  mandrel  was; removed  .a  deep  . ' 
circumferential  cracfr  propagating  radially  Inward  from  ihe  port  was  . 

t  #  1 

observed.  This  crack  was  attributed  to  the  propellant  "washing”  off 
the  mandrel  surface  coating  during  the  motor  casting  and  alleging  the- 

*  *’  -r '  /  ( •* 

/-^propellant  to  slump"  against  the  mandrel  when  the  bond  between  the  flaps 

failed.  The  propellant  aft  of, this  crack  was  reeved  for  a  demonstration 
-  *  *  '  "  *  ’  K 
firing.  In  a  subsequent  demonstration  motor  the  mandrel  surface  coating 

*  ‘  - 

material  was  changed,  and  the  flaps  were  Internally  vulcanized  together 
,  and  secondarily  bonded  to  the  motor  case.  No  problems  were  observed  in  - 
this  motor. 

F.2.14.  CASE  14 

\  * 

After  high  temperature  endurance  vibration  of  this  high  mass  fraction 
.  motor,  graln/lnsulatl on  unbonding  was  found  by  radiographic  inspection 

r  . 

near  the  forward  tangent  point.  The  head  end  dome  of  this  motor  was  free 
floating  with  a  stress  relief  flap.  It  was  concluded  that  insufficient 


'free  volane  had  been  left  at  the  head  end  for  grain  expansion  during  the 


'0 


G 


high  temperature  vibration.  As  a  result  high  shear  stresses  deve’oped 


mom-  ' 


e  f  %.i 


© 


o 


near  the  pyllndri cal /does  transition  region  whicn  resulted  In  the 

•  ' 

observed  failure.  In  subsequent  motors,  care  was  taken  to  Insure  that 

/  an  adequate  free  volume  at  the  head  end'of  the  motor  was  available  for  1 

*  ^  * 

grain  expansion  during  high  temperature  vibration. 

* 

F.3.  CLOSURE 

o  * 

k  ' 

*  *  t  i 

The  exanples  of  motor' failures  discussed  In  the  previous  ^section 
Illustrate  some  of  the  structural  integrity  problems  that  may  be  encountered. 
•Although  this  list. Is  not  complete.  It  Is  Indicative  of  the  nature  of  . 
the  problems  causing  the  greatest  concern  to  structural  integrity  engineers. 
Numerous  other  problems,  mainly  associated  with  grain  unbonding,  poor 

r  ~ 

processing  methods,  and  adverse  effects  of  humid  environments  may  be  cited. 

In  these  situations,  a  closer  association  between  the  structural  Integrity 
engineer  and  the  motor  manufacturing  personnel  must  be  encouraged  If 
careless  motor  failures  are  to  be  avoided.  This  Is  particularly  true 
of  grain  unbonding  problems  and  deleterious  effects  of  moisture  or  solvents. 
As  a  good  general  practice,  the  greatest  effort  should  be  made  to  prevent 
N^contanri nation  of  any  bonding  surfaces  and  adhesives  or  liners  by  moisture 
1  (Bt*  solvents.  It  has  been  remarked  In  an  earlier  chapter  that  most 
adhesive  bond  falluresmay  be  attributed  to  poor  processing  controls. 

These  failures,  for  -the  most  part,  can  be  avoided  If  greater  caution  is 
exercized.  The  responsibility  for  1  piemen  ting  more  careful  processing 
techniques  lies  with  the  structural  integrity  engineer  who  is  aware  of 

"V 

the  seriousness  of  the  problems  that  may  develop  from  carelessness. 


/ 


F.  57 


%,  saL 


'Er-  -vg^ 


F.4  REFERENCES 


1.  Fulbrlght,  J.  L.;  and  Hiller,  W.  H.:  "failure  Analysis  of  Solid  • 
Propellant  Grains  Based  on  Dissected  Hotor  Properties,1* 
Bulletin  of  the  Gth  IGRPG  Mechanical  Behavior  Working  Group 
Meeting,  CPIA  Publication  No.  158,  Vol.  5,  Oct.  1967. 


•  } 


f. 


/ 


